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Structure of the talk

Geometric Set up
Spin Geometry for People in a Hurry
The Positive Energy Theorem

What Happen in Higher Codimensions?



The Positive Energy Theorem

Conjecture: Positive Energy Theorem for Initial Data Set,
Schoen and Yau '79

Let (M",g,k) be an asymptotically large euclidean initial
data set sitting inside some spacetime (M, g) satisfies the
Dominant Energy Condition. Then E > |P|q. If the ADM mass
of one end is zero. Then (M, g) is flat (M", g, k) along.
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The Positive Energy Theorem

Theorem: Positive Energy Theorem for Initial Data Set for Spin
Manifolds,Witten, Parker & Taubes

Let (M", g, k) be a Spin asymptotically large euclidean initial
data set sitting inside some spacetime (M, g) satisfies the
Dominant Energy Condition. Then E > |P|q. If the ADM mass
of one end is zero. Then (M, g) is flat (M", g, k) along.
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Why Generalize the Positive Energy
e classical Positive Energy applies to
hypersurfaces, i.e., spacelike submanifolds of
codimension one.
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Why Generalize the Positive Energy
= The classical Positive Energy applies to
hypersurfaces, i.e., spacelike submanifolds of
codimension one.

= Can we extend the PET to initial data sets (M", g, k)
immersed in a semi-Riemannian manifold (N2, g) with
z>1?

3/36



== The classical Positive Energy Theorem (PET) applies to
hypersurfaces, i.e., spacelike submanifolds of
codimension one.

= Can we extend the PET to initial data sets (M", g, k)

immersed in a semi-Riemannian manifold (N"2, §) with
z>1?

= What kind of geometric and analytical conditions must
be imposed in this more general setting?

Goal of this talk

To present a generalization of the Positive Energy Theorem
to higher codimension, following the spinorial approach of
Witten, Hijazi, Zhang, and Daguang without assuming the
condition on the parity of the codimension.
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Geometric Setup
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Asymptotically large Euclidean

Let n > 3. ARiemannian manifold (M", g) is said to be
asymptotically large Euclidean(ALE) if there is a bounded set K
such that M \ K is a finite union of ends, M \ K = U¥_,M;. Such that
for each end M, there exists a diffeomorphism, asymptotic charts,

®;: M — R\ B,(0), (1)
Then it will have coordinates xi, . . ., x, where
9;(x) = 0 + O2([[x]| ) (2)
where g > ”T_z Moreover, the scalar curvature is integrable
Rg € LY(M,g).
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Asymptotically large Euclidean

Ilustration of an asymptotic large Euclidean manifold with multiple ends.
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Initial data set

Let M" be a smooth manifold.

= Aninitial data set (/.D.S.) on Mis a pair (g, k) where g is a
Riemannian metric on M and where k is a symmetric
(0,2)-tensor, k € [(Sym?*(T*M) ® R). Let Z(M, R) be set of
initial data sets for the line bundle.
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Let M" be a smooth manifold.

Geometric Set up

Aninitial data set (/.D.S.) on M is a pair (g, k) where g is a
Riemannian metric on M and where k is a symmetric
(0,2)-tensor, k € [(Sym?*(T*M) ® R). Let Z(M, R) be set of
initial data sets for the line bundle. Then we can define
the Einstein constrain equations,

The energy density 11 = Ry — |k|3 + trg(k)?.

The current density J := (divgk)? — V(trgk).
If u > |J|g then we say that (M, g, k) satisfies the
Dominant Energy Condition (D.E.C).
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Let M" be a smooth manifold.

= Aninitial data set (/.D.S.) on Mis a pair (g, k) wheregisa

Riemannian metric on M and where k is a symmetric
(0,2)-tensor, k € [(Sym?*(T*M) ® R). Let Z(M, R) be set of
initial data sets for the line bundle. Then we can define
the Einstein constrain equations,

The energy density 11 = Ry — |k|3 + trg(k)?.

The current density J := (divgk)? — V(trgk).
If u > |J|g then we say that (M, g, k) satisfies the
Dominant Energy Condition (D.E.C).

