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Outline of the Talk

@ SPDEs and Renormalization
O An algebraic viewpoint
Q 1°" Example: The ¢%-model

@ 2" Example: The nonlinear Schrédinger Equation
Based on

o C. D., N. Drago, P. Rinaldi and L. Zambotti, Comm. Cont. Math. 24
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Motivations

The prototypical problem

0 Gaussian rand
E(€) =0, E(&(x1),86(y,t") = d(x — y)a(t — t).
E(§c) = E(6c) =0, E(&c(x,t),&c(y. ') = d(x — y)o(t — t').
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Motivations

The prototypical problem

0 Gaussian rand
E(€) =0, E(&(x1),86(y,t") = d(x — y)a(t — t).
E(§c) = E(6c) =0, E(&c(x,t),&c(y. ') = d(x — y)o(t — t').

Consider a random distribution u (real) or ¢ (complex)

Oru—Au— " =¢
Au+ " =¢
i0:p = DAY + A[Y|* + &c

with n > 2 and A € R.

Question: How do you solve such kind of problems?
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Motivations

% A perturbative viewpoint

A first attempt to construct solutions:
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» A perturbative viewpoint

A first attempt to construct solutions:

e We call G the fundamental solution of 9; — A
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Motivations

A perturbative viewpoint

A first attempt to construct solutions:

e We call G the fundamental solution of 9; — A
e We look for a perturbative solution u = u[[A]] = 3_;-, Nu;

_ - 3
W=9p=G*¢§ ut1=-Gx* ¢, Uj:—G*s z: Uj U Ui
Ati2tiz=j—1
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Motivations

A perturbative viewpoint

A first attempt to construct solutions:

e We call G the fundamental solution of 9; — A
e We look for a perturbative solution u = u[[A]] = 3_;-, Nu;

_ - 3
W=9p=G*¢§ ut1=-Gx* ¢, Uj:—G*s z: Uj U Ui
Ati2tiz=j—1

e There are divergences in defining ¢ (need to renormalize)

Which kind of divergences?

E(p) =0, E(e(x)e(y)) = (G o G*)(x,y) = E(¥*(f)) = (G o G*)(fda)
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Motivations

Renormalization in AQFT

The problem of divergences in SPDEs is structurally the same as in QFT
Which ingredients do we need?

e Epstein-Glaser renormalization
@ R. Brunetti, K. Fredenhangen, Comm. Math. Phys. 208 (2000), 623
e Pertrubative AQFT

@ R. Brunetti, M. Duetsch and K. Fredenhagen, Adv. Theor. Math. Phys.
13 (2009) no.5, 1541 — K. Rejzner, Math. Phys. Stud. (2016)

e Scaling Degree and Extension of distributions

@ Hoérmander, Steinmann (1971), Brunetti & Fredenhangen (2000), Bahns
& Wrochna (2014),...
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The Algebraic Approach to SPDEs

Basic Ingredients: Data

We assign the following data:

@ A smooth Riemannian manifold M and a top-density ppm,
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The Algebraic Approach to SPDEs

Basic Ingredients: Data

We assign the following data:

@ A smooth Riemannian manifold M and a top-density ppm,

@ E is a microhypoelliptic operator, for definiteness

@ E is a second order elliptic PDE on M,
Q@ E=-0:+KonRx M with K, 2nd order elliptic on M.
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The Algebraic Approach to SPDEs

Basic Ingredients: Data

We assign the following data:

@ A smooth Riemannian manifold M and a top-density ppm,

@ E is a microhypoelliptic operator, for definiteness

@ E is a second order elliptic PDE on M,
Q@ E=-0:+KonRx M with K, 2nd order elliptic on M.

@ P (resp. P™) is parametrix for E (resp. E*),
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The Algebraic Approach to SPDEs

Basic Ingredients: Data

We assign the following data:

@ A smooth Riemannian manifold M and a top-density ppm,

@ E is a microhypoelliptic operator, for definiteness

@ E is a second order elliptic PDE on M,
Q@ E=-0:+KonRx M with K, 2nd order elliptic on M.

