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1. Setup and Motivation



1. Setup and Motivation

Bose-Hubbard Hamiltonian in d Dimensions (n.n. = nearest neighbors):

H = − J
∑
i,j
n.n.

( a+i aj + a+j ai ) +
U

2

∑
j

a+j a
+
j aj aj +

∑
j

ϵj a
+
j aj

Bosonic Annihilation and Creation operators:

[ ai , a
+
j ] = δi ,j

Cubic Lattice Γ:

j = (j1, · · · , jd) ∈ {1, 2, · · · , L}d =: Γ



1. Setup and Motivation: Quantities of Interest

Initial state: N particles at some lattice site j0

ψ0 :=
(a+j0 )

N

√
N!

|0⟩

Time evolved state:

ψt = e − itH ψ0

Number of particles ⟨nj ,t⟩ at lattice site j at some time t > 0:

⟨nj ,t⟩ := ⟨ψt , a
+
j aj ψt⟩

Already for just two lattice sites 1 and 2, quite complex behaviour, Example:



1. Setup and Motivation: Example Two Site Bose-Hubbard Model

Two Site Bose-Hubbard model:

H = ε
(
a+1 a2 + a+2 a1

)
+ u

(
a+1 a

+
1 a1 a1 + a+2 a

+
2 a2 a2

)
N = 20 particles at lattice site j0 = 1 :

ψ0 :=
(a+1 )

N

√
N!

|0⟩

Plot ⟨n1,t⟩ = ⟨ψt , a
+
1 a1 ψt⟩ for

ε = 1

t ∈ [0, 500]

N = 20

u = g/N

with interaction strength

g ∈
{
0 , 1

16 ,
1
8 ,

1
4 ,

1
2 , 1 , 1.5 , 2.0 , 2.5 , 3 , 4 , 5 , 25

}



g = 0, non interacting case, ⟨n1,t⟩ = N cos2 εt



g = 1/16



g = 1/8



g = 1/4



g = 1/2



g = 1



g = 1.5



g = 2.0



g = 2.5



g = 3



g = 4



g = 5



g = 25



ε = 1, g = 1/16

ε = 0.5, g = 1/16



ε = 1, g = 1/8

ε = 0.5, g = 1/8



ε = 1, g = 1/4

ε = 0.5, g = 1/4



ε = 1, g = 1/2

ε = 0.5, g = 1/2



ε = 1, g = 1, g/ε = 1

ε = 0.5, g = 1, g/ε = 2



ε = 1, g = 2, g/ε = 2

ε = 0.5, g = 1, g/ε = 2



ε = 1, g = 1.5, g/ε = 1.5 < 2

ε = 0.5, g = 1.5, g/ε = 3 > 2



ε = 1, g = 3.0, g/ε = 3

ε = 0.5, g = 1.5, g/ε = 3



1. Setup and Motivation

Central Problem of Many Body Quantum Mechanics:

Calculate Density Matrix Elements or Correlation Functions

⟨ψt , a
+
i aj ψt ⟩ , ⟨ψt , a

+
i a+j a

k
a
ℓ
ψt ⟩ , ...

this talk: new proposal for doing that



1. Setup and Motivation: Bargmann-Segal Representation

Bargmann-Segal representation:

aj = ∂
∂zj

, a+j = zj

acting on the Hilbert space of analytic functions of |Γ| = Ld complex variables:

F :=
{
f = f ( {zj} ) : C|Γ| → C analytic

∣∣∣ ∥f ∥2F = ⟨f , f ⟩F < ∞
}

with scalar product

⟨f , g⟩F :=
∫
C|Γ|=R2|Γ| f (z) g(z) dµ(z)

dµ(z) :=
∏

j e
−|zj |2 dRezj dImzj

π



1. Setup and Motivation: Bargmann-Segal Representation

Hamiltonian:

h =
∑
i ,j

εij zi
∂
∂zj

+ u
∑
j

z2j
∂2

∂z2j
=: h0 + hint

We can allow for a general hopping matrix which should be real and symmetric:

ε := ( εij )i ,j∈Γ ∈ R|Γ|×|Γ|, εi ,j = εj ,i

For a nearest neighbor hopping J and on-diagonal trapping potentials ϵj :

εij =


−J if |i − j | = 1

+ϵj if i = j

0 otherwise .



1. Setup and Motivation: Coherent States and Number States

Coherent and Number states, λ = {λj} ∈ C|Γ| :

ψcoh(z) = ψcoh( {zj} ) =
∏

j e
λjzj e−

|λj |
2

2 =: eλz e−
|λ|2
2

ψnum(z) = ψnum( {zj} ) = 1√
N!NN

(∑
j λjzj

)N
=: (λz)N√

N!NN

In both cases: t = 0 expected number of particles at site j :

⟨ψ0 , a
+
j aj ψ0 ⟩F = |λj |2

Thus: Total number of particles N:

N =
∑

j Nj =
∑

j |λj |2 = |λ|2



2. Overall Strategy and Main Results



2. Overall Strategy and Main Results

1) Time Evolution of States as Fresnel Expectation Values, t = tk = kdt

ψt(z) = (e−ithψ0)(z) = Eϕ[ψ0(Uϕ,tz) ]

with unitary evolution matrix

Ukdt(ϕ) = e−i dt εe−i Ddt(ϕ1) · · · e−i dt εe−i Ddt(ϕk ) ∈ C|Γ|×|Γ|

2) Correlation Functions as Fresnel Expectation Values

⟨ψt , a
+
i aj ψt ⟩ = EϕĒθ

[
Fψ0

i,j

(
Uϕ,t , Ūθ,t

) ]
3) Stochastic Differential Equation (SDE) for Unitary Evolution Matrix Uϕ,t

dUt = −i Ut

(
ε dt +

√
2u dxt

)
, dxkdt =

√
dt ϕk



2. Overall Strategy and Main Results

4) Correlation Functions from SDEs, (vt , v̄t) := (U
T

ϕ,tλ, Ū
T

θ,t λ̄)

⟨ψt , a
+
i aj ψt ⟩coh/num = EĒ

[
vi ,t v̄j ,t Pψ0(vt v̄t)

] /
Pψ0(v0v̄0)

with dvj = − i (εv)j dt − i
√
2u vj dxj

dv̄j = + i (εv̄)j dt + i
√
2u v̄j dyj , Pcoh/num(x) = ex or xN−1

5) Correlation Functions from Girsanov-Transformed SDEs

⟨ψt , a
+
i aj ψt ⟩coh/num = EĒ[ vi ,t v̄j ,t ]

with dvj = − i (εv)j dt − i 2u [logPψ0 ]
′(v v̄) vj v̄j vj dt − i

√
2u vj dxj

dv̄j = + i (εv̄)j dt + i 2u [logPψ0 ]
′(v v̄) vj v̄j v̄j dt + i

√
2u v̄j dyj



2. Overall Strategy and Main Results

6) Large N Limit: g := uN fixed, (w , w̄) := (v , v̄)/
√
N , then

⟨ψt , a
+
i aj ψt ⟩coh/num = N × EĒ[wi,t w̄j,t ]

with dwj = − i (εw)j dt − i 2g [logPψ0 ]
′ wj w̄j wj dt − i

√
2g/N wj dxj

dw̄j = + i (εw̄)j dt + i 2g [logPψ0 ]
′ wj w̄j w̄j dt + i

√
2g/N w̄j dyj

Large N Limit can be read off:

⟨ψt , a
+
i aj ψt ⟩coh/num = N × wi (t) w̄j(t)

with wj , w̄j given by the ODE system ( [logPcoh/num]
′ → 1 )

ẇj = − i (εw)j − i 2g wj w̄j wj

˙̄wj = + i (εw̄)j + i 2g wj w̄j w̄j

which is the time dependent discrete Gross-Pitaevskii equation.



2. Overall Strategy: Additional Results (appendix has more detail)

◦ Various Exact PDE Representations (confirming stochastic calculus formalism)

◦ Collapse and Revivals can be obtained from an approximate ODE System

Black numbers are from exact diagonalization, the red curve comes from an analytical

calculation:

◦ Equivalence between Mathematical Pendulum and Quartic Double-Well Potential



3. Time Evolution of States as Fresnel Expectation Values



3. Time Evolution of States as Fresnel Expectation Values

Time evolution with Trotter formula, t = tk = k dt :

e − i t h = e−i k dt (h0+ hint) ≈
(
e−i dt h0 e−i dt hint

)k

Let’s consider the action of e−i dt h0 and e−i dt hint :



3. Time Evolution of States as Fresnel Expectation Values

Action of e−i t h0 :

(e − i t h0 f )(z) = f
(
e − i t εz

)

since with zt := e−iεtz

∂
∂t

[
f (zt)

]
= ∂

∂t

[
f (e − i t εz)

]
=

∑
j
∂zt,j
∂t

∂f
∂zj

(zt) =
∑

j (−iεzt)j
∂f
∂zj

(zt)

=
{
−i

∑
j,k εj,kzk

∂f
∂zj

}
(z = zt) =

{
−i h0 f

}
(zt)



3. Time Evolution of States as Fresnel Expectation Values

Action of e−i t hint :

(e − i t hint f )(z) =

∫
R|Γ|

f (e−i Dt(ϕ)z)
∏

j e
i
ϕ2j
2

dϕj√
2πi

(1)

with Dt(ϕ) the |Γ| × |Γ| diagonal matrix

Dt(ϕ) = diag
(
{
√
2ut ϕj − ut }j∈Γ

)
∈ R|Γ|×|Γ|



3. Time Evolution of States as Fresnel Expectation Values

Proof of (1):

hint
∏

j z
nj
j =

{
u
∑

i z
2
i
∂2

∂z2i

} ∏
j z

nj
j =

{
u
∑

i ni (ni − 1)
} ∏

j z
nj
j

e−it hint
∏

j z
nj
j = e−iut

∑
j nj (nj−1) ∏

j z
nj
j =

∏
j

(
e+iut nj e−i ut n2j z

nj
j

)
Now use Fresnel integral (

√
i := e i

π
4 )∫

R
e−iλϕ e i ϕ

2

2
dϕ√
2πi

= e − i λ
2

2

to obtain

e−it hint
∏

j z
nj
j =

∫
R|Γ|

∏
j

(
e+iut − i

√
2ut ϕj zj

)nj ∏
j e

i
ϕ2j
2

dϕj√
2πi

. ■



3. Time Evolution of States as Fresnel Expectation Values

Thus, single Trotter step (ϕ2 :=
∑

j ϕ
2
j ) :

(e−i dt hf )(z) =
[
e−i dt hint (e−i dt h0f )

]
(z)