= Ifk = 0then we have that = Ry > 0.
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Initial data set

Let (M, g) be a Lorentzian manifold. We say that
(M, g, k) € Z(M,R) sits in (M"+1 g)
= Theimmersion ¢ : M — M is an isometric embedding
with TM|y = TM O R

= The symmetric two tensor k is the second fundamental
form of the embedding.
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Initial data set

Let (M, g) be a Lorentzian manifold. We say that
(M, g, k) € Z(M,R) sits in (M"+1 g)
= Theimmersion ¢ : M — M is an isometric embedding
with TM|y = TM O R
= The symmetric two tensor k is the second fundamental
form of the embedding.

Example
» Let(R3 gg,0) € Z(M,R) and let (M, gyr). Then we can
just consider (R3, gg, 0) sits in (M, gyy).

* LetS"and (g, gst) € Z(S", R). The (S, gst, gst) sits in
Rn—i—l
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A.L.E.I.D.S.

Definition

AnA.L.E. L.D.S. is a pair (g, k) € Z(M,R) such that (M, g) is an ALE
manifold and k;(x) € 01(|]x|7971). The energy density and the
norm of the current density are integrable, 4, |J]4 € L.

Let (M", g, k) be an asymptotically flat I.D.S.. Then we can define the
ADM-mass or energy and the momentum
= ADM-mass mapu(My, g) =
. 1 r J
im0 sy Js, 2oijm1(9id — Giig) 7 Vs, -
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A.L.E.I.D.S.

Definition

AnA.L.E. L.D.S. is a pair (g, k) € Z(M,R) such that (M, g) is an ALE
manifold and k;(x) € 01(|]x|7971). The energy density and the
norm of the current density are integrable, 4, |J]4 € L.

Let (M", g, k) be an asymptotically flat I.D.S.. Then we can define the
ADM-mass or energy and the momentum
= ADM-mass mapu(My, g) = _
iMoo smtyas Js, 2oijma (95 — Giig) f7AVs,
= ADM-momentum,
P,' = Iimp_m m fSp Z}:l(kij = trg(k)g,-j)vfdusp

fori <ij<r.

9/36
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Weighted function Spaces

 Weighted Holder Spaces, C;% (M)

m
[ull o = sup P2 () [ VFU(X)llcos, y+ D sup [P () Viu(x)|
xeM 2 xeMm

i=0

Geometric Set up 10/36



Weighted function Spaces

 Weighted Holder Spaces, C;% (M)
ulle = sup r* ()| V*u(x) oo, )+ sup I~ () V'u(x)]
XeM g —o XEM

* Weighted (2,

%
el = ( / r—qz-"|u|2dvg) .
M

= Weighted Sobolev space
k . .

HE(M) := qu € His (M) D / \VIuPr 2= dpu, < oo .
j=0 M
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Spin Geometry for

PeopleinaHurry
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Set up for the Spin Bundle

Over (M", g, k) we can consider:

= Thebundle R & TM with the sections e, = (1,0) and
{ei}7_, any O.N.B. of TM.

= The Lorentzian metric g(e,, e,) = 0., — 29,0,

Under this construction, we can just see that (R @& TM, g) is the
pullback of TM" 1,
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Set up for the Spin Bundle

Over (M", g, k) we can consider:

= Thebundle R & TM with the sections e, = (1,0) and

{ei}7_, any O.N.B. of TM.

= The Lorentzian metric g(e,, e,) = 0., — 29,0,
Under this construction, we can just see that (R @& TM, g) is the
pullback of TM" 1, .
Then we can just consider the connection on TM & R to be V and
the connection on M" as V, then,

? = V—I—k(,)eo.
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Spinor Bundle and Clifford Action

Let S(M) be a spinor bundle over (M, g) with an action of C1(TM).
To define an action of CI(R & TM), consider the extended bundle:

S(M) = S(M) @ S(M),

with inner product given by the sum of the ones on each
component.
Define the action as follows for v € T,M:

V- (¢17¢2) = (V : 71&17 -V ¢2)7 €o - (¢17¢2) = (¢2:¢1)~

This extends the Clifford action to CI(R x TM) and satisfies the
Clifford relations.
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Spin connection