@ P (resp. P™) is parametrix for E (resp. E*),

@ ¢ is a Gaussian white noise on M (or on R x M).
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The Algebraic Approach to SPDEs

Basic Ingredients: Functionals

T:D(M) x E(M) - C, (f,0) —~ 7(f;p)

which is linear in D(M) and continuous. We say

(Cfu(x), = Fum
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The Algebraic Approach to SPDEs

Basic Ingredients: Functionals

T:D(M)x EM) = C, (f,0)— 7(f; )
which is linear in D(M) and continuous. We say
o 7 € D'(M x M*;Fun) is the k-th derivative of 7 if
Vf € D(M), ¢ € E(M),

. ok
T(k)(f®w1®...®wk;gp) = mf(f;slwl—l—...—i—skwk—i—cp) ,

s1=...=5,=0

e ()fu(x),  fu="Ffum
M
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The Algebraic Approach to SPDEs

Basic Ingredients: Functionals

T:D(M)x EM) = C, (f,0)— 7(f; )
which is linear in D(M) and continuous. We say

o 70 € D'(M x M¥;Fun) is the k-th derivative of 7 if
Vf € D(M), ¢ € E(M),

. ok
T(k)(f®w1®...®wk;gp) = mf(f;slwl—l—...—i—skwk—i—cp) ,

s1=...=5,=0

o 7 is polynomial, 7 € D'(M; Pol) if 3k such that 7¥) = 0 for all k > k.

e ()fu(x),  fu="Ffum
M
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The Algebraic Approach to SPDEs

Basic Ingredients: Functionals

T:D(M)x EM) = C, (f,0)— 7(f; )
which is linear in D(M) and continuous. We say
o 7 € D'(M x M*;Fun) is the k-th derivative of 7 if
Vf € D(M), ¢ € E(M),
K

0
787'(7(;511/11"‘---"'51(1/%"‘90) ,
e Sk

O (FRU®. .. Qi @) = o

s1=...=5,=0

o 7 is polynomial, 7 € D'(M; Pol) if 3k such that 7¥) = 0 for all k > k.

Example: for all k > 1, we call * € D’(M; Pol)
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The Algebraic Approach to SPDEs

Functionals in the Schrodinger scenario

We call functional-valued distribution 7 € D’(R"*!; Func)
7:DR™) x ER™) x ER™) = C, (f,0) — 7(F;¢)
which is linear in D(R™™) and continuous. We denote by

o 79 the (k, k’)-th order functional derivative of u
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The Algebraic Approach to SPDEs

Functionals in the Schrodinger scenario

We call functional-valued distribution 7 € D’(R"*!; Func)
7:DR™) x ER™) x ER™) = C, (f,0) — 7(F;¢)
which is linear in D(R™™) and continuous. We denote by

o 79 the (k, k’)-th order functional derivative of u

Example: for all k > 1, we call W* € D'(M; Pol)

V(i) = [ da (fe, B (Em) = [

RN

) )
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The Algebraic Approach to SPDEs

Basic Ingredients: WF constraints

in the functionals
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The Algebraic Approach to SPDEs

Basic Ingredients: WF constraints

Long Term Goal: codify the correlations of £ in the functionals

Let us introduce Xk = (X1, ..., Xk)

G =0, G=WF(@),...

Cio:= {(Ri &) € T"M*\ {0} |
IHe{l,...,k—1},{1...,k} =hWy...¥l, such that
Vi #j,V(a,b) € I; x Ij, then x; # x»,

and Vj € {1,..., 0}, (%,,&) € WF(biag, )} »

Definition
We call Di(M; Pol) = {r € D'(M;Pol) | WF(r¥) C Ci11, Yk > 0}.
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The Algebraic Approach to SPDEs

What happens in the complex case?

ot — t) lx—y)?