=

∫
R|Γ|

f (e−i dt εe−i Ddt(ϕ)z) e i ϕ
2

2
d |Γ|ϕ

(2πi)|Γ|/2



3. Time Evolution of States as Fresnel Expectation Values

Iterating, t = tk = kdt :

(e−i kdt hf )(z) =

∫
Rk|Γ|

f
(
e−i dt εe−i Ddt(ϕ1) · · · e−i dt εe−i Ddt(ϕk ) z

) k∏
ℓ=1

e i
ϕ2ℓ
2

d |Γ|ϕℓ
(2πi)|Γ|/2

=:

∫
Rk|Γ|

f
(
Ukdt(ϕ) z

)
dF ( {ϕℓ}kℓ=1 )

=: E
[
f (Uϕ,kdt z )

]
with notations ( k, ℓ ∈ N time indices, j = (j1, · · · , jd ) ∈ Γ lattice site index )

ϕℓ := ( {ϕj,ℓ}j∈Γ ) ∈ R|Γ|

ϕ2ℓ :=
∑

j ϕ
2
j,ℓ ∈ R

d |Γ|ϕℓ :=
∏

j dϕj,ℓ



3. Time Evolution of States as Fresnel Expectation Values

Theorem 1: Let h = h0 + hint be the d-dimensional Bose-Hubbard hamiltonian with
cubic lattice Γ = {1, ..., L}d , hopping matrix ε and interaction u . Then, for t = kdt ,
the time evolution of some initial state ψ0(z) is given by

(e−i kdt hψ0)(z) =

∫
Rk|Γ|

ψ0

(
Ukdt(ϕ) z

)
dF ( {ϕℓ}kℓ=1 ) = E

[
ψ0(Uϕ,kdt z )

]
with unitary evolution matrix

Ukdt(ϕ) = e−i dt εe−i Ddt(ϕ1) · · · e−i dt εe−i Ddt(ϕk ) ∈ C|Γ|×|Γ|

Ddt(ϕℓ) = diag
(
{
√
2u dt ϕj,ℓ − u dt }j∈Γ

)
∈ R|Γ|×|Γ|

and Fresnel measure given by

E
[
·
]

=

∫
Rk|Γ|

· dF ( {ϕℓ}kℓ=1 ) =

∫
Rk|Γ|

·
∏k
ℓ=1 e

i
ϕ2
ℓ
2

d|Γ|ϕℓ

(2πi)|Γ|/2



4. Correlation Functions as Fresnel Expectation Values



4. Correlation Functions as Fresnel Expectation Values

Correlation Functions in Bargmann-Segal Representation:

⟨ψt , a
+
i aj ψt ⟩ = ⟨ψt , [aj a

+
i − δi ,j ]ψt ⟩

=
∫
C|Γ| zj z̄i |ψt(z)|2 dµ(z) − δi ,j

From Theorem 1,

ψkdt(z) =
∫
Rk|Γ| ψ0(Uϕ,kdtz ) dF (ϕ)

ψkdt(z) =
∫
Rk|Γ| ψ0(Uθ,kdtz ) dF̄ (θ)

with

dF (ϕ) =
∏k
ℓ=1 e

+ i
ϕ2ℓ
2

d |Γ|ϕℓ
(2πi)|Γ|/2

, dF̄ (θ) =
∏k
ℓ=1 e

− i
θ2ℓ
2

d |Γ|θℓ
[2π(−i)]|Γ|/2



4. Correlation Functions as Fresnel Expectation Values

Thus, with t = kdt ,

⟨ψt , aja
+
i ψt ⟩ =

∫
C|Γ|

zj z̄i |ψt(z)|2 dµ(z)

=

∫
C|Γ|

zj z̄i

∫
Rk|Γ|

ψ0(Uϕ,tz) dF (ϕ)

∫
Rk|Γ|

ψ0(Uθ,tz) dF̄ (θ) dµ(z)

=

∫
Rk|Γ|

∫
Rk|Γ|

{ ∫
C|Γ|

zj z̄i ψ0(Uϕ,tz) ψ0(Uθ,tz) dµ(z)

}
dF (ϕ) dF̄ (θ)

The red integral is the expectation over the bosonic Fock space and can be calculated:



4. Correlation Functions as Fresnel Expectation Values

The integrand is:

For coherent states:

zj z̄i ψ0(Uϕ,tz) ψ0(Uθ,tz) = zj z̄i exp
{
λ · Uϕ,tz

}
exp

{
λ̄ · Ūθ,t z̄

}
e−|λ|2

= zj z̄i exp
{
UT
ϕ,tλ · z

}
exp

{
ŪT
θ,t λ̄ · z̄

}
e−|λ|2

For number states:

zj z̄i ψ0(Uϕ,tz) ψ0(Uθ,tz) = zj z̄i
1

N!NN

(
λ · Uϕ,tz

)N (
λ̄ · Ūθ,t z̄

)N
= zj z̄i

1
N!NN

(
UT
ϕ,tλ · z

)N (
ŪT
θ,t λ̄ · z̄

)N



4. Correlation Functions as Fresnel Expectation Values

Using ( with (λ, λ̄) → (UT
ϕ,tλ , Ū

T
θ,t λ̄) and recall dµ(z) =

∏
j e

−|zj |
2 dRezj dImzj

π
)

