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Boundaries in Physics

Anti-de Sitter spacetime

b . PAd D
>x1
L,
de2 = £ (chzz—z_,clrc.-Z -dz?) = _ (d-0(d-2)
Zz t=1 2/\

— AdS/CFT corresponc\ence



Geometric se tb'mg

A >2 - dimensionat hatf- Minkowski spacetime

(E[d,rz) signature (= +, ..., 1)

a-1 X

E[d:={(1/z)€@d ' ZZ@} L=(t,7r(1).f Xc?-z)

J

(&1,'21) )




Geometric se t\:'mg

A >2 - dimensionad hatf- MinKowsKi spacetime

(IHd,Q) signature (—+,..,1t)

a-1

e - {(_&,Z) e P4 ; »o ) X=(t,xi,. ., xd2)

Synge’s function

=L [(x-2.)" - (zi-2)]

(X1,-Z1) o Reglected S\/nge’s fumnction

Z 6-:= [(26_1—&2)2- (7‘511-21)2}

1
2




The Problem

$:H'— R, scalar Field
Klein - Gordon operator: P= n+ m? . m>0
[ P3=¢%

Dynamics

‘ﬂ @‘E = éﬁo) Vn $ |Z = @1 Initia? conditions

\ ( az + K) &l = @) K<¢§ Robin boumdary conditions
Z2=0



Algebraic QFT

1. Solution theory

2. Algebra of observabtts — A

¥ deformation quantization :

= + : ‘
G’ L= G - G( Kfaus Fredemhagen

retarded — advanced Propaga tor

3. Physica{ states : w - A — C positive , normalized , Linear
¥ Qaussian
¥ quasi-free = Wwaz: two -point correlation

% Hadamard

locat Hadamard form



A brie§ digres&ion: No boundar'y (I)

(M,g) qtobaLLy hyperbolic spacetime, M —-—%

e existence & unigueness of advanced (+) [ retarded (-) propagators

G e D’MxH) and supp(§*(9)) € T¥(supp®)) , e D(#)



A brie§ digres&ion: No boundar'y (I)

(M,g) qtobalty hyper'bouc spaceb\me, IM —-—%
o existence & uniqueness of advanced (+)/retarded (=) propagators
G e D' (MxM) and supp(g* () € T¥(supp(f)), §e D)

. causal Propaﬂatow G.=G-G"
[(P@ﬂ)a -IoP)G =9

G\tzt’ 0, &G lt=t’: -G lt=t’: Sr

imitia{ data

= G (xx) =068 Gkx) |, GFx) =-0E-t)Ga k)



A brie§ digres&ion: No boundar'y (I)

(MJ g) qtoba\,ty hYPer'boUC spacetime, IM —-%
e existence & uniqueness of advanced () /retarded(—) Pmpagabors
G e O’MxH) and supp(§* () € T¥(supp®)) , e D(#)

. causal Propaﬂatow G.=G -G"
[(P@K)G -IoP)G =9

G\tzt’ =0, 2G lt=t’: -G lt=t’= °

Imitia{ data

= G (xx) =06t)akx) |, GFx) =-0E-t)Ga k)

.es distinguished propagators: Gt) G\

() ]7 Duistermaat, L Hormandler , Acta Mathematica (1972)



A brie§ digression : No boundary (I[)

Hadamard two-poimt function:

W, e D MxM) sit.
1 (PeMw, =T ®P)w, =0
V§,§'e D(#M)
2. [CCR] w:(£5) - w:(5°%) =1 G5, )

3.5 (w2 (5,5))= ;_(G(u'))

b | QG < b wal§37) wa(d) §)



A brie§ digves&ion: No boundar'y (I[)

o >
} \ \; : """"""""""""""""""" ; ::"

Hadamard W F 3¢t :

time

WE (w:) = {(x, kx,x',—Kx') € T (M xM)\ {0} | y | :f.‘fi:‘:::}%

-

()L, K 7() n (X’, k‘x,’) P Kx >0Q } \m Y

= w2 15 0f global Hadamard form




4

A brie§ digves&ion: No boundar'y (I[)

