Quantum Mechanics as a Complete Theory!

“One is [thus] led to conclude that the description of reality as given

by a wave function is not complete.”
(A. Einstein, B. Podolsky, N. Rosen)
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Summary
| propose ideas about how to complete (non-relativistic) Quantum
Mechanics (QM) to a theory that makes sense. My proposal is called
ETH - Approach to QM
“E" standing for Events, “T" for Trees, and “H" for Histories.2 This
approach supplies the last one of three pillars QM can be constructed
upon, which are:

(i) Physical quantities characteristic of a system are represented by
selfadjoint operators. Their time evolution is given by the
Heisenberg equations.

(i) Meaningful notions of states and of potential and actual events.
(iii) A general Law for the Time Evolution of states of a system.

After explaining some general ideas underlying the ETH-Approach | will
discuss an application to the quantum theory of fluorescence of an atom
coupled to the radiation field.

My general goal is to help removing some of the enormous confusion
befuddling many people who claim to work on the foundations of QM.

2The ETH-Approach to QM can be reconciled with-Relativity Theory .



1. What's missing in text-book QM?

“It seems clear that the present quantum mechanics is not in its
final form.” (Paul Adrien Maurice Dirac)

Text-book Quantum Mechanics is a theory of (ensembles of identical)
physical systems and of their time evolution — alas, incomplete — based
on the following two pillars:

(i) A system, S, is characterized by a list
Os = {X, = X}|ve Is}

of abstract bounded self-adjoint operators, where Js is a continuum
set of indices, and where every operator X € Os represents a
physical quantity characteristic of S, such as the total momentum,
energy or spin of all particles localized in a specified bounded region
of physical space and belonging to an ensemble of (possibly co
many) particles constituting the system S. [Different operators in
Os do in general not commute with one another. One assumes that
if X € Og End F is a real-valued, bounded continuous function on
R then F(X) € Os, too; in general Os does not have any additional
structure (it is usually not a real linear space, let alone an algebra).}



The two pillars text-book QM is based upon

At every time t, there is a representation of Os by bounded
self-adjoint operators acting on a separable Hilbert space H:

Os 3 X — X(t) = X(t)* € B(H) (1)

Heisenberg picture: If S is an isolated system then the operators

X(t) and X(t’) representing a physical quantity X e Os at two
arbitrary times t and t’ are unitarily conjugated to one another,

X(t') = Us(t',t)* X(t) Us(t', t), (2)

where {Us(t’,t)|t,t’ € R} is the unitary propagator of S. The
system S is autonomous iff Us(t’,t) = expl—i(t’' — t)Hs/h], for
arbitrary t and t’, where Hs is the Hamiltonian of S.

“States” of S are given by density matrices Q, i.e., by non-negative
trace-class operators on H of trace one. The expectation at time ¢
of an operator X € Os in the “state” Q of S is given by

w(X(t) = Tr(QX(1)).
Q is pure iff it is given by a rank-1 projection P = P* = P2,



The “blunder” of the Schrodinger picture and -equation

In text-book QM, it is usually assumed (following Schrédinger) that, in
the Heisenberg picture, “states” of an isolated physical system are inde-
pendent of time t, and, hence, that the Heisenberg picture is equivalent
to the Schrédinger picture:

w(X(t)) =Tr(QX(t)) = Tr(Q(t) X), X :=X(to), Q:= Q(to),

where

Q(t) = Us(t, t') Q(t") Us(t, ). (3)
In the Schrodinger picture, physical quantities of a system S are thus
represented by time-independent bounded operators X on H, while the
states of S depend on time in a way described by Eq. (3), or, equi-
valently, by the Schrédinger-Liouville(-von Neumann) equation

. I

O(t) = =2 [H(1), O(1)] .
More generally, the time-dependence of states of a system S interacting
with its environment is described by completely positive linear maps,

{T(t,t")|t > t'}, with T(t, ') =T(t,t”) - T(t",t') and T(t, 1) = 1:
Q(t) =T(t, t) Q)] vt' > t. (4)



But what about the probabilistic nature of QM?

One thus observes that, in text-book QM, the time evolution of states in
the Schrédinger picture (see Egs. (3), (4)) is linear and deterministic!

Of course, this cannot be the full story, as already discovered by
Einstein in 1916 (A- and B-coefficients). According to the Copenhagen
interpretation of QM, the deterministic evolution of the state of S is
“Iinterrupted” at all times t when an “event” happens, such as the
emission or absorption of a photon by an atom, or the completion of a
measurement of the value of a physical quantity X € Os. In the second
case, the "state” of S exhibits a “quantum jump” to a state in the range
of the spectral projection of X(t) corresponding to the eigenvalue of X(t)
equal to the value of X measured at time t. QM is claimed to give the
probabilities of quantum jumps to eigenstates corresponding to different
possible values of X: These probabilities are given by Born's Rule.