∫
C|Γ|

e λz + λ̄z̄ dµ(z) = e λλ̄∫
C|Γ|

zj z̄i e λz + λ̄z̄ dµ(z) = ∂

∂λj

∂

∂λ̄i

eλλ̄ = (λi λ̄j + δi,j) e
λλ̄

and

1
N!

∫
C|Γ|

(λz)N (λ̄z̄)N dµ(z) = (λλ̄)N

1
N!

∫
C|Γ|

zj z̄i (λz)N (λ̄z̄)N dµ(z) = ∂

∂λj

∂

∂λ̄i

(λλ̄)N+1

N+1
= N λi λ̄j (λλ̄)

N−1 + δi,j (λλ̄ )
N

we find



4. Correlation Functions as Fresnel Expectation Values

Theorem 2: For t = kdt let EĒ[ · ] =
∫
Rk|Γ|

∫
Rk|Γ| · dF (ϕ) dF̄ (θ) . Then:

a) For an arbitrary initial state ψ0,

ψt(z) = (e−ithψ0)(z) = E[ψ0(Uϕ,tz) ] (reminder, same as Theorem 1)

b) For a coherent state ψ0(z) = eλze−|λ|2/2,

⟨ψt , a
+
i aj ψt ⟩ = EĒ

[
[UT
ϕ,tλ]i [ŪT

θ,t λ̄]j exp
{
UT
ϕ,tλ · ŪT

θ,t λ̄
} ] /

eλλ̄

c) For a number state ψ0(z) = (λz)N/
√
N!NN ,

⟨ψt , a
+
i aj ψt ⟩ = EĒ

[
[UT
ϕ,tλ]i [ŪT

θ,t λ̄]j
(
UT
ϕ,tλ · ŪT

θ,t λ̄
)N−1

] /
(λλ̄)N−1



5. SDE Representation



5. SDE Representation: Reminder Brownian Motion and Wiener Measure

Standard Brownian motion in discrete time t = tk = kdt :

xtk =
√
dt

∑k
ℓ=1 ϕℓ dxtk := xtk − xtk−1 =

√
dt ϕk

Wiener measure in discrete time with fixed time horizon T = tn = ndt:

dW =
n∏
ℓ=1

e −ϕ2ℓ
2

dϕℓ√
2π

=
n∏
ℓ=1

e
−

(xtℓ
−xtℓ−1

)2

2 dt
dxtℓ√
2π dt

Brownian motion calculation rule, basic to stochastic calculus:

(dxt)
2 = dt

For more background, see the appendix compact summary stochastic calculus in

https://arxiv.org/pdf/2205.02010.pdf

https://arxiv.org/pdf/2205.02010.pdf


5. SDE Representation: Fresnel Brownian Motion and Fresnel Measure

Then Fresnel Brownian motion is

xtk =
√
dt

∑k
ℓ=1 ϕℓ dxtk := xtk − xtk−1 =

√
dt ϕk

with the ϕℓ to be integrated against Fresnel measure,

dF =
n∏
ℓ=1

e i
ϕ2ℓ
2

dϕℓ√
2πi

=
n∏
ℓ=1

e
i
(xtℓ

−xtℓ−1
)2

2 dt
dxtℓ√
2πi dt

Fresnel Brownian motion calculation rule:

(dxt)
2 = i dt

For more background, see the appendix compact summary stochastic calculus in

https://arxiv.org/pdf/2205.02010.pdf

https://arxiv.org/pdf/2205.02010.pdf


5. SDE Representation: Unitary Evolution Matrix Ukdt

Unitary evolution matrix of Theorem 1,

Ukdt = e−i dt εe−i Ddt(ϕ1) · · · e−i dt εe−i Ddt(ϕk ) = U(k−1)dt e−i dt εe−i Ddt(ϕk )

with diagonal matrix Ddt(ϕk) given by

Ddt(ϕk) = diag
(
{
√
2u

√
dt ϕj ,k − u dt }j∈Γ

)
= diag

(
{
√
2u dxj ,kdt − u dt }j∈Γ

)
=:

√
2u dxkdt − u dt Id

and diagonal matrix of Fresnel Brownian motions

dxkdt := diag
(
{ dxj ,kdt }j∈Γ

)
∈ R|Γ|×|Γ|

which satisfies the matrix equation (dxkdt)
2 = i dt Id .



5. SDE Representation: Unitary Evolution Matrix Ukdt

Up to terms O(dt3/2) ,

e−i Ddt(ϕk ) = 1 − i Ddt(ϕk) − 1
2 [Ddt(ϕk)]

2

= 1 − i
[√

2u dxkdt − u dt Id ] − 1
2

[√
2u dxkdt − u dt Id

]2
= 1 − i

√
2u dxkdt + i u dt Id − 1

2

[√
2u dxkdt

]2
= 1 − i

√
2u dxkdt + i u dt Id − i u dt Id

= 1 − i
√
2u dxkdt

Thus, Ukdt = U(k−1)dt e−i dt εe−i Ddt(ϕk )

= U(k−1)dt

(
1 − i dt ε

) (
1 − i

√
2u dxkdt

)
= U(k−1)dt

(
1 − i dt ε − i

√
2u dxkdt

)
⇒ dUtk := Utk − Utk−1

= −i Utk−1

(
dt ε +

√
2u dxtk

)



5. SDE Representation

Theorem 3: a) The unitary evolution matrix Ut satisfies the SDE

dUt = −i Ut

(
ε dt +

√
2u dxt

)
b) The correlation functions have the representations

⟨ψt , a
+
i aj ψt ⟩coh = EĒ

[
vi v̄j e

vv̄
] /

eλλ̄

⟨ψt , a
+
i aj ψt ⟩num = EĒ

[
vi v̄j (v v̄)

N−1
] /

(λλ̄)N−1

with v , v̄ ∈ C|Γ| , v = (vj ,x ,t) , v̄ = (v̄j ,y ,t) , given by the SDE system

dvj = − i dt (εv)j − i
√
2u vj dxj

dv̄j = + i dt (εv̄)j + i
√
2u v̄j dyj

with initial conditions (vx,0, v̄y,0) = (λ, λ̄) and EĒ = Ex Ēy .



