







































































IEEE
FIGITTIFFITTIMILI IL

UNIVERSITÀ DI Pavia
IIIIIIIIIIIIIIIIIIII

Department of Physics
Alessandro Volta

PAVIA

Hadamard parametrix on half Minkowski

with Robin boundary conditions

p

Beatrice Costeri

kit
Regensburg 16.04.26

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIgiIggggggggggggggggiyyyygèggifjffèlyffèggyffylifjije

ifffftillifffiggipgjiyyyyiyyyièggyfigggiuggegggggggeggeggeggggggggggggggiggggygggggggeggieggeggieyèeggeggieggygèeffffffffffylèài

èèI
eEÈÈÉÉÈòIèeeEe

eÉ
ÉèÉÉI ÈÈÀII



The Team

Iiiiiii.i.i.i.i.iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii.i

i.i.i.ieIIIII
IIIIIIIIIIII.IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII.I.I.I.I.ieti.iiiiiiiiiiii.i.i.i.i.ie.iiiiiiiiiiiiiiiiiiiiiiiiii.iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii.i.e.iii.i.e.e.i.iii.i.i.iii

Iiiiiiiiiiiiiiiiiiiiiiiiiiiiii
iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii.e.i.ii.ie

i
i

iIiiiiiiiiiiiii.it
II
iit.iii.li
i
i
ieiii
iiiiii iii

l'iiiiiiiiiiiiiiiiiiiiiiiiiiiiii.iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii.ee

iiiiiliii
i

I.iiiiiiiiii.i.i.e.iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

MI
B A Juàrez Aubry C Dappiaggi R D Singh

University of York University of Pavia

1 B G Ci Dappiaggi B A Juàrez Aubry R D Singh Accepted for publication
in A alesHenriPoincaré 2026



Boundaries in Physics
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Boundaries in Physics

Anti de Sitter spacetime
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Geometric setting
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Geometric setting
d 72 dimensional half Minkowski spacetime

EIN signature

EI e E EIR 230 E t.IT ExI2

i Synge's function

1 22,72 6 1 e 12 71 72

11 71 r 2171 Reflected Synge's function

z 6 1 11 22 71 72
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The Problem

E I IR scalar field

Klein Gordon operator D y m m 0

PI f Dynamics

I g Io P I E Initial conditions

22 K I
2 0

0 K a Robin boundary conditions



Algebraic QFI

1 Solution theory

2 Algebra
È Esterntables III
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G G G Klaus Fredenhagen

retarded advanced propagator
3 Physical states W A positive normalized linear

at Gaussian
HA quasi free V2 two point correlation

at Eadamard

local Hadamard form
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A brief digression Ito boundary I

M g globally hyperbolic spacetime 2M

existence uniqueness of advanced t retarded propagators

Gt E D MXR and supply f J supp f FED M

causal propagator G G Gt

POTI G II E G Q

Glet 0 2Glee AGE sai
initial data

G x E E G x G x E E G x

distinguished propagators G GFIF 1

1 J Duistermaat I Hormander Acta Mathematica 1972



A brief digression Ito boundary II

Eadamard two point function

Wa E D M M sit

1 E II wa II E wa 0

f FED M

2 CICR Wa f f wa f f i G f f

3 5 wa f f 1 G 5,5

4 G 5,5
2

4 Walt f Walt f
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A brief digression Ito boundary II

Eadamard WF set ei
YEN

WE wa x Kx Kx E T MM 1031
x Kx x Kx Kx DO

we is of global Eadamard form

Local Hadamard form OEM

Walxix gg SATAN 10g fece
C 0 0

Gelx 6 x ie x 82 Sd È

Radzikowski theorem 96

global Hadamard form local Hadamard form



A brief digression Ito boundary IT

Hadamard recursion relations

E GIU IX E vi Xix

Set U 1 E 0 V 1 E 0

Puj 2 4 d 6 duUjte J 1 61 2 4 2d ajte 61 d Ujte D

no 1 441 g.FIT 4 d

Prj 2jt1 6u2uvjtt jt1 6Yn 2j vjte 0 only in even d

suo LEI vita
2

d 2



Why Eadamard Recursions

ad Wick Polynomials

f wa II 582 FED M

at Stress Energy tensor regularized

Imu w f DI wa II 582

differential operator
race anomaly on 174 7

Io x m E x VI
4T

1 B C G Dappiaggi M Goi Accepted for publication in A lesHenriPoincaré 2025



Formulation of the Problem

Advanced t Retarded Robin propagators

G D II III s.t

1 dynamics
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Formulation of the Problem

