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Introduction

Guiding question: Where does the matter/antimatter asymmetry in
the Universe come from?

Baryogenesis: Matter creation process responsible for the observed
asymmetry.
→Can it be described in the language of global analysis?

Our assumptions (motivated from CFS):

(i) On the dynamics of the spinors: Spinors evolve according to a slight
modification of Dirac dynamics.

(ii) On the regularity of spacetime: On the very small scales, below a
minimum length ε > 0, the manifold structure breaks down.
→ Consequence: Start from distributional sections of SM (e.g., weak
solutions to the Dirac equation) and regularize them.
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Introduction

(iii) On the physical input: The regularization operators

Rε : W
1,2
loc (M, SM) → C 0(M, SM)

have an important physical significance and depend on the spacetime
point: for any p ∈ M, Rε(p) : W

1,2
loc (M, SM) → SpM.

Moreover, the dynamics of Rε:

M → L(W 1,2
loc (M, SM), SM) , p 7→ Rε(p)

is determined by the spinor dynamics.

→Consequence: Shift attention from distributional spinors to
regularization operators and their dynamics.

In this talk...

Dynamics of Rε → Spinor dynamics → Baryogenesis?
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The setup: how to model baryogenesis?

In (R4, η) the Dirac Hamiltonian Hη is a selfadjoint operator with
absolutely continuous spectrum σ(Hη) = (−∞,−m] ∪ [m,∞).
→ Particles (resp. antiparticles) are eigenstates associated to positive
(resp. negative) eigenvalues of Hη.

Goal: In a globally hyperbolic (M, g), describe/quantify baryogenesis
as the relative change of spectral subspaces of an operator which
generalizes Hη.
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The setup: Preliminaries

Geometric setup:

From now on, consider conformally flat spacetimes (R4, g), i.e.

g = Ω2η = Ω2(t, r , θ, φ)(dt2 − dr2 − r2dθ2 − r2 sin θ2dφ2)

with Ω : M → (0,∞) smooth and the foliation (Nt)t∈R given by the
level sets of the global time function t.

Moreover, we denote

Ht,g := L2(Nt , SM) ,

with a suitable spinor scalar product (·|·)t .
Finally, the regularizing vector field u : M → TM is a timelike and
future directed vector field describing the regularization dynamics.
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The setup: Main concepts

Definition:

(i) The symmetrized Hamiltonian At with D(At) = C∞
0 (Nt , SM),

At :=
1

4
{u0,Hg + H∗

g}+
i

4
{uµ,∇s

µ − (∇s
µ)

∗} ,

is an essentially self-adjoint operator (cf. [4, Lem. 5.3], proof relies on
Chernoff’s criteria, see [1]).
→ From now on, denote with the same symbol the self-adjoint
extension At : D ⊃ C∞

0 (Nt , SM) → Ht,g .
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The setup: Main concepts

Remark:

Given the selfadjoint operator At : D ⊃ C∞
0 (Nt , SM) → Ht,g ,

χI (At) : D → Ht,g is a densely defined bounded operator (I ⊂ R).
Hence, there exists a unique extension

χI (At) : Ht,g → Ht,g

If (M, g) has a bounded geometry and I is a bounded interval, χI (At)
is a regularization operator (cf. [5, Proposition 2.7], proof relies on
elliptic regularity):

χI (At) : Ht,g → C∞(Nt , SM)

Its dynamics is determined by the dynamics of u : M → TM.
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The setup: Main concepts

(ii) The locally rigid operator V t
t0 : H

ε
t0 → Ht,g is

V t
t0 := lim

kmax→∞
χI (At)U

t
t−∆t ···χI (At0+∆t)U

t0+∆t
t0 with ∆t :=

t − t0
kmax

.