Pi(x,y) = se 4=t x = (t, x
) = o=y (t.2)
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The Algebraic Approach to SPDEs

What happens in the complex case?

o(—t) =
Gri—epic 0 X=69

Yet, which is the WF of G.?

PL(X7.y) =

WF(PL) = WF (Saiag,) U {(t, x, t,y,w,0, —w,0) € T*(R™)?, w # 0}.
Consequence
The form of the sets Cx needs to be replaced by

Con :={(Bmy Kmy @rm, km) € T*RUTD™\ {0} |31 € {1,. —1},
{1,...,m} = hW... W/ such that Vi # j,
V(a, b) € I; X Ij, then t, # t, and Vj € {1,...,/},
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The Algebraic Approach to SPDEs

Basic Ingredients: Algebra Structure
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The Algebraic Approach to SPDEs

Basic Ingredients: Algebra Structure

Let 7 € D'(M; Pol). We call
[P xs T](f; ) :=T(P*s f; ), VfeDM),Vye&M).
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The Algebraic Approach to SPDEs

Basic Ingredients: Algebra Structure

Let 7 € D'(M; Pol). We call
[P xs T](f; ) :=T(P*s f; ), VfeDM),Vye&M).

Definition
Let 1,$ € D'(M; Pol) be

o(fig)i= [ fildeld,  Ufiw)= [ .00,
M M
We set recursively the £(M)-modules
Ao == E[1, 9], Aj i =E[Aj-1UP*s Aj1],  VjeEN,
where P xs Aj_1 ;= {P*s 7|7 € Aj_1}. Since A, C A, if 1 < jp, let
V7,7 € A.

A=limA;,  [nn](fie) = (1 ® 72)(fibiag,: ¢) ,

AQFT & SPDEs
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The Algebraic Approach to SPDEs

The Strategy

Our plan is the following:

@ We wish to encode in D¢(M; Pol) that actually ¢ should be read as

p=Pxs&, E(p) =0, E(p(x)p(y)) = Q(x,y)=(PoP)(x,y).
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@ We wish to encode in D¢(M; Pol) that actually ¢ should be read as

p=Pxs&, E(p) =0, E(p(x)p(y)) = Q(x,y)=(PoP)(x,y).

@ This can be obtained deforming the algebra product,

© Computing expectation values is like evaluating at ¢ = 0,
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The Algebraic Approach to SPDEs

The Strategy

Our plan is the following:

@ We wish to encode in D¢(M; Pol) that actually ¢ should be read as

p=Pxs&, E(p) =0, E(p(x)p(y)) = Q(x,y)=(PoP)(x,y).

@ This can be obtained deforming the algebra product,

© Computing expectation values is like evaluating at ¢ = 0,

@ Warning: divergences occur if one wishes to compute
E(¢*(x)) = Q(x,x),

which is ill-defined. Renormalization is needed
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The Algebraic Approach to SPDEs

¥’ Encoding the correlations of ¢ - |

VVe proceed In steps:

Step 1: Observe that

A = lim M;,
where M; is the elements of 4 with at most j fields ¢

AQFT & SPDEs
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The Algebraic Approach to SPDEs

Encoding the correlations of ¢ - |

We proceed in steps:
Step 1: Observe that
A= “_W;Mj,
where M; is the elements of 4 with at most j fields ¢

Step 2: Let P. € £(M?) be such that w — lim P.= P and Q= PcoPe.

e—0
Proposition

We call A.q. the unital, commutative and associative algebra such that, for
all f € D(M) and for all ¢ € E(M),

0. )(Fi) = 3 (520 @) - (FOBHN(F © Lusani o).

AQFT & SPDEs




The Algebraic Approach to SPDEs

Encoding the correlations of ¢ - |l

Obs. 1: The product is well defined because we control
o WF(r) C Cep,
o WF (5 ® Q2.

AQFT & SPDEs
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The Algebraic Approach to SPDEs

Encoding the correlations of ¢ - |l

Obs. 1: The product is well defined because we control
o WF(r) C Cep,
o WF (5 ® Q2.

