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Motivation and Outline

The definition of a causal fermion system (#, F, p) of spin
dimension n contains

» a Hilbert space H

» the space F C L(#H) of symmetric operators of finite rank

on H with at most n positive and n negative eigenvalues
» a positive Borel measure p on F

The measure p should be a minimizer of the causal action
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1. Metric spaces

F = E E 9DAC¢



Metric spaces

A function d : X x X — R is called metric on X (“distance”) if

(i) d(x,y) >0andd(x,y) =0 x=y
(i) d(x,y) =d(y,x)

forallx,y € X
forallx,y € X
(iii) d(x,y) <d(x,z) +d(z,y)

forallx,y,z € X
» Openball B,(x) :={y € X :d(x,y) <r}

» Openset U C X: x € U= B,(x) C U for some r > 0



Metric spaces

A function d : X x X — R is called metric on X (“distance”) if

(i) d(x,y) >0andd(x,y) =0 x=y forallx,y € X

(ii) d(x,y) =d(y,x) forallx,y € X
(iii) d(x,y) <d(x,z) +d(z,y) forallx,y,z e X
» Openball B,(x) :={y € X :d(x,y) <r}

» Openset U C X: x € U= B,(x) C U for some r > 0

Open sets O C P(X) satisfy properties of a topology on X.

~» Framework for continuity, convergence, compactness,
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Completeness

» (X4)nen converges to x if

Ve >0:ANeN:Vn>N:d(x,,x) <e
» (X,)nen is called Cauchy sequence if
Ve>0:IN eN:Vn,m >N :d(xp,xm) < €
» (X,d)is called complete if: “Cauchy = convergent”

The reverse implication “Convergent = Cauchy” is always true.

» Convenient mathematical property since it gives existence.

» Any metric space can be embedded into a (larger)
complete metric space (“completion”)
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2. Measure and integration

F = E E 9DAC¢



Basic idea of a measure

» A measure p on F measures the “volume” of subsets of F

certain subsets of F — [0, 0]
Ar— p(A)

» Measures are closely related to integration:

i

/Jr fl)dp(x) ~ ) ("value” of f on A;) x p(A;)

Integration is accumulating / averaging values with respect to a notion of size.
Measures provide that notion of size in a very general way.
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Definition of a measure

> a o-algebra 9, i.e. a collection of subsets of F such that
(i) Dem

A measure space (F, 91, ;1) consists of a set F together with
i) AcM= F\AeMm
(i) (Ap)pen CM = J AneM

neN



Definition of a measure

> a o-algebra 9, i.e. a collection of subsets of F such that
(i) Dem

A measure space (F, 91, ;1) consists of a set F together with

(i) AcM=— F\AecMm
(iii)) (Ap)pen CM = |J A, €M

neN

» a measure /., i.e. a mapping p : M — [0, oo] satisfying

neN

(Ap)nen C M pairwise disjoint = pu( U A ) — Z w(Ay)

neN



S
Integration with respect to a measure
(Lebesgue integral)

Suppose (F, M, 1) is a measure space

» For simple functions

f= Zcz XA, = /f ) dp(x ch
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S
Integration with respect to a measure
(Lebesgue integral)

Suppose (F, M, 1) is a measure space

» For simple functions

f= Zcz Xa = /f ) dp(x ch

» Nonnegative functions: approximate by simple functions
» R-valued functions: split into positive and negative part

» (C-valued functions: split into real and imaginary part
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Integrable and square integrable functions

Forf : F — C write

FellFdn i Ifl= [ el dn() <
F

ferEdn it e ([ rwkdim) <o

The spaces L!(F, du) and L2(F,du) with these norms are
Banach spaces, i.e. complete normed spaces.

More precisely: Elements of these spaces are not functions but equivalence classes of functions
which differ only on sets of measure zero.
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The support of a measure

Suppose i : B(F) — [0, 00| is a Borel measure on F.

> V.= U U islargest open set of measure zero
U open
p(U)=0

» supp i := F \ Vis called support of ..
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3. Hilbert spaces and
bounded lin. operators



L
Hilbert spaces

H a complex vector space with scalar product (-|-) : H x H — C

(0) (ulav+ fw) = a(ufv) + 5 (ulw)
(if) (ufo) = (vfu)
(iii) (u|u) > 0foru # 0

» |lu|| := \/(u|u) defines a norm,

» d(u,v) := ||lu — v|| a metric (“distance”) on H

(H, (-|)) is called Hilbert space if the metric d is complete
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L
Orthogonality

» u,v € H are orthogonal if (u|v) = 0.
» (ei)ic; C H is orthonormal Hilbert basis if

> pairwise orthogonal and of unit length: {e;lej) = &;
» completeness: for any u € H have u = Z (eilu) e;
icl
(Cier lei){eil =1)
Any (separable) Hilbert space has a (countable)
orthonormal Hilbert basis.

» For a linear subspace U C H

» Ut :={veH: (uv)=0forallu € U} orth. complement

» Then H = U @ U+, i.e. for any x € H have decomposition
x=ul +ut

with unique ull € U, ut € U*.
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Bounded linear operators

A bounded linear operator on H isa map A : H — H with

(i) Aislinear, i.e. A(au + fv) = aA(u) + BA(v).

v
(ii) There exists C > 0 such that ||A(u)|| < C||ul| for all u € H.
L(#) denotes set of all bounded linear operators.



Bounded linear operators

A bounded linear operator on H isa map A : H — H with

(i) Aislinear, ie. A(au+ fv) = aA(u) + BA(v).

v
(ii) There exists C > 0 such that ||A(u)|| < C||ul| for all u € H.
L(#) denotes set of all bounded linear operators.

» L(#) is a vector space via pointwise linear combinations
This means: (A + BB)(u) := aA(u) + SB(u)

» On L(#) a (complete) norm is given by the operator norm

1A] := sup { [|AQ)|| « [Jull =1},

~+ L(H) becomes topological space




Special classes of operators

Let A € L(H).

» A is symmetric if (u|Av) = (Au|v) for all u,v € H.

> eigenvalues are real (more generally the spectrum)

» eigenvectors for different eigenvalues are orthogonal

» A has finite rank if its image has finite dimensions,
dimA(H) < oo
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S
Diagonalizing a symmetric operator of finite rank

Suppose A € L(H) is of finite rank and symmetric.
» [:= A(H) C H is a finite-dimensional subspace
> H=IaIlt

» Al =0, since A is symmetric

For u € U™ have ||Au||* = (Au, Au) = (A*u,u) = 0.
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Diagonalizing a symmetric operator of finite rank
Suppose A € L(H) is of finite rank and symmetric.

» [:= A(H) C H is a finite-dimensional subspace
> H=IaIt

» Al =0, since A is symmetric
For u € U™ have ||Au||* = (Au, Au) = (A*u,u) = 0.

— A= (’%" 8) Jolr —I1alt

Alr : I — Iis a linear map on a finite-dimensional vector space
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Diagonalizing a symmetric operator of finite rank
Suppose A € L(H) is of finite rank and symmetric.

» [:= A(H) C H is a finite-dimensional subspace
> H=IaIt

» Al =0, since A is symmetric
For u € U™ have ||Au||* = (Au, Au) = (A*u,u) = 0.

— A= (’%" 8) Jolr —I1alt

Alr : I — Iis a linear map on a finite-dimensional vector space

~+ Linear algebra: ONBey, ..., e, € I with Ae; = \e;

A= Z)\ eil-) e = Z)\|el eil .
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