where Hε
t0 := χI (At0)(Ht0,g ) ⊂ Ht0,g , I := (−1/ε,−m) and for

any tk < tk+1, U
tk+1
tk : Htk ,g → Htk+1,g is the unitary Dirac evolution

operator.
Moreover, set Hε

t := V t
t0(H

ε
t0).
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The setup: Main concepts

(iii) The rate of baryogenesis:

Bt :=
d

dt
trHε

t
(η(H̃η)(χI (At)− χI (H̃η))

with I := (−1/ε,−m) and H̃η := Ũ−1HηŨ, where Ũ : Ht,g → Ht,η is
a unitary operator. Moreover, η ∈ C∞

0 ((−Λ,Λ), [0,∞)) is a smooth
cutoff function with m ≪ Λ ≪ 1

ε .
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Quantifying the rate of baryogenesis

Goal: Quantify Bt perturbatively for conformally flat spacetimes.

Assumptions:

(i) (R4, g) has a bounded geometry.

(ii) At has an absolutely continuous spectrum.

(iii) At = H̃η +∆A, where ∆A : C∞(Nt , SM) → C∞
0 (Nt , SM) has smooth

compactly supported coefficients and satisfies that for any ω ∈ ρ(H̃η)

||Rω(H̃η)∆A|| < 1

These assumptions allow for a perturbative study of Bt .
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Quantifying the rate of baryogenesis

Some results (cf. [2], [4], [5]):

(i) No baryogenesis if spinors follow Dirac dynamics nor if m = 0 and
u = ∂t( =⇒ ∆A = 0).

(ii) What about Minkowski spacetime? Bη
t = 0 if u = ∂t .

(iii) B
(0)
t = B

(1)
t = 0 but

B
(2)
t = −

∫
d3k

(2π)3

∫
d3k ′

(2π)3
1

4ωkωk ′

1

(ωk ′ + ωk)2
GΩ,m,u(k⃗, k⃗ ′) ,

where ωk :=

√
|k⃗|2 +m2, ωk ′ :=

√
|k⃗ ′|2 +m2 and

GΩ,m,u : (0,∞)× (0,∞) → R is a function depending on Ω, m and u.
For u = ∂t , Bt ∝ m2.
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Quantifying the rate of baryogenesis

Final remark:

(i) How canonical is Bt? Computing the rate of baryogenesis requires
choosing a time function t...

→ Choose the unique smooth time function t for which the
misalignment between ∂t and u is minimal (work in progress).

Thank you for your attention!
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Extra: The dynamics of u

Definition: Let u : Nt0 → TM be a smooth future directed timelike
vector field. We construct a global u : M → TM as follows

(i) Consider the sets Lg and DpLg , where p ∈ M is arbitrary,

(I , γ) ∈ Lg : ⇐⇒

{
γ : I → M is a max. f.d. null geod.

gγ(s)(uγ(s), γ̇(s)) = 1 whenever γ(s) ∈ Nt0

DpL
g := {γ̇(s) | (I , γ) ∈ Lg and γ(s) = p} ⊂ TpM .

(ii) For any q ∈ Nt0+∆t we define the timelike vector fields

ξq :=
1

µq(DqLg )

∫
DqLg

γ̇(s) dµq(γ̇(s))

uq :=
1

|ξq|2g
ξq
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Extra: The important role of Rε in CFS

Consider (M, g) = (R1,3, η). We construct a CFS (H,F, ρ):

(i) Let H ⊂ W 1,2
loc (Ω) be the negative energy space of weak solutions to

the Dirac equation.

(ii) Let Rε : H → H ∩ C 0(M, SM) denote a regularization operator.
→ Use it to construct F ε : M → F ⊂ L(H) as follows

≺φ|F ε(x)ψ≻ := −≺(Rεφ)(x)|(Rεψ)(x)≻

for all φ,ψ ∈ H.

(iii) Finally the pushforward measure, ρ := (F ε)∗µM is

ρ(Ω) = µM((F ε)−1(Ω))

where Ω ⊂ F.