Obs. 2: If we compute

[®-q @(F; ) = /M fu ()" (x) + Qe(x, x)] = ®*(F; ) + Qe(f2),

hence

[@ -q. ®](f;0) = Qc(f52).
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The Algebraic Approach to SPDEs

Encoding the correlations of ¢ - 1l

Theorem (First Key Result)
There exists a linear map T, : A — Dg(M; Pol) such that

Q forallTe My, To(1)="7.
Q forallTe€ AitholdsT.,(Pxs7)=PxsT.o(7).
O for all ¢ € E(M) it holds

Foody =6yol.g, Fo(pr) =4l .o(7).
Q Forall € My
k—p
op(F.o(7)) < pd + —5 max{0,d — 4},

where 0,(7) = sdpiag,., (")) and Diag,,,, C MP*" is the total
diagonal of MP*!,

AQFT & SPDEs
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The Algebraic Approach to SPDEs

Key aspects of the proof - |

The proof is inductive and divided in several cases. Observe

@ Mainidea: If r=71...7, € A, we set

Fo(r) =T.o(m1) @@l o(m)
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The Algebraic Approach to SPDEs

Key aspects of the proof - |

The proof is inductive and divided in several cases. Observe

o Mainidea: f T=71...7, € A, we set

Fo(r) =T.o(m1) @@l o(m)

@ We focus on E elliptic, self-adjoint for simplicity
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The Algebraic Approach to SPDEs

Key aspects of the proof - |

The proof is inductive and divided in several cases. Observe

o Mainidea: f T=71...7, € A, we set

Fo(r) =T.o(m1) @@l o(m)

@ We focus on E elliptic, self-adjoint for simplicity

@ with dim M = d = 2,3 the product is well defined.

AQFT & SPDEs




The Algebraic Approach to SPDEs

Key aspects of the proof - |

The proof is inductive and divided in several cases. Observe

o Mainidea: f T=71...7, € A, we set

Fo(m)=To(m) @ ol o(m)

@ We focus on E elliptic, self-adjoint for simplicity

@ with dim M = d = 2,3 the product is well defined.

o If we construct I'.,(7), 7 € A, then I'.,(P *s 7) is completely determined
F.Q(P *S T) = P*s r.Q(T) o

All conditions 1.-4. are met by direct inspection

AQFT & SPDEs
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The Algebraic Approach to SPDEs

Key aspects of the proof - Il

Step 0: If j = 0,1, there is nothing to do

[o(®7)(F;0) = O*(Fi ) + Po(f @ 1).
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The Algebraic Approach to SPDEs

Key aspects of the proof - Il

Step 0: If j = 0,1, there is nothing to do
Step 1: If j = 2, it suffices to consider M3 = spanlg ) (17 >, CDZ)
Only unknown I, (®?)(f; @) = [[o(®) -0 [.o](f; ) = P*(F; ¢) + PX(f @ 1)
o Here Q = Po P* = P? since E = E*
e P? ¢ D'(M?\ Diag,) and sd(P?) < 2(d — 2)

Hﬁg € D'(I\/l2)7 s.t. ﬁﬂMxM\Diagz = P? and sd(ﬁz) = sd(PZ).

o (O%)(Fi0) = ®(fi0) + Po(f @ 1).
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The Algebraic Approach to SPDEs

Key aspects of the proof - Il

Step 0: If j = 0,1, there is nothing to do
Step 1: If j = 2, it suffices to consider M3 = spanlg ) (17 >, CDZ)
Only unknown I, (®?)(f; @) = [[o(®) -0 [.o](f; ) = P*(F; ¢) + PX(f @ 1)
o Here Q = Po P* = P? since E = E*
e P? ¢ D'(M?\ Diag,) and sd(P?) < 2(d — 2)

Hﬁg € D'(I\/l2)7 s.t. ﬁlexM\Diagz = P? and sd(ﬁz) = sd(PZ).