A R N :;j,'?"l

Hadamard W F 3¢t :

time

WE (w:) = { (x,kx,x',—Ke) € TT(M xM)\{o} |

-

()L, K 7() n (X’, k‘x,’) P Kx >0Q } \m Y

= w2 15 0f global Hadamard form

Locat Hadamard form: 9 c M

w2 (x, )= tim { U(x,:’.)z t 84 V(x,x) 1og M §+ W (x,x), A>0
07 LTS = (x,x') A

Belx,x') i =8 (x,x) +ie(t(x) -t(x)) +€2  &d ={; ;leo\;edn



A brie§ digves&ion: No boundar'y (I[)

Hadamard W F st £ N :—-;.;.;,.,_a
L
WE ) = [k k) € PO\ o} S
(x.kx) & (¢, Kx), Kx 0] =
= W2 IS Of g{/obaf Hadamard fOTﬂ‘l x

Locat Hadamard form: 9 c M

w2 (e 2)= { U(x'f.)z t 84V (x.x) Log M}+ W (k) , A>0
E207 L ymgg 1 (x,%) Af

Belx,x') i= 8 (x,x) +ie(tlx)-t(x)) +€2  &d ={; cci{i:lecln

RadziKowski theorem (“96) :
globat Hadamard form <= local Haclamard form



A brie§ digression : No boundary ( )

Hadamard recursion rvelations:

v =J§0 Uy (x,x) (%)j Y =]§0 ) (’i’ )

Set U4 =0, V.4 =0

r PuJ + (ZJ'+ N nd,) 8" wjt1+ (1) (6%u + 2 + q-zd) UjHe + (z_;__d_) (éljk_cl>uJ+1 -0

[u"]=1 > {:ujﬂ]:— LPuj ]
(1) (2j+4-d)

-

Pvj + (z_\jﬂ)d“aj& Vit t (j-&'l) (d”/u +2.J') Vjtg =0 only «n evend

| fwr- ] | gy el
(d—l) ()-\-1) (O\A'?-J)




Why Hadamard Recursions ©

¥ Wick Polynomials:

@ (6) = (w, - H) (56,), ViedM)

¥ Stress- Energy tenSOFU)(reguLamzed)

X (T/u,v)w (£): = % (wz -H) (5 62)

differentiaf Operator
'Trace anomafly on (W\Du,l’l)

‘.Tw(x) c=m? P (x): ¢ [ﬁ-]-

L7t

1 B.C, C.Dappiaggi, M .Goi, Accepted for publication in Ammafes Henri Poincare (2025)




Formulation of the Problem

Advanced (+)\ Retarded (=) Robin propagators
G:—( e D(HxH') st

], dynamics :

@sD G|, . ~WoPGr], =l



Formulation of the Problem

Advanced (+) \ Ketarded (—) Robin propaga\:oms
Gi e D(H*xH') st

]. dynamics :

a6, o ~M9P)GH], -l

2. bovmdary conditions :

(4, ®ﬂ)6i| d =(—K®ﬂ) Gilaﬂ{d ; Ké@

oH

pull back to z=0



Formulation of the Problem

Advanced (+) \ Retarded (-) Robin propaga\:oms
Gi e D(HxH') st

]. dynamics :

a6, o ~M9P)GH], - Sl

2. bovmclary conditions :

(3, ® 1)GJ | =(—K®ﬂ)6i|md K< o

JH®

3. Support properly-:

supp (5 (5)) € T (supp(3)) , ¥§e D(H?)



Open Questions

x existence of Cﬁ} () V4

¥ Causal Su,ppor't proparty ?

/ only for X=0 and X — -oo

* locat expression of Gi (x,%x') ?

X* Hadomard states ?