(iv) (H,F, ρ) minimizes the causal action in the continuum limit.
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Extra: The dynamics of u

Consider the initial timelike u : Nt0 → TM with

up = (1 + λfp)∂t + λXp for p ∈ Nt0

where λ > 0, f ∈ C∞(M) and Xp ∈ TpM spacelike.
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Extra: The dynamics of u

The dynamical equation of u : M → TM is (see [4, Th. 7.1])

dup
dt

=
[
− gradδ(f

−1
p ) +

1

3
divδ (Xp) ν

]
λ+O(λ2)

The dynamics of u : M → TM is a conformal invariant (cf. [5, Prop. 3.1]).
Marco van den Beld-Serrano
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Extra: The misalignment functional

We introduce the functional F : T ⊂ Hp(Ω) → (0,∞] with

F (t) = Fh(t) + Fg (t) , (1)

where Fh : T → [0,∞) is the Riemannian functional

Fh(t) =

p−1∑
i=0

∫
Ω
|(∇h)i (u −∇ht)|2hdµh = ∥u −∇ht∥2Hp−1(Ω,dµh)

, (2)

with h := g + 2u♭⊗u♭

|u|2g
and Fg : T → (0,∞] the Lorentzian functional

Fg (t) :=

{∫
Ω

1
|∇g t|2qg

dµh if ∇g t ̸= 0 a.e. in Ω

+∞ otherwise .
(3)

where q ∈ N is arbitrary.
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Extra: Schematic derivation of Bt

Step 1: Perturb the spectral projection operator.

Rω(At) = (1 + Rω(H̃η)∆A(t))−1Rω(H̃η) =
∞∑
p=0

(−Rω(H̃η)∆A(t))pRω(H̃η)

=:
∞∑
p=0

R(p)
ω (At)

By absolute continuity of the spectrum of At

χI (At) =

∫
I
Fω′(At)dω

′ =
1

2πi
s-lim
δ→0+

∫
I
Rω′+isδ(At)

∣∣s=1

s=−1
dω′ ,

where Fω(At) : Ht,g → Ht,g and we used Stone’s formula. Analogous for
H̃η.
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Extra: Schematic derivation of Bt

Step 2: Obtain the perturbative power expansion of Bt .
We start with the following operator product

ηΛ(H̃η)χI (At) =

∫ ∞

−∞
dω′ηΛ(ω

′)Fω′(H̃η)

∫ −m

− 1
ε

dωFω(At)

=
1

2πi
s-lim
δ→0+

∫ −m

− 1
ε

dω

∫ ∞

−∞
dω′ηΛ(ω

′)Fω′(H̃η)Rω+isδ(At)
∣∣s=1

s=−1

Thus, Bt is

Bt :=
d

dt
trHε

t
(η(H̃η)χI (At))

=
d

dt

( 1

2πi
s-lim
δ→0+

∫ −m

− 1
ε

dω

∫ ∞

−∞
dω′ηΛ(ω

′) trHε
t

(
Fω′(H̃η)R

(p)
ω+isδ(At)

)∣∣s=1

s=−1

)
=:

∞∑
p=0

B
(p)
t

where the operator product is trace-class ([4, Lemma 7.4]).
Marco van den Beld-Serrano
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Extra: Schematic derivation of Bt

Step 3: Determine the strong limit δ → 0+ (cf. [4, Lemma 7.3]).