Define
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The Algebraic Approach to SPDEs

Key aspects of the proof - IlI

Step 2b: Check that all hypothesis are met (WF(P*) = WF(42))
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The Algebraic Approach to SPDEs

Key aspects of the proof - IlI

Step 2: Proceed inductively to M}, = spangy, (1,®, ... ok

r'o(¢k+1) = r'o(d)) Q@ F,Q(CD)(f; <P) =

k+1

LQ

>
k+1 k+1—2€v( ¢.
= < o0 )(Qze To(®) )(£i )

£=0

where Qz[(f) = (P2)®Z . (6Diag2 (9] 1@)(1‘ ® 122_1).

Qu(f) — @m(f) = /358/“7 - (ODiag, ® 1e)(f ® 12¢-1)
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The Algebraic Approach to SPDEs

Key aspects of the proof - IlI

Step 2: Proceed inductively to M}, = spangy, (1,®, ... ok

r'o(¢k+1) = r'o(d)) Q@ F,Q(CD)(f; <P) =

k+1

Lkl

=]
k+1 k+1—2€v( ¢.
= < o0 )(Qze To(®) )(£i )

£=0

where Qz[(f) = (P2)®Z . (6Diag2 (9] 1@)(1‘ ® 122_1).

Qu(f) — @m(f) = /358/“7 - (ODiag, ® 1e)(f ® 12¢-1)
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The Algebraic Approach to SPDEs

Consequences

o A, is a unital, commutative and associative algebra

TQT = r.Q[r}}(T)erl(T')], vr, 7' € Ag.

It is like having Wick polynomials but not their product!
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The Algebraic Approach to SPDEs

Consequences

o A, is a unital, commutative and associative algebra

TQT = r.Q[r;;(T)r}}(r’)], vr, 7' € Ag.

@ We are still not able to compute correlations such as
E[&°(x)0%(y)]
More precisely, formally we have to deal with
[6% 00 &°](fi @ fo; ) =

/ f,u(x1) 2,0 (x2) [so(X1)2<p(Xz)2 + 4o(x1) Q(x1, x2)p(x2) + 2Q(xa, X2)2],

MxM

It is like having Wick polynomials but not their product!
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The Algebraic Approach to SPDEs

Consequences

o A, is a unital, commutative and associative algebra

TQT = r.Q[r;;(T)r}}(r’)], vr, 7' € Ag.

@ We are still not able to compute correlations such as
E[&°(x)0%(y)]
More precisely, formally we have to deal with
[6% 00 &°](fi @ fo; ) =

/ f,u(x1) 2,0 (x2) [so(X1)2<p(Xz)2 + 4o(x1) Q(x1, x2)p(x2) + 2Q(xa, X2)2],

MxM
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The Algebraic Approach to SPDEs

The Schrodinger Scenario

AS = E[L W, V], AT = E[AT 1 U PL*s AT UPLxs AT 4].

from which
c_ C
A = h_)mAJ .
Letting Q. = P, o P, we can introduce a deformation map F.QL induced by
[r1q (i) =
Z Z Tl |k ' 5D:ag2 ® Q®k1 Q®k2) . [ (k1,k2) ®T(k1’ ](f@ Liaoki 7, 77,)~
k>0 ky,ko

ki+ko=k

We define the unital, commutative x-algebra

AQFT & SPDEs




The Algebraic Approach to SPDEs

Correlations and the e-product

Consider A.q =T .,[A] and

TlAQl=E(M) @ @A%’ Universal Tensor Module

>0

together with
Té(M; Pol) = C @ @D'C(M; Pol)®”
n>0

endowed with the product

1 ~
(1100 2)(A ® i 0) = 3 1 [(Imsm ® Q%) - (HOBRN(A © £ © Laki 9),
k>0

with 7; € D(M%) and f; € D(M"Y).