Advanced t I Retarded Robin propagators

G E D III III s.t

1 dynamics
E II G

je je
II E G

EH EH
8
II II

2 boundary conditions

Az 1 G
a a KOI G

sei
K

pull back to 7 0



Formulation of the Problem

Advanced t I Retarded Robin propagators

GI E D III III s.t

1 dynamics
E II G

je je
II E GÌ EI EH

8
II II

2 boundary conditions

az 1 G
a a KOI G

sei
K

3 Support property

supp G f E JF supp f FED II



Open Questions

existence of G
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causal support property

only for K D and K no

local expression of GF x

Eadamard states

G G Doppiaggi N Drago H.R.CIFerreira Lett Math Phys 109 10 2019



Dirichlet Iteumann fundamental solutions

I
Typ

Dirichlet causal propagator GD E Z E

1 ad Gira E 1 Z Z 91 1 11,2 71
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Dirichlet Iteumann fundamental solutions

I
Typ

Dirichlet causal propagator GD E Z E
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iz IR IR
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Carl ITeumann



Robin to Dirichlet map I

Dirichlet functions

C II SE CHEI 1512 0 D

Robin functions

C III FE C II 22512 0 45
2 0

Robin to Dirichlet map

Ix C II CE III

f In f II 22 KIZ f

In can be read as a Linear operator on C Rd
1 J D Bondurant S A Fulling J Phys A 38 7 2005



Robin to Dirichlet map II

The map

È EEEE
Ranch EC IR

f II f II f

is bijective hence La Ii

LED IRC St India 8 La 7 7 e

KO L E S Rid
KEO

K O bounded state modes
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Spaces of distributions

D IRC UE D'CIR E D IRC u r i

I IR D IRC n 8 IRC

Dirichlet tempered distributions

D IRC re D'CIR 1 re a where

jo 17 1 R Jo E 2,0

9 17 D 1129 n 8 IRC

Robin tempered distributions

9 IR L 9 112



Advanced Retarded Robin propagators I
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Advanced Retarded Robin propagators I

hm 4.12 CDJ 25 Dirichlet propagators

i
GF L'k 8 G 11 II 1

are the advanced t retarded Robin propagators

Proof Eg 1 is well defined GE f e 9 Rid FED IRC

since E In D

E II GE LK 8 E II GE II II

LK 8 1 8 Diagcipd pag
II IK

8
DiagCIRdx17



Advanced Retarded Robin propagators I

Prop 4.15 CDJ 25
Neumann causal propagator
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Advanced Retarded Robin propagators I

Prop 4.15 CDJ 25
Neumann causal propagator

G GI GI GN 2K La 8 Gr 2

where Gr e 1 Ztz II id
pa Gpa E 2 Z Z

Proof At the level of integral kernels f e D 1129

L'k S GD Inf z

L'k S Gpal'In f z L'k S Gr Inf z

Gira f z Gr f Z 2K LK 8 Gr f Z

G f Z 2K LK 8 e Gr f z



Advanced Retarded Robin propagators II

Lem 4.16 2 4.17 CDJ 25 Support properties of GE
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Advanced Retarded Robin propagators II

Lem 4.16 2 4.17 CDJ 25 Support properties of GE

supp Ln 8 8126 1 III II C supp 26 1 II II

and the same holds true also for Ln 8 26

G abide by the causal support property

5ª GI 11 GI

1 I Z 1 I Z

a

r E r E

E
i



Advanced Retarded Robin propagators II

Prop 4.20 CDJ 25

GF E D III III as in Eg 2 are the advanced t and

retarded Robin propagators in the sense of 1

1 G Doppiaggi N Drago H.R.CIFerreira Lett Math Phys 109 10 2019



Advanced Retarded Robin propagators II

Prop 4.20 CDJ 25

GF E D III III as in Eg 2 are the advanced t and

retarded Robin propagators in the sense of 1

Proof In Fourier modes denoting by w kt KE m

GR EHI e
1
JAKE IIlz YT SHE

17d 2

where II Z e
Z

e

Gia f f at at f Aia sin A t t f f S'E D III

172

1 G Doppiaggi N Drago H.R.CIFerreira Lett Math Phys 109 10 2019



Advanced Retarded Robin propagators II

Prop 4.21 C'DJ 25

Exact sequence

CE II I C III CI EIS C CEI 0

In addition

CL III solution space

PIÈCE
E le

e



Advanced Retarded Robin propagators II

Prop 4.22 CDJ 25

G are the unique advanced t and retarded Robin

Green's operators



Advanced Retarded Robin propagators II

Prop 4.22 CDJ 25

G are the unique advanced t and retarded Robin

Green's operators

Proof Assume Gi Gi and consider AGI Gi Gi sit

PAGE 0 and 22 2 Δ Già f 0 f e C III

Suppose FE C III St ΔGià f II 0

Then If E Cfc III and

If Gi P If D



Example III 7 m D

Let IT Ct tj2 lx x 12 ly
y.GR

T Z Z Ife 8 6 8 a 7 a e
14 2 7

G Eciontera

Recalling that GI x t E Gr x

GE t E t'E 8 6 8 6 6 di z E K 6

pover seriesino

where di are suitable functions



Robin Hadamard states on II I

Wa E D EI II is of global Eadamard form if

WE Wan x K K K E I LEI II 140 x K E K KD 0

e
generalized broken
bicharacteristic
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Z