If the machinery used to measure the value of X is included in what
constitutes the total system S (assumed to be isolated) one might
expect (erroneously) that the event corresponding to a measurement of
the value of X could be viewed as the result of the Schrédinger-Liouville
evolution of the state of the total system. This would imply that QM is
deterministic — which it obviously isn’t! So, what's going on?



The example of a Stern-Gerlach experiment

Banj

1. & Schrodinger-Liouville evolution. Cluster properties = “no corre-
lations between L and R " — if whatever is done in L to generate an event
could be described by Schrodinger evolution of the total system then that
event would not bias what will be observed in R! = discredits Everett!

2. ¢ lllustration of evolution of system as seen in experiments.



Analogy with Brownian motion

Only the events “T — |” and “| — 7" are observed in experiments.
— ~—
L R L R
Schrédinger evolution plus Liiders’ collapse postulate (Copenhagen
“mumbo-jumbo”) = probabilities of these two events are each = %
How does a completion of QM describe this coherently?

A useful analogy: Consider a system consisting of very many identical
“test particles” suspended in a liquid and exhibiting Brownian motion.
Let p;(x) be the normalized particle density in x € R3, i.e., the “state” of
the system, at time t; its time-dependence is governed by the diffusion
equation, viz. by a deterministic linear law of evolution:

p:(x) = D (Aps)(x), D : diffusion constant. (5)

Solution:

IxI2

Pe(x) :J Bx'Te_p(x — x)per (x'),  Te(x) := (2nDt) 3¢ 70r
]R3

The operator kernels T; satisfy the Chapman-Kolmogorov equation.



Ontology of Brownian motion according to Einstein,

Smoluchowski and Wiener

Ontology: Consider a system consisting of a single test particle
suspended in a fluid. Its Brownian motion arises from its random
collisions with compounds of fluid molecules (= D = 6’;‘;5, ...); and
(i) the test particle is localized in a point xg (t) € R? at every time t;

(ii) its trajectory & := {xe(t)},, is a random continuous curve in

physical space R3, as indicated in the figure below.




A measure on the “space of histories”

As shown by N. Wiener, 3 a probability measure, d\W,, (), on the
space, Z, of particle trajectories, & = {xg(t) € Rﬂt > to, xe(to) = X0},
starting at xg at time tp; dWX0 is supported on trajectories & that are
Hélder continuous of index 5. etc.

An “event” at time t is the position, xg(t), of the test particle. The
trajectory & can thus be viewed as a “history of events,” a random
object, and = is the “space of histories.” Wiener measure allows us to

predict probabilities of measurable sets of histories. Example:

prob{ée |x5 ti) €0;, i =1,2,. n,to<t1<---<t,,}

— | awa e [TxEhe(ec0). )
= i=1
Using Wiener measure to take an average over an ensemble of very many

identical systems of test particles, one recovers the deterministic law in
Eq. (5) for the evolution of the “state” p;:

o2(x) =Jd3xO M (x = %)t (%0)

— | ¢ pu0) || W (1 (el (1) = ). (7)



“Unraveling” the Schrodinger-Liouville equation

“If you are receptive and humble, mathematics will lead you by the
hand.” (p.AM. Dirac)

Chapman-Kolmogorov for I = Markov property for dW,,. One says
that the Wiener measure “unravels” the diffusion equation (5).

In the following | propose a completion of QM involving an “unraveling”
of the Schrédinger-Liouville equation for the propagation of “states.”
The upshot of my analysis will be that the Schrodinger-Liouville
equation can be understood to arise from taking an average over the
random histories of many identical, identically prepared systems

(= average over stochastic evolutions of their states).

The ontology of QM lies in “random histories of events”; and QM
equips the (non-commutative) space of such histories with a “quantum
probability measure”, in analogy with the Wiener measure for Brownian
motion. Our task is to find this probability measure, or, put differently, to
find an appropriate notion of states of physical systems and to describe
their stochastic time evolution. — The ETH- Approach to QM, developed
during the past decade, accomplishes this task! It will be sketched for
non-relativistic QM; (but there exists a relativistic version of it).



Elements of the ETH- Approach to QM

It is convenient to introduce some natural algebras.