5. SDE Representation

Proof 3b) From Theorem 2,

⟨ψt , a
+
i aj ψt ⟩coh = EĒ

[
[UT
ϕ,tλ]i [ŪT

θ,t λ̄]j exp
{
UT
ϕ,tλ · ŪT

θ,t λ̄
} ] /

eλλ̄

⟨ψt , a
+
i aj ψt ⟩num = EĒ

[
[UT
ϕ,tλ]i [ŪT

θ,t λ̄]j
(
UT
ϕ,tλ · ŪT

θ,t λ̄
)N−1

] /
(λλ̄)N−1

With ( xkdt =
√
dt

∑k
j=1 ϕj , ykdt =

√
dt

∑k
j=1 θj )

v = vx ,t := UT
x ,tλ ∈ C|Γ|

v̄ = v̄y ,t := ŪT
y ,t λ̄ ∈ C|Γ|

this looks as follows

⟨ψt , a
+
i aj ψt ⟩coh = EĒ

[
vi v̄j e

vv̄
] /

eλλ̄

⟨ψt , a
+
i aj ψt ⟩num = EĒ

[
vi v̄j (v v̄)

N−1
] /

(λλ̄)N−1



5. SDE Representation

Since

dUt = −i Ut

(
ε dt +

√
2u dxt

)
and because of εT = ε , dxTt = dxt , we obtain

dUT
t = −i

(
ε dt +

√
2u dxt

)
UT
t

dŪT
t = +i

(
ε dt +

√
2u dyt

)
ŪT
t

Thus, with vt = UT
t λ, v̄t = ŪT

t λ̄,

dv = − i
(
dt ε +

√
2u dxt

)
v

dv̄ = + i
(
dt ε +

√
2u dyt

)
v̄

with initial conditions v0 = UT
0 λ = λ, v̄0 = ŪT

0 λ̄ = λ̄ . ■



6. Girsanov Transformed SDE Representation

6.1 Unitary Time Evolution as a Martingale

6.2 Girsanov Transformed SDE System
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6.1 Unitary Time Evolution as a Martingale

As in Theorem 3, one finds just for the norms ∥ψt∥2:

⟨ψt , ψt⟩coh = EĒ[ evv̄ ]
/
eλλ̄

⟨ψt , ψt⟩num = EĒ[ (v v̄)N−1 ]
/
(λλ̄)N−1

with v v̄ =
∑

j vj v̄j and vj , v̄j given by the SDE system

dvj = − i dt (εv)j − i
√
2u vj dxj

dv̄j = + i dt (εv̄)j + i
√
2u v̄j dyj

These quantities have to be independent of time, we have to have

EĒ[ evv̄ ] = ev0v̄0 = eλλ̄

EĒ[ (v v̄)N−1 ] = (v0v̄0)
N−1 = (λλ̄)N−1

How can this be understood in an SDE context?



6.1 Unitary Time Evolution as a Martingale

From dv = − i ( ε dt +
√
2u dxt ) v

dv̄ = + i ( ε dt +
√
2u dyt ) v̄

we get dvT = − i vT ( ε dt +
√
2u dxt ) ,

d(v v̄)
notation

= d(vT v̄) = dvT v̄ + vTdv̄ + dvTdv̄

= − i vT ( ε dt +
√
2u dxt ) v̄ + i vT ( ε dt +

√
2u dyt ) v̄ + 0

= − i vT ε v̄ dt + i vT ε v̄ dt − i
√
2u vT (dxt − dyt) v̄

= − i
√
2u

∑
j vj v̄j (dxj,t − dyj,t)

The quantity v v̄ is a martingale, its d(v v̄) has no drift part. Since E[dxj,t ] = Ē[dyj,t ] = 0 ,

⇒ EĒ[ (v v̄)tk ] = (v v̄)0 +
∑k
ℓ=1 EĒ[ d(v v̄)tℓ ] = (v v̄)0



6.1 Unitary Time Evolution as a Martingale

Ok, but we need more, we need EĒ[ f (vt v̄t) ] = f (v0v̄0) for arbitrary f . With Ito-Lemma:

df (vt v̄t) = f ′(v v̄) d(vt v̄t) + 1
2 f

′′(v v̄) [d(vt v̄t)]
2

Now,

[d(vt v̄t)]
2 =

{
− i

√
2u

∑
j vj v̄j (dxj,t − dyj,t)

}2

= − 2u
∑
i,j

vi v̄i vj v̄j (dxi,t − dyi,t)(dxj,t − dyj,t)

= 0

since dxi,tdxj,t = dyi,tdyj,t = dxi,tdyj,t = 0 for i ̸= j and for i = j :

(dxj,t − dyj,t)
2 = (dxj,t)

2 − 2 dxj,tdyj,t + (dyj,t)
2

= + i dt − 2 · 0 − i dt = 0



6.1 Unitary Time Evolution as a Martingale

Thus,

df (vt v̄t) = f ′(v v̄) d(vt v̄t) + 1
2 f

′′(v v̄) [d(vt v̄t)]
2︸ ︷︷ ︸

=0

= − i
√
2u f ′(vt v̄t)

∑
j vj v̄j (dxj,t − dyj,t) (2)

has no drift part which gives EĒ[ df (vt v̄t) ] = 0 and therefore

EĒ[ f (vt v̄t) ] = f (v0v̄0) .