. 1
V;=V;+ > z; k(ei, ej)ej o eo.
j:

Then two Dirac operators can be defined,
= Classical Dirac operator,

n
b=3 eeo?,
i=0
= Submanifold Dirac or Dirac-Witten operator,

¢ 1{ u_ trg(k)
D:Ze,-o V;—l—EZk(ei,ej)ejoeo =Dp" — > €o
i=1 j=1
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Schrodinger-Lichnerowicz formula

Then the Schrédinger-Lichnerowicz formula for the Dirac operators
can be defined,

= Classical Dirac operator,

D=> eeV,—D(¢)=V"V(¢)+ %@5)

i=0

= Submanifold Dirac or Dirac-Witten operator,

w_ trg(k)
2

D=D ey — D*(¢) = V*V(9) + %(u + Jey) .
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The Dirac-Witten operator

Let (M, g, k) be a spin initial data set satisfying the strict dominant
energy condition. Then,

= Forallu € H! (S(M)),
lulle, < C- (IDW)Ilez, , + ulliz,),

* Letu e L2 ;(5(M)) besuchthat, (u,D(v)):2_ = 0for
allv € ¢(5(M)). Thenu € H* (S(M)) and D(u) = 0.

= The Dirac-Witten operator is a Fredholm operator of
positive index.

= D:WH(S(M)) — L2, (5(M)) is an isomorphisim.
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The Positive Energy Theorem
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The magic happens...

(n = l)w,,_l

{/ IVell* + <¢a(%(u+Jeo))¢> —|ID(¢)|? = 5
M

(E—1P])-

The Witten boundary integral ,,reproduces" the ADM four
momentum norm,

/IIV¢|I+ (u+Jeo)) ) — |ID(8)|]> =
lim / Z ¢, 5’+e,oe,)V,¢)

Pl
P/ i=1

Where {p;} is a sequence of radius such that the integral of the
elements will decay properly.
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Witten’ s boundary mtegral

= Asym ptotically Constant with respect to the frame e;.
 Itis an eigenspinor of the action of >, Piejeo with

eigenvalue |P| = />, P2.

We obtain that,
oo [ (65 G0 )i8r =3 tim [ (6,3 (8ler 0 )50)

n 10
+ p,!i—'>"oo o (#, jzzl(fﬂei e¢) (E ; k(ej, ej)eo> @)

i=1

.
p'_',moo /p z}(gi;‘,i —gij)V
=

+ Z(k,»,- — trg(K)gy)v (&, ejea b dus,
j=1
(n— Nwp_y

=R E - Pl
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Let (M', g, k) be acomplement A.L.E. spin initial data set sitting in
some spacetime (M’ g) satisfying the dominant energy
condition. Then we have that £, > |P7.
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Let (M', g, k) be acomplement A.L.E. spin initial data set sitting in
some spacetime (M’ g) satisfying the dominant energy
condition. Then we have that £, > |P7.

Proof.

Let 1o € [(S(M))A.C. eigenspinor of the action of >"7_, P;e;eo with

eigenvalue |P|. Then there exists:

= 1= —D().

= Since D is an isomorphism there exists £ € Wi’f, such that
§ = D(n).

We define ¢ = v + & such that D(¢)) = D(vpo) 4+ D(§) =

—n 4+ n = 0. Therefore,

lim
i=oo (n— 1)wp_1

= ~ 1
[ 19 = DYl + S (s (ke + S @ eo)whdus,, = E— Pl
Pi

O
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What Happenin

Higher Codimensions?
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The P.E.T. in Higher Codimensions

Theorem: P.E.T. for Spin I.D.S. in higher codimensions,Hijazi,
Zhang and Daguang 2012

Let M" be a compact spacelike spin submanifold of a
pseudo-Riemannian manifold N"™™  which has possibly
finite number of generalized future or past apparent horizons
Y. Suppose that the normal bundle of Mis spin and m is odd.
If the generalized dominant energy condition holds, then £, >

\ 2k Pl

What Happen in Higher Codimensions? 22/36




The P.E.T. in Higher Codimensions

Theorem: P.E.T. for Spin I.D.S. in higher codimensions

Let (M", g, k) be an asymptotically large euclideanspin initial
data set sitting inside some pseudo-Riemannian manifold
(M, g). assumming that the normal bundle is spin. If the
generalized dominant energy condition holds, then

> > Pl
kA
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Higher Codimensions Initial Data Set

Let M" be a smooth manifold and E a vector bundle over it.