£ = (XX €Os,telCR), &= \ &, (8)

I1C[t,00)
[where we take a closure in the weak topology of B(#), ...]. Clearly
E>¢ 2 &>y whenever t' >t

Definition 1: Let S be an isolated (...) physical system. Potential
(future) events in S ( “potentialities”) at times > t are described by
partitions of unity,

{me |& € X} C&: X countable, Z e =1, (9)
Lex
by orthogonal projections, mg = Ty = 7T2£ € &>

In the following, the symbol 7t will always stand for an orthogonal
projection 7t = t* = 72 acting on H.



The Principle of Diminishing Potentialities
“Indeed, it is evident that the mere passage of time itself is destructive
rather than generative ..., because change is primarily a ‘passing away."
(Aristotle, Physics)

An isolated system S is characterized by a co-filtration, {th } te R}, of
algebras of potential future events; S is autonomous iff

Expr = /' "0Hs g &I(t=tDHs (1o Hamiltonian of S).

The Principle of Diminishing Potentialities (PDP) is the statement that

Est 2 Esery whenever t'>t > t,. (10)

This principle characterizes isolated open systems, namely systems that
can release ‘“events” to the outside world. It can be proven to hold in
(axiomatic QFT and in) simple models discussed below.

The analogue of the initial position xp of a Brownian test particle at time
to is a projection Ty € E>¢, giving rise to a state Oy = tr Tl A state,
Qy, at time t > ty is a quantum probability measure on the lattice of all
potential events in £, which (by theorems of Gleason and Maeda) is
the same as a normal state on &>;.



Actual events

Given a state Q; at time t, its centralizer, Cq,, is the subalgebra of &>,
generated by all potential events {m; | £ € X} C £>; commuting with
Qt; |e, Qt = Zaex T[EQ[—T[E' .

Let Zq, be the abelian subalgebra of Cq, generated by all potential
events {7; | £ € X} € Cq, commuting with all the operators in the
centralizer Cq,. It is easy to see that Zq, is generated by the projections
of one potential event, {m; | £ € X0,} € Cq,.

Definition 2 (Actualities): {m | € Xq,} is the potential event
actualizing at time t, given that the state of S at time t is Q,.

We are now prepared to introduce a Law governing the stochastic time
evolution of the state of an individual isolated system S. In order to be
precise, mathematically, we temporarily suppose that time is discrete, i.e.,
t € Z+, where T > 0 is an elementary time step.

Thanks to PDP and the phenomenon of entanglement, the following
state-reduction postulate is meaningful and non-trivial:

Suppose that Q; is the state of S at time t; we define Q; . to be the
state on &>, ¢ obtained by restriction of QO; to E>¢1+ P%P Est.



The state-reduction postulate
Axiom CP: Let {ﬂg |& € %ﬁtﬂ} be the potential event actualizing at
time t + T, given the state Q..

Then ‘Nature’ replaces the state Q.. on E>¢4x by a state
J— 71 —_
Qiir = Qpire = [tr(Qt+T 7'5&)] e Qg Tl (12)

for some & € xﬁm, with tr(ﬁHT ﬂg) #0.

The probability, prob:, (&), for the state Q¢ to be selected by
‘Nature’ as the state of S at time t + T is given by

proby (&) = trlQ i1 7e] (generalized Born Rule) (13)

The projection 7t(t 4 1) := 7 € Z5,, . appearing in (12) is called actual
event, or ‘actuality”, at time t + T.

With a history, {7‘(([‘0 +1),... ,n(t)} of actual events (given an initial
event 7 at time to) we associate a “history operator”

Hy, (to, t) == 110 H n(t)), with t’' € Z..

to<t/<t



Predicting the probabilities of histories
The analogue of the Wiener measure, dW, is given by

tr [ Hp, (t0, 1)* - Hr, (to, t)]

bt )} = O

(14)

Apparently, the time-evolution of the state of a physical system S is
described by a stochastic branching process (a “quantum Poisson
process” ), with branching rules as determined by Axiom CP. This is
meaningful, mathematically, if T > 0; but, for the time being, the limi-
ting theory, as T\, 0, is only well understood in examples (Sects. 3, 4).

The usual Schrédinger-Liouville evolution arises when one takes an
average over all possible histories. The following is metaphorical:

ciln

&



3. Huygens' Principle and PDP

“... principles are tested by inferences which are derivable from them.”
(Christiaan Huygens)

Fact: Huygens' Principle for massless modes (photons,
gravitons, ...) in isolated physical systems

= Principle of Diminishing Potentialities !

Example: S an isolated system consisting of a static atom located near
x = 0, coupled to the electromagnetic field.