(D C.Dappiagql, N. Drago, H.R C.Fervewra , Lett. Math Phys. 109 10 (2019)



Dirichlet & Neumann fundamental sofutions

Divichlet causal propagator Gp(x,z,x)2)

- Ggele-12-0) - Gelaa’ e o)

Integrat Kermel of (1z ® id|rpd) Qm)cl
tz: R — P

(x,2) — (x,-2)

PG Lejeune Dirichlet



Dirichlet & Neumann fundamental sofutions

Dirichlet causal propagator Gp(x,z,%) 2’)

= Gm;d (x-%’ Z'Z)) B Gmd (x-2’, Z‘Lz))

Integral Kermel of (iz ® idln_\pd) Grr?cl
(',Z : ,Qd —_— 'R)d

(,2) — (2,-2)

PG LeJeL\v\e Dirichlet

Neumann causal propagator G, (x,z,%,2)

= G(“?d (&‘1))2‘2’) t Gmd (ﬁ—E)JZ"'Z,)

Carl Neumann



Robin - to- Dirichlet map (1)
Dirichlet functions
» C5(HY) = {$e CHY) 15, , =0f
Robin functions

 Cx(HY) = {feC(H")| %5|,_ =-u5| }

Robin - to - Dirichlet map ()
T, Cx (H*) — C5 (1)
f — Tk (f): =(1T1 & (az+)<ﬂz))f

Tk can be read as a Limear operator on C:([R’d)

D T. D.Banduran\',’ S A. Ful.tmg , T PhYS A 38 (7') (1005)



Robin - to- Dirichlet map (IL)
The map :

Ty: C(R*) — Ran(Ty,) < C3 (1R°)
Ker (Tk)

f s T[] = Th($)

1S biJecblve , hence 1 °Ck:= TK—1

o[k Eo@’(@d) 3.t 'fko[)f -5 = OCK(;?):__@(_Z)C—KZ

K< o =>oCKeéf)(lRDd) v’ ~ k<o

K>® = bounded state modes X



Spa ces of distributions

- D2 (IR9) :={ueo@)(fﬂ>d) | Iv e O(RY), w=v-ilv}
S (IRY) - = D2 (R n F'(IP)



Spa ces of distributions

- D2 (IR9) :={ueo@)(ﬂ?d) | IveO(RY, u=v-ilv}
S (IRY) - = D2 (R n F'(IP)

e Dirichfet (tempered) distributions:
o@; (”-\Dd) .= {u c o@’(ﬂ?‘t) IJIa* " =@} , where
fo AR Xy o) = (2,0

F(RY) . = D, (IR*) n I'(IR°)



Spa ces of distributions

- D2 (IR9) :Z{UQo@)(W\Dd) | Iv e O(RY), w=v-ilv}
S (IRY) - = D2 (R n F'(IP)

. Dirichkt (tempered) distributions:
D, (IRY) . = {ue D (R*) | jxu =0}, where
Jo : R LR, 2 —s jolx):=(x,0)
FR) - = D, (IR*) n I"(R°)
« Robin tempered distributions:

I (R = oL = Eo (1)



Advanced & Retarded Robin propagators (I)

Thm. .12 [CDJ +25] Dirichlet propagators

(

Gi:=(oc;(®8)*16f; °(ﬂ®Tx) (L

are the advanced (+)\revarded (=) Robin propagators



Advanced & Retarded Robin propagators (I)

Thm. .12 [CDJ +25] Dirichlet propagators

(

Gi:=(°c;(®8)*16;)t 0(/]1@TK) (1)

are the advanced (+)\revarded (=) Robin propagators

Proo§: Egq. (1) is well-defined & GJ;“( (§) e 5’(@”) , Vie D(R)
Smee [(P,T,]1=0.
(PoI)GE =(Lx®8) 2, (Po)GH - (Lo Tx) =

= (Lx®8) =, g|Dm9(ldew)o(il®Tk) =

|Dm9 (P9x pe)



Advanced & Retarded Robin propagators (1)

Pr‘op. 415 [CDJ +25]

Neumann causat propagator

(

G, = Gy - Gy = Gnv -2k (£x 88) %, Gr | (2)

where G, (x-%, z+z’) =(iz ® id'iwd)ﬁrwd (x-2,z-7)



