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_______________Motiatin
MOTIVATION

- Consider a globally hyperbolic 4-manifold M = (R x ¥, g = —3?dt® + h;)
- A gauge theory is a quadruple (Vo, V1, P, K) consisting of:
(1) two Hermitian bundles Vo, V1 over M;

(1) a formally self-adjoint differential operator P: (V1) — I'(V1);

(1) a linear differential operator K: (Vo) — (V1) with K # 0 such that
(i) PoK =0 (gauge transformation)

(if) D1 =P+ KK*: T(V1) = (V1) is Green hyperbolic;
(iii) Do := K*K: I'(Vo) — (Vo) is Green hyperbolic,
Equivalently, we can work at the level of initial data
(I") V,; are the bundle of initial data for D;
(|||’) Ks = p1KUo KI: = poK* Ui G = (p,'G,‘)*G,'y):(p,'G,')

where p; and U; are the Cauchy data and the Cauchy evolution operator
and (piG;)* is the adjoint of (p;G;)

HOW CAN WE QUANTIZE IT? )

Simone Murro (University of Genoa) The quantization of Maxwell theory Regensburg 2023 1/21



Step 1: Construct the classical phase space

ker(K*) [Ga] ker(P)
ran(P) ran(K)
unitaryl[plcﬂ (Gl Tm

ker(KL) @ay  ker(D1) N ker(K*)
ran(Ks) K(ker(Do))

i('7G1')V1 =.q1, Vp =

i(+, Gig*)v,, = qiz, V& =

and assign Vv € Vp an element of the abstract unital *-algebra CCR(Vp, q1)

generators: o(v) o*(v) 1
[®(v), ®(w)] = [®7(v), ®"(w)] =0
(

CCR relations:
[¢ V)v d)*(w)] = q1(V, W)II'

Step 2: Construct an Hadamard states w : CCR(Vp, q1) — C defined by

covariances: AT (v, w) = w(®(v)d*(w)) A (v, w) = w(d*(w)d(v))
Hadamard conditions: WF'(A*) ¢ N x N where: N = N*TUN™
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Intermezzo |;: microlocal methods in AQFT

DEFINITION: Let u € D’'(M) be a distribution. We call
@ singular support of u
singsupp(u) = {p € M| AO > p such that u|p € C(0)}.
o wavefront set of u
WF(u) = {(p, k) € T"M\ {0} | p € singsupp(u) and k € X (u)},
where ¥ ,(u) = N,X(pu) with p(p) # 0 and

Y(pu) = {k € R"\ {0} | A a conic V 3> k such that
lpul (k') < Cn(1+ |K'|)"",¥N € N and VK’ € V}.

EXAMPLE: Dirac delta distribution §(x):
{singsupp(a) = {0}

_ = WF(5)={(0,k)}
(p0)(k) = p(0)
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Intermezzo |;: microlocal methods in AQFT

DEFINITION: Let u € D’(M) be a distribution. We call
@ singular support of u
singsupp(u) = {p € M| AO > p such that ulp € C=(0)}.
o wavefront set of u
WF(u) = {(p, k) € T*"M\ {0} | p € singsupp(u) and k € X,(u)},
where ¥ ,(u) = N,X(pu) with p(p) # 0 and

Y (pu) = {k € R"\ {0} | A a conic V 3 k such that
lpu| (k') < Cn(1+ |K'|)"Y,¥N € N and VK’ € V}.

EXAMPLE: Covariance of an Hadamard state A*

WF(AE) = {(x, ke, y, k) € T*M x T*M\ {0} | (x, ko) ~ (v, —k,), Lk > 0}

WF'(AY) = {(x, ke, y, —ky) € T*M x T*M\ {0} | (x, ke, y, ky) € WF(AF)}
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PROPOSITION [Gérard-Wrochna]: let ¢ : [(V,,) — [(V,,) be
(i) ¢*(ran(Kz)) C ran(Kz) and (¢*)' = ¢ (w.rt. qi5);
(i) (¢t +c7)f=f mod ranKs Vf € ker(KL);

(ii)) ars(f, ) = i(f, Gizc*f)v,, >0 Vf € ker(K]) .

(iv) WF'(Uict) c WEUF) x T*E for F C T*M

Then  AE([s], [t]) == (s, AT t)v, where AF := (p1G1)"iG1 s c* (p1G1)

are pseudo-covariances for a quasifree Hadamard state w : CCR(Vp,q1) — C.