Equation (2) allows us in the next section 6.2 to absorb the the quantities evv̄ or (v v̄)N−1 into
the Fresnel integration measure and to arrive at the compact expressions

⟨ψt , a
+
i aj ψt ⟩coh/num = EĒ

[
vi v̄j

]
with new, and initial state coh/num dependent, SDE’s for the vi , v̄j . Result is Theorem 4 .



6.2 Girsanov Transformed SDE System



6.2 Girsanov Transformed SDE System

Untransformed representation:

⟨ψt , a
+
i aj ψt ⟩coh = EĒ

[
vi v̄j e

vv̄
] /

eλλ̄

⟨ψt , a
+
i aj ψt ⟩num = EĒ

[
vi v̄j (v v̄)

N−1
] /

(λλ̄)N−1

We write

⟨ψt , a
+
i aj ψt ⟩ = EĒ

[
vi,t v̄j,t P(vt v̄t)

] /
P(v0v̄0)

Now, with p := logP ,

P(vtk v̄tk )
/
P(v0v̄0) = exp

{
p(vtk v̄tk ) − p(v0v̄0)

}
= exp

{ ∑k
ℓ=1 dp(vtℓ v̄tℓ)

}
(2)
= exp

{
− i

√
2u

∑k
ℓ=1

∑
j [p

′(v v̄)(vj v̄j)]tℓ−1
(dxj,tℓ − dyj,tℓ)

}
= exp

{
− i

√
2u dt

∑k
ℓ=1

∑
j [p

′(v v̄)(vj v̄j)]tℓ−1
(ϕj,ℓ − θj,ℓ)

}



6.2 Girsanov Transformed SDE System

Since

EĒ[ · ] =
∫
Rk|Γ|

∫
Rk|Γ| · dF (ϕ)dF̄ (θ)

with

dF (ϕ) =
∏k
ℓ=1 e

+ i
ϕ2
ℓ
2

d|Γ|ϕℓ

(2πi)|Γ|/2
, dF̄ (θ) =

∏k
ℓ=1 e

− i
θ2ℓ
2

d|Γ|θℓ
[2π(−i)]|Γ|/2

the quantity

P(vtk v̄tk )
/
P(v0v̄0) = exp

{
− i

√
2u dt

∑k
ℓ=1

∑
j [p

′(v v̄)(vj v̄j)]tℓ−1
(ϕj,ℓ − θj,ℓ)

}
can be absorbed into the Fresnel measure by completing the square. In stochastic calculus, this
is called a Girsanov transformation:

ϕ̃j,ℓ := ϕj,ℓ −
√
2u dt [ p′(v v̄) vj v̄j ](ℓ−1)dt

θ̃j,ℓ := θj,ℓ −
√
2u dt [ p′(v v̄) vj v̄j ](ℓ−1)dt



6.2 Girsanov Transformed SDE System

or equivalently

dx̃j,tℓ := dxj,tℓ −
√
2u dt [ p′(v v̄) vj v̄j ](ℓ−1)dt

dỹj,tℓ := dyj,tℓ −
√
2u dt [ p′(v v̄) vj v̄j ](ℓ−1)dt

We get a new SDE system:

dvj = − i dt (εv)j − i
√
2u vj dxj

= − i dt (εv)j − i
√
2u vj

[
dx̃j +

√
2u dt p′vj v̄j

]
= − i dt (εv)j − i 2u dt p′vj v̄j vj − i

√
2u vj dx̃j

dv̄j = + i dt (εv̄)j + i
√
2u v̄j dyj

= + i dt (εv̄)j + i
√
2u v̄j

[
dỹj +

√
2u dt p′vj v̄j

]
= + i dt (εv̄)j + i 2u dt p′vj v̄j v̄j + i

√
2u v̄j dỹj



6.2 Girsanov Transformed SDE System

Theorem 4: The correlation functions of Theorem 3 have the following equivalent
representation:

⟨ψt , a
+
i aj ψt ⟩coh/num = EĒ[ vi v̄j ]

with the vj , v̄j given by the transformed SDE system (vj = vj,x,y ,t , v̄j = v̄j,x,y ,t)

dvj = − i (εv)j dt − i 2u p′vj v̄j vj dt − i
√
2u vj dxj

dv̄j = + i (εv̄)j dt + i 2u p′vj v̄j v̄j dt + i
√
2u v̄j dyj

and

p′(v v̄) = [logP]′(v v̄) =

{
1 for a coherent state

(N − 1)/(v v̄) for a number state .

with P(x) = ex or xN−1 for coh/num .