> Aninitial dataset (/.D.S.) on M is a pair (g, k) where g is a
Riemannian metric on M and where k is a symmetric
(0,2)-tensor, k € [(Sym?*(T*M) ® E). Let Z(M, E) be set of
initial data sets for the vector bundle E.
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Let M" be a smooth manifold and E a vector bundle over it.

An initial data set (/.D.S.) on M is a pair (g, k) where g is a
Riemannian metric on M and where k is a symmetric
(0,2)-tensor, k € [(Sym?*(T*M) ® E). Let Z(M, E) be set of
initial data sets for the vector bundle E. Then we can
define the Generalized Einstein constrain equations for
E’

e =1 S, (trg(KAY — AP + Ry)

JG = div(k")F + VY (trg(KY)).

Z r r
ne > (Jﬁ§+ > > kﬁzk‘f‘ﬁ)
A=1

Jj#k=1B#A=1

then we say that (M, g, k) satisfies the Dominant Energy
Condition (D.E.C).
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Initial data set

Let (M, g) be a smooth manifold equipped with a
pseudo-Riemannian metric with signature (r, z) We say that
(M, g,k) € Z(M,E) sitsin (M2, g)
= Theimmersion ¢ : M — M is an isometric embedding
withTM|y=TM & E

» The symmetric two tensor k € I'(Sym?(T*M) ® E) is the
second fundamental form of the embedding.
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Generalized ADM quantities

Therefore we can define the ADM energy-momentum for the initial
data set (M, g, k) of codimension z of an end of M to be,

E= Ilim / Z(gu: gu,/)’/ldﬂsp

p—)ooZI’—l)wn 1 ”’J i

|
P, = lim r—l)wn 1/5 — trg( kA)g,,)V’dusp

—)OO
P b =1

(3)

foranyie {1,...,r}andA e {1,...z}.
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Thg_ group §Ein(r, Z

algebrais,

and its

maximal

C((RO R (,)rz) = T(Rr+z)/z(r,z)'
Where 7|, ;) be the ideal generated by the elements of the form

(v,w)®@ (VW) + (VW) @ (v,w) = =2(v,V)ey + 2{w, W),
Then the Spin(r,z) C Cl, , is defined as,
Spin(r,z) = {vi-... vy € CL,: (v,v),; =1 Ak €N}

Forr,z > O suchthatr + z > 2 then is non-compact. Topologically
retracts onto its maximal compact subgroup.

Kt ={vivae..covag-wy-. . owyp v, Wy € Ry = 1A |wj| = —1}
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Reduction of the structure group to

PKY (M) x K+ © » PK* (M)

ixi i \

pSpin(r2) (M) x Spin(r, z) __ O pspin(rz) M) — M

pxp p

-

PSO2) (M) x SO(r,z) ——2— PSOr2)(M)
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product,
otz B
(0,0) = (Pod)y & (&,0)x =) oth
i=1
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product,

2r+z
(@, 0)=(se)o & ($¥)s = i
i=1
To extend this to a positive definite Hermitean scalar product in

the spinor bundle it can be used the complex Element,
.2(z—1)
w =1 2 nf\:]-eA,

<¢a 'L/}> = (““ﬁﬂﬁ)z
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In"a K-Clifford algebra, CI(V, ), there are two standard scalar
product,

2!+z
(6. 0)=(sev)o & ($,9)x =) bt
i=1
To extend this to a positive definite Hermitean scalar productin
the spinor bundle it can be used the complex Element,

.2(z—1) B
w=1 2 I'IA:leA,

<¢7 ¢> = (wgba 1/))):

The behavior of the inner product it is going to be dominated by
the codimension of the normal bundle.