For p = 2 we obtain

B
(2)
t = −

∫ ∞

−∞
dω

∫ ∞

−∞
dω′ ∂ω

(
ηΛ(ω) trHε

t

( d

dt
Q̃(ω, ω′)

) g(ω′)− g(ω)

ω′ − ω

where Q̃(ω, ω′) := ∆AFω(H̃η)∆AFω′(H̃η) : Ht,g → C∞
0 (Nt , SM) and g is

the characteristic function of I := (−1/ε,−m). Note that
Q̃(ω = −m, ω′ = −m) = 0.
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Extra: Example of Bt

Example: Let u = ∂t and m ̸= 0. Then,

∆A = (Ω− 1)mγη0 : C∞(Nt , SM) → C∞
0 (Nt , SM)

and the second order rate of baryogenesis is

B
(2)
t = 2m2

∫ ∞

0

dρ

(2π)4
(
α̂′
1(ρ)α̂2(−ρ) + α̂′

2(ρ)α̂1(−ρ)
)
Q(ρ) ,

where α1 =
dΩ
dt , α2 = (Ω−1), α′

i = Ω3αi , Q is smooth and ρ := 1
2 |k⃗ + k⃗ ′|.
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Extra: Example of At

Let u = ∂t and m ̸= 0. Then,

At = −iγη0γ
µ
η ∂µ − 3

2
i
∂µ(Ω)

Ω
γη0γ

µ
η +mγgt = H̃η + (Ω− 1)mγη0 ,

Let m = 0 and assume that initially

up =

{
(1 + λfp)ν + λXp for p ∈ V

∂t for p ∈ Nt0 \ V ,

Then, At is

At = H̃η +
λ

2

{
f , H̃η

}
+ i

λ

2

{
Xµ, ∂µ +

∂µ(
√
|det(g |Nt )|)

2
√

|det(g |Nt )|
+

1

4

∂ν(Ω)

Ω
ηνρ[γηµ, γηρ]

}
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Extra: The Dirac Hamiltonian Hg

The Dirac Hamiltonian Hg : C∞(Nt , SM) → C∞(Nt , SM) is

Hg = −(γ0g )
−1

(
iγµg∇s

µ −m
)
− E0 − a0 ,

where Ej , aj are linear operators on the spinor space and ∇s denotes the
Levi-Civita spin connection

∇s
j = ∂j − iEj − iaj

Finally the Dirac operator Dg : C∞(M, SM) → C∞(M, SM) is

Dg = iγjg∇s
j

More concretely, in Minkowski spacetime:

Hη = −iγηtγ
α
η ∂α + γηtm
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Extra: Some identities

Stone’s formula: Given a self-adjoint operator At and an interval
(a, b) ⊂ R it holds that

1

2
(χ(a,b)(At) + χ[a,b](At)) =

1

2πi
s-lim
δ→0+

∫
I
Rω′+isδ(At)

∣∣s=1

s=−1
dω′

The operators χI (At) and Fω(Hη):

χ(− 1
ε
,ω)(Hη)(x , y)

= −
∫

d4k

(2π)3
(γηjk

j +m)γη0δ(k
2 −m2)Θ(−k0 + ω)Θ(1 + εk0)e ik·(x−y)

Fω(x , y) =
d

dω
χ(− 1

ε
,ω)(Hη)

= −
∫

d3k

(2π)3
(γη0ω − γη · k +m)γη0Θ(1 + εω)δ(ω2 − ω2

k)e
ik·(x−y)
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Extra: Some identities

And moreover, for x = y we have that

Fω(x , x) = − 1

(2π)2

(
(ω + γη0m)

√
ω2 −m2

)
Θ(1 + εω) ,

so |Fω(x , y)| ≤ F−m(x , x) = 0 =⇒ F−m(x , y) = 0.
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Extra: The operator Ũ

The operator Ũ : Ht,g → Ht,η with Ũψ = Ω3/2ψ for all ψ ∈ Ht,g is
unitary as the following computation shows:

(ψ|ϕ)t :=
∫
Nt

≺ψ|γg (ν)ϕ≻SpMdµNt =

∫
R3

≺ψ|γη(∂t)ϕ≻C4Ω3(x)d3x

=

∫
R3

≺(Ω3/2ψ)(x)|γη(∂t)(Ω3/2ϕ)(x)≻C4d3x

= (Ω3/2ψ|Ω3/2φ) =: (Ũψ|Ũφ)
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