7. Large N Limit: Gross-Pitaevskii Equation

7.1 GP Equation for the d Dim Bose-Hubbard Model

7.2 GP Equation for the Two Site Bose-Hubbard Model and Numerical Test
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7.1 GP Equation for the d Dim Bose-Hubbard Model

Recall |λ|2 = N . Define normalized quantities

wj := vj / |λ| = vj /
√
N

w̄j := v̄j / |λ| = v̄j /
√
N

Then, with p′ = p′(v v̄) = p′(Nww̄),

dwj = − i dt (εw)j − i 2uN dt p′wj w̄j wj − i
√
2u wj dxj

dw̄j = + i dt (εw̄)j + i 2uN dt p′wj w̄j w̄j + i
√
2u w̄j dyj

or, with g := uN

dwj = − i dt (εw)j − i 2g dt p′wj w̄j wj − i
√
2g/N wj dxj

dw̄j = + i dt (εw̄)j + i 2g dt p′wj w̄j w̄j + i
√
2g/N w̄j dyj (3)

The large N limit can be read off:



7.1 GP Equation for the d Dim Bose-Hubbard Model

Theorem 5: In the limit N → ∞ with g = uN fixed, Theorem 4 reduces to

⟨ψt , a
+
i aj ψt ⟩coh/num = N × wi (t) w̄j(t)

with w , w̄ given by the ODE system, in both cases coh/num,

ẇj = − i (εw)j − i 2g wj w̄j wj

˙̄wj = + i (εw̄)j + i 2g wj w̄j w̄j (4)

with initial conditions

wj(0) = λj / |λ| , w̄j(0) = λ̄j / |λ|

The ODE system (4) is the time dependent discrete Gross-Pitaevskii equation.

The first equation of (4) is enough since w̄j is the true complex conjugate of wj now.



7.1 GP Equation for the d Dim Bose-Hubbard Model

Proof: For a coherent state p′ = 1 and the statement follows immediately from the
SDE system (3) since the diffusive part vanishes. For a number state,

p′ = p′(Nww̄) = (N − 1)/(Nww̄)
N→∞→ 1/(ww̄)

such that we get the following ODE system:

ẇj = − i (εw)j − i 2g 1
ww̄ wj w̄j wj

˙̄wj = + i (εw̄)j + i 2g 1
ww̄ wj w̄j w̄j

However,

d
dt (ww̄) =

∑
j

{
− i (εw)j w̄j − i 2g 1

ww̄ (wj w̄j)
2 + i wj(εw̄)j + i 2g 1

ww̄ (wj w̄j)
2
}

= − i (εw) · w̄ + i w · (εw̄)
ε= εT

= 0

which results in (ww̄)t = (ww̄)0 = 1 . ■



7.2 GP Equation for the Two Site Bose-Hubbard Model and Numerical Test



7.2 GP Equation for the Two Site Bose-Hubbard Model

For just two lattice sites 1 and 2, we get from Theorem 5

⟨nj,t⟩ := ⟨ψt , a
+
j aj ψt ⟩coh/num

N→∞
= N |wj,t |2 =: N ϱj,t

with w1,w2 given by the GP system

ẇ1 = − i εw2 − i 2g |w1|2 w1

ẇ2 = − i εw1 − i 2g |w2|2 w2 .

Theorem 6 (well known): Introduce the normalized particle imbalance and its integral,

ϱ12 := |w1|2 − |w2|2

φt := 2g
∫ t

0
ϱ12,s ds

Then φt is a solution of

φ̈t + 4ε2 sinφt = 0

and the density of particles at lattice site 1 is obtained as

ϱ1,t = |w1,t |2 = 1
2

(
1 + φ̇t

2g

)



7.2 GP Equation for the Two Site Bose-Hubbard Model

Initial conditions: Put all particles on lattice site 1 at t = 0. Then φ0 = 0, always, and

φ̇0 = 2g ϱ12,0 = 2g (ϱ1,0 − ϱ2,0) = 2g (1− 0) = 2g

The total energy is

E =
φ̇2

t

2 − 4ε2 cosφt =
φ̇2

0

2 − 4ε2 cosφ0 = 2g2 − 4ε2

The potential energy at φ = π is Epot = +4ε2 . We have rollovers if the total energy is
bigger than that:

2g2 − 4ε2 > +4ε2

⇔ g
2 > (2ε)2

In that case, the velocity φ̇t = 2g (ϱ1,t − ϱ2,t) which is the particle imbalance between the

two lattice sites, does not change its sign and this corresponds to the non-oscillatory or self-

trapping regime:



7.2 GP Equation for the Two Site Bose-Hubbard Model

The mathematical pendulum ODE for ε = 1 and g ∈ { 1.99 , 2.01 }:

the quantity ϱ1,t = 1
2

(
1 + φ̇t

2g

)
with φt from ODE, φ0 = 0 and φ̇0 = 2g



7.2 GP Equation for the Two Site Bose-Hubbard Model: Numerical Test

Numerical check of the large N limit: ε = 1 and

N ∈ { 2500 , 5000 , 10000 , 20000 } = { orange , green , light blue , dark blue }

g ∈ { 0.5 , 1.0 , 1.8 , 2.2 , 3.0 , 6.0 }

Quantity:

ϱ1,t =


⟨ψt , a

+
1 a1 ψt⟩ / N from exact diagonalization

1
2

(
1 + φ̇t

2g

)
from ODE mathematical pendulum

The red line below is the ODE solution and the dots come from exact diagonalization:



7.2 GP Equation for the Two Site Bose-Hubbard Model: Numerical Test
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7.2 GP Equation for the Two Site Bose-Hubbard Model: Numerical Test



8. Summary



8. Summary

Main Results:

◦ Simple and Elegant Method to Calculate GP-like Mean Field Equations

◦ Generic Formalism: Arbitrary Initial State, Arbitrary Hopping Matrix, Arbitrary Dimension

◦ Various Exact PDE Representations

◦ collapse and revivals could be reproduced, proper treatment of diffusive part still missing

Outlook:

◦ Use this for New Numerical or Analytical Calculation Schemes

◦ Fermi Hubbard Model

◦ Thermodynamic Quantities

full paper at
https://arxiv.org/abs/2205.02010

https://arxiv.org/abs/2205.02010
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Appendix: PDE Representation d Dim Bose-Hubbard Model

Theorem 7: Define the differential operators

L0 :=
∑
i,j

εij

{
vi

∂

∂vj
− v̄i

∂

∂v̄j

}
, Lint := u

∑
j

{
v2
j

∂2

∂v2
j

− v̄2
j

∂2

∂v̄2
j

}

and for P(x) :=

{
ex for coherent state

xN−1 for number state

let LP := 2u
P′(vv̄)

P(vv̄)

∑
j

vj v̄j

{
vj

∂

∂vj
− v̄j

∂

∂v̄j

}

Then, for the d-dimensional Bose-Hubbard model with hopping matrix εij and interaction u,

⟨ψt , a
+
i aj ψt ⟩coh/num = e−i t(L0+Lint)

{
vi v̄j P(v v̄)

}/
P(λλ̄) |v=λ,v̄=λ̄

= e−i t(L0+Lint+LP )
{
vi v̄j

}
|v=λ,v̄=λ̄ .



Appendix: PDE Representation Two Site Bose-Hubbard Model

Theorem 8: Define the differential operators ( with p′ = [logP]′, P(x) = ex or xN−1 coh/num )

Lε := − ε
{
(q − q̄)

(
∂
∂n1

− ∂
∂n2

)
+ (n1 − n2)

(
∂
∂q

− ∂
∂q̄

) }
Lu := + 2u

{ (
n1

∂
∂n1

− n2
∂
∂n2

)(
q ∂
∂q

− q̄ ∂
∂q̄

)
+ p′(n) (n1 − n2)

(
q ∂
∂q

− q̄ ∂
∂q̄

) }
acting on functions of 4 variables F = F (n1, n2, q, q̄) . Then for the two site Bose-Hubbard model

⟨ψt , a
+
1 a1 ψt⟩coh/num = e − i t (Lε+Lu) n1

∣∣
(n1,n2,q,q̄) = ( |λ1|2, |λ2|2, λ1λ̄2 , λ̄1λ2 )

with actions

(e−i tLεF )(n1, n2, q, q̄) = F
(
Rt (n1, n2, q, q̄)

T )

Rt =


cos2 εt sin2 εt +i sin εt cos εt −i sin εt cos εt
sin2 εt cos2 εt −i sin εt cos εt +i sin εt cos εt

+i sin εt cos εt −i sin εt cos εt cos2 εt sin2 εt
−i sin εt cos εt +i sin εt cos εt sin2 εt cos2 εt





Appendix: PDE Representation Two Site Bose Hubbard Model

and

e−i tLu
{
G(n1, n2) q

b q̄ b̄ } =

G
(
e−i2ut (b−b̄)n1 , e

+i2ut (b−b̄)n2
)
× P( e−i2ut (b−b̄)n1 + e+i2ut (b−b̄)n2 )

P(n1 + n2)
× qb q̄ b̄

where G = G(n1, n2) is an arbitrary analytic function and b, b̄ are arbitrary natural numbers.

Example, used for Collapse and Revivals:

e−itLu { n1 } = n1

e−itLu { q } =
P( e−i2utn1 + e+i2utn2 )

P(n1 + n2)
× q

e−itLu { n1q } = e−i2ut n1 × P( e−i2utn1 + e+i2utn2 )

P(n1 + n2)
× q

such that

e−itLu [n1q]

e−itLu [n1] e−itLu [q]
= e−i2ut ,

e−itLε [n1q]

e−itLε [n1] e−itLε [q]
= 1 .



Appendix: Equivalence Mathematical Pendulum and Quartic Double-Well Potential

Theorem 9: The mathematical pendulum

φ̈t + 4ε2 sinφt = 0

with φ0 = 0 and φ̇0 = 2g is equivalent to

ẍt + (4ε2 − 2g2) xt + 2g2 x3t = 0

with x0 = 1 and ẋ0 = 0 through the transformation

φt = 2g
∫ t
0 xs ds ⇔ xt = 1

2g φ̇t .



Appendix: Standard Formula Wiener and Fresnel Expectations

Theorem: Consider m times 0 < t1 < t2 < · · · < tm ≤ T and let xtj be a standard or Fresnel
Brownian motion observed at time tj . Let

F = F (xt1 , · · · , xtm) : Rm → C

be an arbitrary function of m variables and let E[F ] denote its Wiener or Fresnel expectation
value. Then, with t0 := 0 and x0 := 0,

E[F ] =

∫
Rm

F (xt1 , · · · , xtm)
∏m

j=1 ptj−tj−1(xtj−1 , xtj ) dxtj

with Gaussian or Fresnel kernels given by

pt(x , y) :=

 1√
2πt

e − (x−y)2

2t for Wiener expectations

1√
2πi t

e i (x−y)2

2t for Fresnel expectations .

Basic property:
∫
R pt(x , y) ps(y , z) dy = pt+s(x , z)