» Atom has M energy levels, Hilbert space h ~ CV.

» Hilbert space of free e.m. field = Fock space, §, of photons; the
e.m. field is described by field tensor, F. (T,x%), with the property
that, for real-valued test fus. {h”"} on space-time,

F(h) = J dtdx Fo (1,%) B (1, %)
RxR3

is a self-adjoint op. on § and satisfies locality. The usual
Hamiltonian of the free e.m. field is denoted by Hf; with
Hf = Hf > 0on 3.



Light cones, space-time diamonds, time slices

We consider space-time diamonds Dy, := V;" N V7, t' > t, centered
on time axis (x = 0), and time slices arising as ¢ — oo:

L£L—>0
|

space-time diamonds c= velocity of light  time slices in NR limit, ¢ — oo



A concrete model of S

Hilbert space of S:
H=FRba.

Bounded functions of field operators F(h), supp(h*¥) C Dy /], generate
a von Neumann algebra A;_(; ;7. We define algebras

D,(O) = A/®1‘hA, 5;0] =A,® B(ha),

9=\ &g2. (15)

I1C[t,00)

PDP holds for the non-interacting system: Setting | := [t, t'], one has

(€9 nel) =D} (an co — dim. algebra). (16)

Remark: This follows from “Huygens’ Principle”, namely from
[Fuv(x), Fo,o(y)] =0, unless x — y is light-like,

(see figure). From now on, we make use of an ultraviolet regularization
of QED arising from discretizing time: t, :=nt,n € Z,T > 0.



PDP for an interacting model

To describe interactions, we pick a unitary op. U € EI(OO)ll and define
Up 1= el (k=DthHr y e=ilk=UHr e =12 .0 U(n) :=[];_; Uk,

M=e ™My = 1" =e™Hryn), M*=T" n=0,1,2, (17)
{T"},z: Propagator of interacting systems with discrete time.
It suffices to consider time evolution for times t > ty := 0. Define
£=E%), En={T"XT"|X€&}. (18)

Verification of PDP for interacting model: Using (17) and (18), one
readily shows that

[52,,/] e Esp > Dipny, for n' > n, (19)

where Diy 0 = {U(n")* X U(n')| X € D) 1.

Preparing the system in an initial state Qg at time n = 0, one determines
the time evolution of its state according to the ETH- Approach, as
prescribed in Definition 2 — actualities — and Axiom CP of Sect. 2.
Explicit results are hard to derive because of memory effects. ...



Fluorescence of two-level atoms coupled to radiation
Matters simplify drastically in the non-relativistic limit, ¢ — oco. The
space-time diamonds then open up to time slices, {kt < t < (k + 1)1},
and functionals of the radiation field localized in different time slices
commute. The field Hamiltonian Hy is replaced by the generator, B3, of
translations in the direction of the time axis, and the algebras D[(l?,]kﬂ]
“collapse” to

D[(I?,)kﬂ} ~ B(Hy), with H, £ CN, for some N < oo,Vk. (20)

The time evolution of suitably chosen states becomes Markovian, and
very explicit results can be obtained.

An explicit example: Model of fluorescence of a 2-level atom. Every T
seconds, an atom source releases an atom prepared in a superposition of
a ground state, | |}, and an excited state, | T). In less than T seconds,
the atom propagates to an atom-detector where, e.g., the “observable”

X := ((1) _01) acting on the Hilbert space, C?, of internal states of the

atom, is measured. During the trip from source to detector, the atom
may jump from | T) to | |) and emit a photon, 'y (spontaneous emission:
Einstein, 1916). Different atoms are treated as statistically independent.



Two different experimental setups

1. Photons possibly emitted by an atom between source and detector
escape the experimental setup and are not detected.

2. Photons possibly emitted by an atom “immediately” hit a photo-
multiplier that clicks before atom ends its trip to its own detector.

Hilbert space of system: Hs := C? ® § @ §,, where § is the Fock space
of the “radiation field,” and $), is the Hilbert space of the photo-
multiplier. In setup 1, the photomultiplier is turned off.

States of an atom: Let G = (01, 05, 03) be the Pauli matrices. An
atomic state is a density matrix, p(f), acting on C? given by

1
5
16

p(M)===(1,+-5), AeR with|A|<1. (21)

p(n) is pure iff |7| = p(A) is a rank-1 orthogonal projector.
Moreover p(i) + p(—A) =1, and tr((f~ p(ﬁ)) =n.
1+|fﬂ 1- \Fﬂ

The matrix p(m) has eigenvalues and , with eigenspaces given

by Range(p(4n)), respectively.