Advanced & Retarded Robin propagators (1)

Prop. 415 [CDJ + 25]

Neumann causat propagator

(

Gy := Gy - Gy = Gn -2k (L ®5) %, G, |, (2)

where G (z-%,2tz) =(i ® ‘ndlmml ) Ga (2-2", 2-7)

Proof. At the Level of tegrat kermels , V§'e D(RY)

(€ ©5) %,Gp (Tx ) (2) =
= (£x85) %Gpu@x D) @D - ((£x 85) «,G, (T ) ()
= Gpe @)@ - (-G @) t2x((Lx®8) #, Gr (§)) (z))
= Gy () @) - 2K (€ ®8) ki G ) (2) -



Advanced & Retarded Robin propagators (IIL)

Lem. 446 & 4A7 [CDT+25] (Support properties of Gix)
supp ((Lx ®8) * §(6-)) N (H*x H*) c supp (©(28-)) n (H* x H*)

and the same holds true afso Sor (Ly ® §) #,0 (23-)



Advanced & Retarded Robin propagators (IIL)

Lem. 416 & (A7 [CD:H— 25] (Suppor\: Properties of C’lix)
supp ((Lyx ® §) *, 6(z8-)) N (11 x Hd) C supp (@(Zé-)) N (]Hd X Hd)

and the same holds true afso for (Ly ® §) %0 (28-)

= G abide by the causat support property v/
G

~N Y

N Y



Advanced & Retarded Robin propagators (IV)

Prop. 4.20 [CDJT+ 25]
Gy € D'(H'xH") as m Eq.(2) are the advanced () and

refarded (-) Robin propagators in the sense of ()

) C.Dappiaggi, N. Drago,H,R.C,Ferrewa , Lett. Math . Phys. 109 10 (2019)



Advanced & Retarded Robin propagators (IV)

Prop. 4.20 [CDJT+ 25]
Gy € D'(H'xHY) as m Eq.(2) are the advanced () and

refarded (-) Robin propagators in the sense of ()

Proo§. ™) In Fourier modes, denotimg by w? = |Ke|*+ K% +m2,

od

G () = dky  _iKi(a-%1) Idkz "Jﬁ(z) QIPK(z’) sim (w (6=t))

mpd-zﬁd,z 0 W
here Vi (z) = L (77 - wake %)
where Yy (2z) . (e v € )
G (5,8) = [drdt’ (§, A sin (A (-0))§) . V$.5'e DY)
“"DZ

) C.Dappiaggi, N. Drago,H,R.C,Ferrewa , Lett. Math . Phys. 109 10 (2019)



Advanced & Retarded Robin propagators (IV)

Prop. 421 [CDT+25]

Exact sequence .

@ﬁctk(ﬁ) —C (IH) Cx (LH) C* (H*) — o
In addition:

Cofc (]Hd) ~ Ker (P) Solution space
Plcy, (HY] Cx(E)




Advanced & Retarded Robin propagators (IV)

Prop. 4.22 [CDT + 25]
G% are the unique advanced () and retarded (=) Robin

Green’s oOperators.



Advanced & Retarded Robin propagators (IV)

Prop. 41.22 [CDJT+ 25]
G% are the unique advanced () and retarded (=) Robin

Green’s oOperators.

Proof. Assume 11 gk)g,: and consider Ag,: = 9;— C}"— s.\.
PAGy =0 and (32+k)AGk (§) =0, V§e T (HY)
Suppose 3§ € CT(H") st. AGx(f):=%5 #0

Then, ¥r e C°, (H*) and

pC. K

2 =G. PP =0



Example - (H”,q) m=0

Let [T]:=+ J(t-t)* = (x-2)* - (y-y)*

GK(T,Z,Z') _ sgn(t—t') (5(6) + g(é_) 3 2__7{- @((3—) e—K(‘lrl+z+z’))

2T . D | T|

—

- A
Gy

correcktiom term of K

—

Recalling that G (x,x) = © (t-t) Gx (x,¢’)

2m

G (ox ) = QD (56 - 5(e) - @(6_)§aj<z+z ) & )
j=0

Y-

power series m é_

where dj are switable functions.