AQFT & SPDEs
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The Algebraic Approach to SPDEs

Correlations and the e-product - |

Theorem (Second Key Result)
Tthere exists a linear map Teg: T(A.,) = T&(M; Pol) such that

(i) forall,...,7e € A, with 11 € T.4(M) it holds
Feg(m®@...07) =T10QTeg(2®...Q ),

(i) Letm,...,me€ Ay andfi,...,fre D(M). If3I C {1,...,4}

Uset(r) 0 Uset(5) =0,

icl j¢l

then

w(m®...0m)(h®...0f) =

S T,') ° F.Q(®Tj)](ﬁ®...®@),

J¢l

"




The Algebraic Approach to SPDEs

Correlations and the e-product - |l

o forall £>0, ley: .A.%e — T&(M; Pol) is a symmetric map,

AQFT & SPDEs
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The Algebraic Approach to SPDEs

Correlations and the e-product - |l

o forall £>0, ley: A.%e — T&(M; Pol) is a symmetric map,
o [, satisfies a set of identities, e.g.

r.Q(T):T, VT e Ay,

Feg0dy =0y oleg, Vi € E(M).
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The Algebraic Approach to SPDEs

Correlations and the e-product - |l

o forall £>0, ley: A%e — T&(M; Pol) is a symmetric map,
o [, satisfies a set of identities, e.g.

Feg(m) =1, VT e Ay,

Feg0dy =0y oleg, Vi € E(M).

Proposition
Given any map e, let

Aag = Teg(A,) C TE(M; Pol).
Then the bilinear map LI Aeg X Aey — Ae defined by

Tor,, Ti=Teo(My(N)®TL(F), V7€ Asg,

defines a unital, commutative and associative product on A, .

AQFT & SPDEs
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The Algebraic Approach to SPDEs

iy (Non-)Uniqueness Results

¢eNg

o We can repeat the procedure to construct I'.QL to compute correlation

between elements lying in A%L-
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The Algebraic Approach to SPDEs

Proposition
Let F.Q, o : A — D'(M;Pol) be two linear maps compatible with the

existence theorem. Then the algebras A., = T.,(A) and JZ.Q = F.Q(.A)
coincide and in particular there exists {c;}een, C E(M) a family of smooth
functions, such that for all k € N

T (") =T, (cbk + f (’2) ck,gcbf) .

=

® We can repeat the procedure to construct F.QL to compute correlation

between elements lying in A% .
ying in A’ AQFT & SPDEs

24 / 35



The Algebraic Approach to SPDEs

(Non-)Uniqueness Results

Proposition
Let F.Q, o : A — D'(M;Pol) be two linear maps compatible with the

existence theorem. Then the algebras A., = T.,(A) and Z.Q = F.Q(.A)
coincide and in particular there exists {c;}een, C E(M) a family of smooth
functions, such that for all k € N

T (") =T, (cbk + f (’2) chbf) .

£=0

Observe that
@ A similar theorem holds true for I's,

o We do not have local covariance to further constraint {c;}een,

AQFT & SPDEs
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The Algebraic Approach to SPDEs

1st Example: The ¢3 Model

Ou=Au—I+¢
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The Algebraic Approach to SPDEs

¥ 1% Example: The $3 Model

Ou=Au—I+¢
We consider u[[A]] = 3 N u; where
j20

3
=@, ug = —PyxsP°,... uj=—Pyx*s E Uj, Uj, Ujy
Jititiz=i—1
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The Algebraic Approach to SPDEs

1st Example: The ¢3 Model

Ou=Au—I+¢
We consider u[[A]] = 3 N u; where
j20

3
=@, g = —Pyxs®”,... uj=—Pyxs E ujy Uj, Ujy
Jititi=i—1
Next we interpret each term in A.q

ul[Al] = T (ul[A]])-

which entails that

E(u[NI()) = > NT.o(u)(f; 0).

j>0

AQFT & SPDEs o



The Algebraic Approach to SPDEs

First order of ®3 Model

At first order in perturbation theory

u[[N]] = @ — APy xs ®° + O(N?),
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The Algebraic Approach to SPDEs

First order of ®3 Model

At first order in perturbation theory
u[[A]] = @ — APy xs ©° + O(X%),
from which it descends
Co(ulIN(Fi9) = O(F; 0) = APy s (& +3CP)(f; ) + O(N?),
where C € £(R x R?). Hence evaluating at ¢ =0

E(u[Al]) = O(X?).