If zisodd,e; e w = —we;and e, @ w = w e €4. Moreover,
<ei L4 ¢777b> = _<¢’ e e ¢> and <eA g ¢7 ¢> - <¢7 €10 77Z)>
If ziseven,e; e w = we;and e, @ w = —w @ 4. Moreover,

(ei® ¢, ) = (¢,e;e¢))and (es ® ¢, 1) = —(¢, €4 0)
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x-algebrain R & R’

Let R" & IR? be a real vector space with an inner product of
signature (r, z).
We define a x-involution by:

xRROR >R &R, (u,v) = (u,v)* :=(—u,v).

This involution satisfies (x*)* = x, and flips the sign of vectors in
the negative-definite part.
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A new inner product

We can define the following map,

{(o,®) : Cl;, x Cl,, — C
(9, 9) = (&, ¥) := (¥ ¢y
The previous map is in fact an indefinite sesquilinear form, i.e.

complex-valued bilinear form which is antilinear in the second slot,
and is not positive definite.
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The new product

Let Cl, , together with the inner product (, ).
= The Clifford multiplication by vector frome; € R" & 0 is
skew-symmetric, ((e; - ¢, V) = — (¢, €; - V).
= The Clifford multiplication by vector frome, € 0 & R?is
symmetric, (e, - ¢,v)) = (¢, €a- ).
= ((,)) isinvariant under the action of elements from

a €K, (a-¢,a-v) =la*(¢,9)

What Happen in Higher Codimensions? 32/36
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Let Cl, , together with the inner product (, ).
The Clifford multiplication by vector frome; € R" ® 0 is
skew-symmetric, ((e; - ¢, V) = — (b, €; - V).
The Clifford multiplication by vector frome, € 0 & R?is
symmetric, (4 §,7)) = (¢, €4 - ).
{(,)) is invariant under the action of elements from
a €Kt (a d,a v) =la*(¢.¥)

Then we have the following properties for the Dirac operators,
The Dirac operator D is formally self-adjoint with respect
tothe L inner product.

The Dirac-Witten operator D is formally self-adjoint with
respectto L% .
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Theorem
Let (M, g, k) be a spin initial data set. For any i) € C*°(S(M)),

D*(¢) =D MV MVE(9)
=1

+ % B > <trg(kA)2 — |k + Rg)

A=s+1

1 r r+z
(X Y heace)

k=1 B£A=1+r

+ (div(K): + V(trg(kA)))eA] .
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PET in Higher Codlmensmns y

spacetlme (Mr“, g) satlsfylng the Dommant Energy Condition.
Then: £y > /57, S4E2, (P)?

What Happen in Higher Codimensions? 34/36



PET in Higher Codimensions

spacetlme (Mr“, g) satlsfylng the Dommant Energy Condition.
Then: £, > \/Zizl Z,C\ier(PIA)
Sketch of the proof:
= Let1)y € ['(S(M)) be asymptotically constant in a frame
{e.}, and an eigenspinor of ZM Peiea, with eigenvalue
P
= Definen := —D(1)). Since D is an isomorphism, there
exists £ € Wi’f, such that & = D(n).
= Set) 1= 1)y + &, sothat D(v)) = 0.
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Let (M", g, k) bea complete A.L.E. spininitial data setimmersedina
spacetime (M'*2, g) satisfying the Dominant Energy Condition.

Then: £ > \/S0r_, S5, (P

Sketch of the proof:
Let 1o € [(S(M)) be asymptotically constant in a frame
{e.}, and an eigenspinor of E,’A Peiea, with eigenvalue
P
Define ) := —D(). Since D is an isomorphism, there
exists £ € Wi’é such that & = D(n).
Set ) := 1)y + &, so that D(y)) = 0.

Then the spinorial identity yields:

2 ~ ~ 1 z
lim m/s <|V¢|2 — Dy + i<<¢, (ue + ;JA . E’A)w») dy = E—|P

i— 00
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Key Ideas

The Positive Energy Theorem extends to spacelike
submanifolds of codimension z > 1, provided the
normal bundle is spin.

The dominant energy condition and the ADM
Energy-momentum must be generalized.

The Spin structure must be adapted to the case of
pseudo-Riemannian manifolds.

Next work
Make a rigidity statement.
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Thanks for your attention!
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