Robin Hadamard states on H® ()
Wy, €D’ (H x H*) is of qglobal Hadamard form if

WE (wen)= | (6K, 1K) € TH(IHx HY) Vo) | (k) & (k) , Ko 0]

general zed broken
bicharacterstie

~N Y

Tacques Hadamard



Robin Hadamard states on H (I)

Wyx 15 3@ Robin Hadamard two-poimt function if:

1 WE (ax)= { (0 K, x,-K) € T*(Hx ) \{o} |
(x.K) & (LK), K0}

2.[Dynamics] (Poll) wok = (L®F) wyx =0

=0,Kg

;Robm BCs] (0z Wa,x + K wa,k )l = U,
9T ¢

V§,5c D(TE?)

3. [Positwity] wz,x (§,5) 20

L‘" [CCR] Wwa2,x (f/s)) - wljk(f’/f) =1 Gk(flf’) Jacques Hadamard



Robin Hadamard states on H® (IL)

PrOp. 5.6 [CDI+ 25] (ﬂl)l) m # @)
Wy € O (H HY st

(A)z)k : =<JCK & 8) Ay U)Z)D i (ﬂ@rf){,) 5 k$® (3)

Is @ Robin Hadamard two-pomt funcbion



Robin Hadamard states on H* (IL)

Prop. 56 [CDI+25] (d>2, m+# 0)
Wyx € I (Hx H’[d) s.b.

Wy x ==(°Cx & 5) Ay W20 ° (I[®an)> k<o (3)

IS @ Robin Hadamard two-poimt funcbion

Proog. Bq.(3) 1s equwa{ent to
Wik = W2 N +2K(Lx @ §) x wa,r  (4)

WE (wz,x) € WE(wa,n) U WE((Lx ® §) ¢ wzr)
WF(w2,n) 2 WFE(w2,r) U WE(w,)  ~,
WF (L ® §) x{ wr) € WR(war) 7

" 0. Gannot, M.Wrochna, J.Ins Math. Jussieu 21 6¥(1) (2022)

Hadamard
[]



Local Hadamard form

Wi, x € (D’(IHAXIHd) is of 4ocal Hadamard form if

X
= A

% i Ondl'= ¢

33 UV, W e C*(0x9) s.t.

on OxO

wZ)K (xlx)) — '(A/m U(X,X,’) + Sd« _V(x’x') /c"n (65
£20t g 42 A

)

mod Coo (L‘a)

N Y



Local Hadamard form

Wi, x € (D’(IHAXIHd) is of A4ocal Hadamard form if

X
- A

¥
g

*® f In aIHd;é ¢)

33 U,V,U,V, W e C*(9x 9) s.t.
on Ox O

~N Y

Wik (x,) = Hx (x,x) + W(xx) =

= {im Ux) +8d V(x,z’) 4n (5_5) + Ulr') + 8d ’\f)(x,x’) An (6-_5)
£20% g, = A’ 6~,£d_TZ A’

mod (C% (4b)



Hadamard recursion relations (I)
d even:

For UV — <ame as onm (“?d,n)

For U, V': leading sinqularity same as wz,n
r (2-d)8X duu, = 6

)
Uo IZ:(D = UO‘Z:O

P + (25 +4-d) 62 wje + (j+) 2j+y-d) ujy( =0

(32 +X)(uj +uj)|;.o + L (24 4-d) 028 (wjri —ujir)|,_o =0, O<]s d -3

Pud_, +28% v, +(d-2)vo =0
2

9z (u%"z + u:zi’z))zzo + Jz 4 (v-vo»)l2=® = —h(u%-z + u%-z) o

P +(z+1) 64 Q}LVJ‘L +(j+4)(,ot+2j)vj’+4 =0

L 0z +x) (v +vj)\z:® + (j+1)9=6 (ﬂf\j+4_4ﬁj+1)\z:0 -0



Hadamard recursion relations (I)