AQFT & SPDEs
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The Algebraic Approach to SPDEs

First order of ®3 Model

At first order in perturbation theory
u[[A]] = @ — APy xs ©° + O(X%),
from which it descends
Co(ulIN(Fi9) = O(F; 0) = APy s (& +3CP)(f; ) + O(N?),
where C € £(R x R?). Hence evaluating at ¢ =0

E(u[Al]) = O(X?).

What about the two-point correlation function?
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The Algebraic Approach to SPDEs

¥ Correlation function at first order

Our approach tells that

w(fi ® f:0) = (T ol orug Mo (ulIND) (5 ® fi ).
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The Algebraic Approach to SPDEs

Correlation function at first order

Our approach tells that

walfi © i) = (Fo(UlAT]) orag T-o (WlINID)) (A & i ).
At first order in perturbation theory

Fag(Mo(®) @ T (Py ® D)) (A ® fr; ) =
= (®® (Py *s (P +3CP))(A® hig) + Q- (1® 3Py % (9 + C1))(A ® fr; p).
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The Algebraic Approach to SPDEs

Correlation function at first order

Our approach tells that

Wi @ f;0) = (T (ulA]]) or. Mo (ullND) (f © ;)
At first order in perturbation theory
r'Q(r'Q(¢) ® r'Q(PX ® ¢3))(f1 ® b; CP) =
= (P ® (P xs (7 +3CO)(A® i) + Q- (18 3Py #5 (7 + C1))( @ i 0).
Evaluating once more at ¢ =0
E(@[[M] @ t[AD(h @ £) = wa(h ® £;0) =
QA ® ) +3AQ - (1® (Py *s C))(A ® ) + O(X).

e We can also construct the renormalized equation obeyed by I'._(u).
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The Algebraic Approach to SPDEs

2"Y Example: Nonlinear Schrodinger

0 = A — MNPy + &c
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The Algebraic Approach to SPDEs

2"Y Example: Nonlinear Schrodinger

0 = Ap — Ay "y + &c
At a functional level it reads
O =W+ AP, x5 WU,

We consider ®,[[\]] = 3° M F; where

jz0

Fo=W, Fi=—PxsWW’, ... Fk= > P&(FkFiFi), k>3.

ki,ka,k3€Ng
ki+ko+k3=k—1
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The Algebraic Approach to SPDEs

2"Y Example: Nonlinear Schrodinger

0 = A — MNPy + &c

At a functional level it reads
Op =W+ AP *s WU
We consider ®,[[\]] = 3° M F; where

jz0

Fo=W, Fi=—PxsWW’, ... Fk= > P&(FkFiFi), k>3.
ki1,ko,k3€Ng
ki+ko+k3=k—1

Next we interpret each term in A.q

O[N] = T (DL
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The Algebraic Approach to SPDEs

Mean of the perturbative solution

One can prove the following result to all orders

Theorem

Let ®.[[\]] € A be a perturbative solution of the functional nonlinear
Schrédinger equation. Then

E[¢o[[MI(F)] = T.q, (WIIAID(F;0,0) = 0, vf € DRy xR").

AQFT & SPDEs

29 /35



The Algebraic Approach to SPDEs

Correlation function at first order

Our approach tells that

w2 (YoMl A @ o) = (Vg [N]] oro Vg, [IN]) (i ® foim,7)
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The Algebraic Approach to SPDEs

Correlation function at first order

Our approach tells that
w2 (YoMl A @ o) = (Vg [N]] oro Vg, [IN]) (i ® foim,7)
At first order in perturbation theory, evaluating at n=1n=20

w2(Yo[[A]]: A & f2) =
=QA®h)+2)Q(PL® Cl®1)(A® H)+
+2AQL- (PL® C1l® 1)(A ® ) + O(N).