States and Hamiltonians of atom and radiation field

Atomic Hamiltonian: Ha := (1/2)& - G, with @ = (0,0,0Q).

e™p(iig)e ™4 = p(f(t)), iy = (sinBy cos@g, sinBo singo, cosy),

where A(t) = (sinBg cos@(t),sinBg sin@(t),cosbp) and @(t) = g+ Q- t.

The radiation field is treated in the non-relativistic limit ¢ — co.
States of radiation field: We introduce a “vacuum vector”:

0) :== @ ez 10)k, where [0) is a specific (“no-photon™) state in H;
§ := completion (in the natural norm) of the span of vectors

O = Qycz P, with by =[0)x, except for finitely many values of k.

ly): a state of > 1 photons (i.e., &« # |0)«, for some k); and <y|@> =0.

General states of the radiation field are density matrices on §.
Field Hamiltonian: Given by the operator 3. The time evolution of the
radiation field won't enter explicitly in the following sketch of results.

States of the photomultiplier: Won't appear explicitly in what follows.
The only important feature is that the state of the “dormant” photo-
multiplier is orthogonal to all its states when hit by some photons.




Time evolution of atom coupled to the radiation field

We assume that the interaction between atom and radiation field is weak,
corresponding to a coupling constant whose square is denoted by o < 1.

Effective time evolution of an atom coupled to the radiation field:

1. Photomultiplier turned off: We choose an initial state of the
radiation field not entangling/correlating modes at different times.
The effective time evolution of an atom is then “Markovian” and
can be determined explicitly: In notations inspired by those used in
Section 2, with T — dt, Q. . — A(t + dt), we find that

At + dt) =d(t) + di(t), where
di(t) =@ x i(t) dt + dK[i(t)], @ :=(0,0,Q) (22)

where dK is a “dissipative” linear map o dt with the property that

—

At +dt) =1—0O(x)dt <1, exceptif i(t)=—8&.



Results

Applying Axiom CP of Sect. 2, the evolution of the state of

an atom is found to be given by a Poisson jump process on
the Bloch sphere:

+) a(t) —na(t+dt) = M with prob. 1 — O(«),
|A(t + dt)|
(23)
L)) i+ de) = —DET D rob. O(ad)
|7t + dt)]

The rate of this jump process is proportional to «, i.e., there is
roughly one random jump from 7(t) to the antipode of n(t + dt)
every O(oc™!) T seconds.

When entering the atom detector the state of the atom is given by

P(Aout), With Aoy & (SINO’ cOSQ oty SING’ SiNQ oy, c0sO’),  (24)

where |08' — 0p| = O(«) (no jump), [8' — T+ Bp| = O(«) (1 jump).



Results - ctd.

2. If the photomultiplier is turned on then, according to the ETH-
Approach, the time evolution of the initial state, ¥;, := p(y) ® Py
to the final state when the atom enters the atom detector is given by

Win = Yoot = p(floue) ® Po,  with prob. 1—0(et),  (18)
where fy,: = (sinBg cosQoyt, SiNBg SiNQ o, c0sOg); and
Wi Wit = p(—&) @ Py, with prob.  O(a),  (19)

with p(—&) = [)(L |

If o is not very small the difference between the atomic out-states in the
absence of the photomultiplier and in its presence, respectively, can be
detected by measurements of suitable atomic “observables” in the atom
detector (also correctly describable within the ETH- Approach (!)).

The ETH-Approach provides a mathematically rigorous treatment of the
model considered here (where ¢ — o0); and one can pass to the limit
T = dt — 0! Nothing like this appears to have been accomplished before.



Summary and Conclusions ...

» The ETH-Approach to Quantum Mechanics provides a completion
of QM leading to a logically coherent description of the stochastic
time evolution of states of individual systems in QM (unravelling
Schrédinger evolution) and of events and their recordings. It has
resemblences with “Many Worlds,” “GRW," ... , but supersedes
these imprecise formalisms. It describes only One World: hopefully
ours! Of course, it will have to stand the test of experiments, such
as those in Sect. 4 and other experiments in quantum optics.

» As in the foundation of Special Relativity, fields describing massless
modes (photons, gravitons, ...) and the even-dimensionality of
space-time appear to play key roles in the foundation of the Principle
of Diminishing Potentialities (PDP), which is a corner stone of our
completion of QM leading to a solution of the “measurement
problem.” (This has not been properly appreciated, so far!)

» In the ETH-Approach to QM, PDP introduces a fundamental
“arrow of time,” i.e., a distinction between past and future.

I thank you for your attention!