Difficulties:

- the fiber metric on V,; may in general be not positive definite => the
positivity (iii) is difficult to achieve

- pseudodifferential calculus works nice with the Hadamard condition (iv),
but interact badly with gauge invariance (i) and positivity (iii)

HOW CAN WE CONSTRUCT HADAMARD STATES? |

— gauge fixing the degrees of freedom
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OUTLINE

(1) The Cauchy radiation gauge
(I1) Hodge-decomposition in Sobolev spaces
(111) The complete gauge fixing and the pPhase space

(IV) Hadamard states in the Cauchy radiation gauge

Joint project with Gabriel Schmid, Ph.D. student in Genoa
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The Cauchy radiation gauge

MAXWELL THEORY AS A GAUGE THEORY J

(1) Vo = (M x (C,(-,-)Vo) and V; = (T*M ®rC, (-, -)Vl) where

('7 ')V1 = / gil(fa ')V°|g
M
() set P=:0d ,K=d and K* =§ = D; :=d + dé and Dy = 6d
Because ker P is invariant under conformal rescaling we can set
M=RxY g=—dt®+h.
DEFINITION: A = Aodt + Ay satisfies Cauchy radiation gauge on a X if J

0A =0 (Lorenz gauge) and Ao|r = 0:Aolx =0

REMARK: On ultrastatic spacetimes, the following gauge are equivalent:

(i) A satisfies the Cauchy radiation gauge;
(i) A satisfies the temporal gauge Ao = 0 and the Coulomb gauge ésxAs = 0;

(i) The fiber metric g~* reduces to h™* in the Cauchy radiation gauge

g YA A) = —(Ao, Ao) + h Y(Ax, As) = h™(As, As) > 0
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The Cauchy radiation gauge

HOW TO ACHIEVE THE CAUCHY RADIATION GAUGE? J

- Decompose A = Apdt + Ax

- A" = A + df satisfies the Cauchy radiation gauge if we can solve the system

Dof = —0A DOf = —0A
thlz = —Ao|): — th‘z = —Ao|):
Vifls = —V:Aols Aof|y = —0xAs|s

- if X is compact, by the Hodge decomposition As = da + dg + h

Dof = —0A
flt =-gls
th|): == —Ao

- Since Do is normally hyperbolic = 3! f satisfying the Cauchy problem

IF THE MANIFOLD IS NOT COMPACT? )

< Hodge-decomposition in Sobolev space
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Hodge-decomposition in Sobolev spaces

- (X, h) be complete d-dimensional Riemannian manifold and set
12(5) = mwz (-, )2 = /M h(’k)l(f,~)volz
- Ay = dd + dd is symmetric, positive and essentially self-adjoint and we define
Ex := (1 + Ax): D(Ar) — L(X)
- We can define the Sobolev space of degree s € R to be the Hilbert space
HU(D) =D(E/%),  (odwe = (B B2
- Finally set

Qi) :=Q(LC)NHL(E) and  HP(X):= [ Hi(Y)

seR

THEOREM [M.-Schmid]: For complete Riemannian manifolds (X, h) it holds

H(Z) = Harj(X) @ Q& H(Z) @ 6Q55H(T),

where Harj,(M) := ker(dx) Nker(6x) and the closures are taken w.r.t. || - ||ns.
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Hodge-decomposition in Sobolev spaces

Sketch of the proof

(1) d: Q5 — Q4 and 6 : QKT — QX are closable and Hs-adjoint, i.e.
(0" A, Az = (A, dA ),

(2) The sequence
0 — Dy(do) 2o Du(dr) &5 ... 222 py(dy) 0
is a well-defined co-chain complex and using that d is closed in H*,
Hi(X) = kel"(ak)l @ ker(dy)

= ker(dy)" @ ran(dk_1) ® (ker(dx) Nran(ds_1)")
= ran(dx1) @ ran(dg—1) @ (ker(dx) Nker(dx)).

where we used ker(P*)* = ran(P) and ran(P)" = ker(P*)
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The complete gauge fixing and the phase space

REMARK :

(i) QX(E) == Q“ N H(T) = Harl(T) @ (Qk n dQ’ggl(Z)> @ (Qk N 595:1(:))
(i) If (X, h) is of bounded geometry, H* coincides with W*2
(iii) Any form o € Q%(X) N dQEH(Z) is exact

COROLLARY: For any w € QX(X), the Poisson equation
Aof = 5w
has a unique solution on the space {f € C*°(%;C) | df € ngo(Z)Hs}

For A = Aodt + As we introduce the spaces

Fo(Vi) i= QE(M; C) := C™ (R, QX)) @ C (R, Q4(X))