Cl Odd:

For U — same as onm U@d,n)
For U’
( (Z—Ct)d_'u o)/u ’M’a =0

’uo’l = Uo

Z2=0 ‘zzo Leac\\nq smgulanty same as W2 N

P'UL’J' + (?.J +‘+",d.) 6_{“8)1 ujj.\-( + (J-\"i)(?_j-(— l‘——CL) uj+1 =0

L (92 + X)) +uj )|z t %(Zji'l-(-'d) 9z & (Ujr1 —uljﬂ)\Z:@ =0,



) , (
Radzi KowsKi Theorem*®

Thm. 516 [CDI+25] (Globaf = locat)

The following are equivafent :

1 wz,k 1S of locat Hadamard form,see Egs. (4a) & (1b)
2. wz,k Satisfies Robin BC & [GGR] mod C¥ &

WF (w,%) ={(x,k,x,-K) € T (H*x H) \{o} |
(%,K) ~ (k) and K'vo0}

(1) M.J. RadzikowsKi, Comm.Math, Phys. 49 | 529 (1936)
(2) M.J. RadziKowsKi, Comm. Math. Phys. 180,1 (1996)



Proo§. (L =2) On 9¢ ﬂ?d, defme :
b1 (76,76') . = Um 1 . ba (x,x’)-' =fm 4In (6g(x,x’))

&0t 620\—;2' (7"7(") e~o*

Ly wilb) - [k %, k) € THO O\{o} | (x,K) ~ (=, K), k> o}

Let  bu- = (" ®d)bi , i=1,2 . Since iz 15 a diffeomorphiswm,

WE (bi,-) = WF((i2* ® d)bi) ={ (). 1500, ©*,-K’) € TH(9x 9)\{o} |
(%K)~ (¥, K), Ko}

Note that: w2, x(x,x) = @(Z) @) (;)Jz,k (76,76’) >, WF (wz,x) :WF(wz)k ).

() M.J.RadzikowsKi, Comm. Math. Phys. 179 , 529 (1996)



Proos. (1 22) On 9¢ ﬂ?d, defime :

b1 (76,76') ;= bim ! , bz (x,x’)-’ = fm 4n (6g(x,x’))

&0t 620\—;2' (7"7(") e~o*

Ly wilb) - [k %, k) € THOr O\{o} | (x,K) ~ (x,K), k>o}

Let  bu- = (L"®d)bi , i=1,2 . Since iz 15 a diffeomorphiswm,

WE (bi,-) =WF((i2* ® d)bi) ={ (). 1500, ©*,-K’) € TH(9x 9)\{o} |
(%K)~ (¥, K), Ko}
Note that: wa,k(x,x) = ®@E)OE) wy,x (x,x) , WF (wz,x) =WF (@2 ).
(2 =1) Consider w3,k # W1,k as per 2. On QEIHd, let
Awz,x = Wi x - w2 x
= Awrk(x,x) = Awax (x,x) & WF(awzx) ¢ WF(w,x)
= WFE(Awzk) = ¢ -

() M.J.Radzikowski, Comm. Math. Phys. 179 , 529 (1996)



On—go’mg Projects and Outl,ooKs

o Qenerauzatlon to curved spacet\mem

@ g.C., C.Dappiagqi, B.A. Judvez - Aubry , In preparation
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On—go'mg Projects and Outl,ooKs

! —

M|

* Generalizalion to curved space time

o
I

*¢ Dynamical Gasimir Effect®im Random media

°*s Anderson model®

3

N

5

d

Hf =-NAf +§f& on (._[z._%)

%%

ao

@ g.C., C_DaPPiag(jiy B.A. Iua’mz—/—\ubra , In preparation
(2) C.Dappiagqi, A Marta , MPAG 24 (3) (2021)
(3) C.Labbé€, J. Func. Anaf., 221 (9) (2019)

L "HHIMHUJU |

I
|

/I

)
l

oy
)
S

=)

/G
N

3

N

A Qﬁ/
SSE

w

3

e

T
e

£

—