JacquesHadamard



Robin Hadamard states on III I

War is a Robin Hadamard two point function if

1 WE Wan x K K E I LEI II 140

X K I K KD 0

2 Dynamics ROI Wa k II E wa k D III

IIII
t

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIHigggy

3 Positivity wa f f

4 CICR Wak 5,5 V2 k 5 f I GR f 5 JacquesHadamard



Robin Hadamard states on III II

Prop 5.6 CDJ 25 al 2 MI 0

Wak E D III III S.t

Wak x S e Wa D II II KEO 3

is a Robin Hadamard two point function



Robin Hadamard states on III II

Prop 5.6 CDJ 25 al 2 MI 0

Wak E D III III S.t

Wak x S e Wa D II Ix KEO 3

is a Robin Hadamard two point function

Proof Eg 3 is equivalent to

W2 K V2 N 2K LK 8 1 War 4

WE WAK WF WAN UWF CLR 8 War

WFICWAN WF War U WE Wa

WFi CLR 8 war Filwar
Hadamard

0 Gannot M Wrochna J Ins Math Jussieu 21 67 1 2022



Local Eadamard form

Wax D II III is of local Hadamard form if

I 1
so if On a III o

Vi WE C 0 0 s.t

on 0 0

wa Ling satexx en

mod 42



Local Eadamard form

Wa D II III is of local Hadamard form if

se if On 211

V w̅ E C 0 0 sit

E
on 0 0

Wa k x T.IR x WIX

limo sarcaxien E sarei in e
mod Hb



Hadamard recursion relations I

d even

For I same as on ID

For V leading singularity same as 02 N

2 d 61 Ieri
V0 2 0

40 7 0

Pu'j 2 4 d 612m rija j 1 2 4 d rette D

az k y u'j 2 0 1 2 4 d 226 ujtt uj.tt z a
0 3

e aaaaaa
27 U 2 U 2

2 0
276 v vo

z a 1 2 2
2 0

Poi 2 1 61Durji J 1 01 21 1 D

az K vi vi 2 0 1 1 226 vite mja z a D



Hadamard recursion relations II

d odd

For same as on ID

For È

2 d 61 Iure
V0 z a

40 z 0 leading singularity same as 02 N

pag pag g e

az k y u'j 2 0 1 2 4 d 226 ujtt uj.tt z a
0



Radzikowski Theorem

hm 5.16 C'DJ 25 Global Local

The following are equivalent

1 wa k is of Local Hadamard form see Egs 42 4b

2 Wa k satisfies Robin BC GGR mod C

WFI wa K x K K E I III III 03 1

x K k and K'Da

1 M J Radzikowski Comm Math Phys 179 529 1996

2 M Radzikowski Comm Math Phys 180,1 1996



Proof 1 2 On OEIR define

bi Xix Eh GÉI ba xix ftp.ln 6e x x

WF bi x K K E 1 0 0 110 x K K KDO

Let bi iz id bi 1 1,2 Since iz is a diffeomorphism

WFi bi W F iz id bi iz x i K K E 0 0 40 1

K E K KDO

Note that Wi K x Z E Ù k x WF Wak FAI K

1 M J Radzikowski Comm Math Phys 179 529 1996



Proof 1 2 On OEIR define

bi Xix Era GÉT ba x Imola Ge x

WiFi bi x K K e 1 0 0 140 1 x K K KDO

Let bi iz id bi 1 1,2 Since iz is a diffeomorphism

Fi bi W F iz id bi iz x i K K E 0 0 40 1

K E K KDO

Note that Wi K x Z E Ù k x WF Wak FAI K

2 1 Consider wi k wa k as per 2 On OSEI let

WZ K WI K N 2 K

DWZ K X DWAK x X WF AWAR CWF WI K

WILDWAK

1 M J Radzikowski Comm Math Phys 179 529 1996
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Dynamical Casimir Effect in Random media

nn
mi VIEN
MM
Muoio

Io mma

a B C C Dappiaggi B A Juàrez Aubry In preparation
2 C Dappiaggi A Marta MPAG 24 3 2021



On going Projects and Outlooks

www.msn.me
Iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii.ee

iIII
tteeeIe.eeeeI'iiiiiiiiiii

Dynamical Casimir Effect in Random media

Anderson model rzzibbhiz.mg
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3 C Labbé J Func Anal 227 9 2019