COROLLARY: For any A € [(V1) there exists f € [(Vo) w. df|x, € dQ% (Te)
such that A’ = A + df satisfies the Cauchy radiation gauge.
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The complete gauge fixing and the phase space

THEOREM [M.-Schmid]: - (M, g) is a globally hyperbolic manifold
- (X, h;) are complete Riemannian manifolds
= The Cauchy problem for D; is well-posed: for any

V(ho, by, f) € (UTHD) @ QD)) & (%7 (T) & A(D)) & Neca-a(Vi)
there exists a unique solution
A€ T5(Vi) = C(R,Q7H(X)) @ C* (R, Q4(T))
to the initial value problem

DiA=f
A‘zto = ho
(i7'0:A)z,, = M

Ideas behind the proof
The energy Ek(w, t) 1= ||wls, |2s(s,) + 105, [|3s-1(s,) is bounded:

t1
En(w, 1) < Ex(w, o) - (27 +/ e Oewls, [lps-1(z,) A7

to
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The complete gauge fixing and the phase space

REMARK: f is unique (up to a constant), so the gauge is fixed completely, i.e.

:;Ei)) ~ ker(Dy) N ker(K*) N ker(R)

where R= Ulepl and Rz(ao,ﬂ'o,az,ﬂ'z) = (30,71'070,0)

THE GAUGE-FIXED PHASE SPACE )

PROPOSITION (phase space): The following diagram is commutative

_ ker(K*[r,. ) [Gi] ker(P|r,)
P= ran(P|rtc,s) ran(K) Nl 4
G
LP1G1] N} ]
_ ker(K;r:|H5) [Ua] ker(D1]r,) N ker(K*|r,)
ran(Ks|y.) K(ker(Do))NTs, g

|
i Tx I
v

Vi = ker(KL|3.,) Nker(Re|3,) —2 ker(D1|r,) N ker(K*|r,) N ker(R|r,)
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The complete gauge fixing and the phase space

We conclude the classical theory, by endowing Vi with an Hermitian form gs r

- Decomposing A = Apdt + As, we set

Aolx
. flx . %atAO‘Z
po: f— (%3rf|z) and  p1: A Asls
1
$0:As|x

- By construction [p1G1]: (Vp, g1) — (Vs, g1,5) is an unitary isomorphism

0 -1 0 O
. 1f-1 0 0 O
ar(L)=iGsy, Gr=1| o o oY
0 o 1 O
- We define gs r such that Tx : (Vs,q1,x) = (Vr,qs,r) is unitary
0 0 0 O
. 1{0 0 0 O
azr( ) =i(-Gsr*)v,, Gzr=<10 0 0 1
0 0 1 O

Summing up: unitary isomorphisms (Vp, q1) ~ (Vs, g1.5) =~ (VRr, g5 R) }
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The complete gauge fixing and the phase space

HOW TO CONTROL THE MICROLOCAL BEHAVIOUR OF Tx? J

To compute Ty we follows this ansatz

Ty =1 — Ks(RsKs) 'Rs

PROPOSITION: Let (X, h) be a Riemannian manifold and 75 := 1 — dzAgléz.
There exists a map Tx: Vs — Vs defined by

02x2 02x2
T): = (7‘!’5 0)
02x2 0
s

satisfies the following properties

(i) Tx =1 — Kx(RsKs) 'Ry on ker(KL)
(i)
(i) ker(Ts) = ran(Kx);
(iv) ran(Tsz) = ker(KL) N ker(Ryx).

T% = T): and TZ|VR = Il;
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Hadamard states in the Cauchy radiation gauge

WE CAN NOW CONSTRUCT HADAMARD STATES )

0)By the standard deformation argument, we assume

(M, g) to be ultrastatic and of bounded geometry

1) Replace the phase space (Vp, q) with the space of initial data (Vx,qx)

pG : (Vr,q) R (Ve,as) az(-,-) = (-,iGs") G =(pG)"Gg(pG)

nitary

2) Construct an ‘approximate’ square root of the Hodge-Laplacian:

ef=¢ ele=1 e =A+r_ o (VWDO—calculus)

3 N
microlocal factorization of [ = (9; +1ie)(0: — ie) — r- (smoothing op.)
+. 1 de?
:[I = %(ia EI[ )

microlocal factorization of  Upn = U4ieym" + Ugg,—ieym ™~
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Hadamard states in the Cauchy radiation gauge

Intermezzo Il: pseudodifferential calculus I/

The differential operator d/dx : S(R) — S(R) can be written as

d 1 ikx | 7
)= —M/Re kf (k) dk

hence a m-order differential operator A with constant coefficient reads as

Prx) = <= [ " plx (I plx.k) = 3 au()k"

a<m

The Kohn-Nirenberg quantization is the natural generalization

S’ 3 p(x, k) = P(x, :) Op(p) = \ﬁ// " p(x, k) (y)dy dk € W"(R)

where the symbol p(x, k) is promoted to a smooth function in the class

de d?

STy = {pE C=(R x R)‘ ‘dx—aw(p(x,

k))\ < Coal)™ ! v g e 1Y}
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Hadamard states in the Cauchy radiation gauge

Intermezzo |lI: pseudodifferential calculus 11/

NICE PROPERTIES:

e The WDO—calculus transforms covariantly under local diffeomorphisms:
- 1 : R" — R" differomorphism
- Ui C R" precompact open sets and xi € CZ°(R") s.t. xily, =1
= For A € U (U1) we have x1AY™ (x2u) = Bu € V" (Uz)
= the definition of WDO extends on smooth manifolds

o Let ST :=NnS7 and W>°(M) accordingly:
= A: D'(M) — C>(M) is smoothing if and only if A € W~>°(M)
= WF(Au) =0 for any u € D'(M)

o If M compact and A € ¥"(M) and B € W"(M)
= AoBewm

= For polyhomogeneous symbols i.e. op ~ 3 ajkl = opp =opcop € 5;,7,*"
The WDO—calculus can be extended on manifolds of bounded geometry
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Hadamard states in the Cauchy radiation gauge

CONSTRUCTION OF AN ‘APPROXIMATE’ SQUARE ROOT OF THE LAPLACIAN )

(sketch of the proof)

- Let M =R x X with X of bounded geometry

- The closure of the Laplacian A with domain H?(X) is self-adjoint on L?(X)
- We fix x € C°(R) with x(0) = 1 and set xr()\) = x(R7!A) for R > 1

- We get xr(A) € U™°(X) and we set r— = Rxr(A)

- By the spectral calculus we find R > 1s. t. A + r_o is m-accreative

- By standard results of Kato, A + r_o, has a unique m-accreative square root

e=¢" Je~t eyt E=A+r_o
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Hadamard states in the Cauchy radiation gauge

3) The square root ¢; of the Hodge-Laplacian A; has to satisfy

€ims = msei modulo W™°

where again 75 = 1 — d):Agl&:

4) Finally consider the pseudodifferential projectors 7+ defined by

1 et 0 0
i _1[Ze0 1 0 0
210 0 1 et

0 0 +e1 1

THEOREM [S.M., Schmid] Consider the operators c* := Tyt Tx. Then
A = (016G1)* AL (01Ga) where AL = +iGy st

are the pseudo-covariances of a quasi-free Hadamard state on CCR(Vp, q1).
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Hadamard states in the Cauchy radiation gauge

Sketch of the proof

(i) Since €; = €] are formally self-adjoint w.r.t the Hodge-inner product on ¥
) =Gr(r) Gz =7,
Then 7%, Ty and also ¢* are formally self-adjoint w.r.t. o15 .
(i) 7™ + 7~ =1 and hence
(ct+c)f= T%f =Tsf=f mod ran(Ks|re)

for all § € ker(KL), where in the last step we used that Ty is a bijection between
Vp and Vs together with Tsx = 1 on kerRs.

(iii) we compute
+a1s(f, ¢ F) = £ars(f, Ter Tef) = +aqrr(Tef, 7 Tef) > 0

(iv) follows because 7& commutes with Tx modulo a smooth kernel and 7*

satisfies the Hadamard condition O
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Hadamard states in the Cauchy radiation gauge
Outlook

WHAT WE HAVE SEEN AND WHAT COMES NEXT?

MAXWELL'S THEORY:

- Gauge fixing is useful for getting positivity and gauge invariance, but “the
price to pay” is working with smooth, Sobolev initial data

- For generic manifold , we can construct Hadamard projectors =+, but it is
not clear that they commute with Tx (even modulo smoothing)

FUTURE WORK: LINEARIZED GRAVITY

- Gauge fixing completely the linearized gravity on the level of initial data:
Synchronous, de Donder, traceless-gauge, . ..

- Constructing Ty is very challenging from a technical point of view
(two-tensors can make life miserable very fast)

- We cannot use the deformation argument, so we need to modify 7 such
that the operators ¢t = Tyn* Ty satisfies the Hadamard conditions

THANKS for your attention!
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