e We can also construct the renormalized equation obeyed by I'., (W[[A]]).
e We can estimate precisely the critical dimension of the model.
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The Algebraic Approach to SPDEs

Outlook

We have

@ Constructed a new framework to analyze perturbatively SPDEs

C.D., P. Rinaldi & F. Sclavi — ArXiv:2104.12423v3
C.D., P. Rinaldi & F. Sclavi — ArXiv:2206.06081
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The Algebraic Approach to SPDEs

Outlook

We have

@ Constructed a new framework to analyze perturbatively SPDEs

@ extended it to cover the stochastic nonlinear Schrodinger equation

C.D., P. Rinaldi & F. Sclavi — ArXiv:2104.12423v3
C.D., P. Rinaldi & F. Sclavi — ArXiv:2206.06081
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The Algebraic Approach to SPDEs

Outlook

We have

@ Constructed a new framework to analyze perturbatively SPDEs

@ extended it to cover the stochastic nonlinear Schrodinger equation

@ connected the microlocal world and the germs of distributions *

AQFT & SPDEs




The Algebraic Approach to SPDEs

What’s Next

@ Connect our framework to Hairer's regularity structures,

@ Extend our framework to cover the stochastic wave equation,

@ Tackle the problem of convergence of the perturbative series,

Tackle explicit physical open problems.
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The Algebraic Approach to SPDEs

&7 Trivia on random distributions - 1l

Definition (Random Distribution)

Let (2,P) be a probability space. A random distribution 7 is linear a map
@ — n(p) from CZ(R¥™9) to L*(Q, P).
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The Algebraic Approach to SPDEs

%> Trivia on random distributions - 1l

Definition (Random Distribution)

Let (2,P) be a probability space. A random distribution 7 is linear a map
© — n(p) from CZ(R™) to L*(Q, P).

Given a distribution C € D', we say that 7 has covariance C if

E[n(en(¥)] = (C x ¢, ¥).2
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The Algebraic Approach to SPDEs

Trivia on random distributions - |l

Definition (Random Distribution)

Let (2,P) be a probability space. A random distribution 7 is linear a map
© — n(p) from CZ(R¥™) to L*(Q, P).
Given a distribution C € D', we say that 7 has covariance C if

E[n(en(¥)] = (C x ¢, ¥).2

Definition (White Noise)

Space-Time White Noise is the Gaussian random distribution on R**? with
covariance given by the delta distribution 4, i.e., £(¢p) is centred Gaussian
for every ¢ € C°(R*) and E[£()¢(¥)] = (¢, )2
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The Algebraic Approach to SPDEs

Trivia on random distributions - Il1

Theorem
Let n be a random distribution. If, for o < 0

Eln(e2)I* S A*,

holds uniformly over A € (0,1) and ¢ € B., then, for any k > 0, there exists
a C* "-valued random variable j which is a version of 7).

7j is a version of n if Vo € C°, 7i(¢) = n(y) almost surely.
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The Algebraic Approach to SPDEs

Trivia on random distributions - Il1

Theorem
Let n be a random distribution. If, for o < 0

Eln(e2)I* S A*,

holds uniformly over A € (0,1) and ¢ € B., then, for any k > 0, there exists
a C* "-valued random variable j which is a version of 7).

7j is a version of n if Vo € C°, 7i(¢) = n(y) almost surely.

WHITE NOISE on R is a random variable in ™2 ~~* for any x > 0.
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The Algebraic Approach to SPDEs

Trivia on random distributions - |

NOTATION: Given z = (t,x) € R™"%, ¢ € C°(R)

@2 (s,y) =AM (s — 1), ANy —x)), A€ (0,1).
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The Algebraic Approach to SPDEs

Trivia on random distributions - |

NOTATION: Given z = (t,x) € R*™, ¢ € C(R*™)

@2 (s,y) =AM (s — 1), ANy —x)), A€ (0,1).

Definition (Negative Holder Spaces)
Let n € S'(R*™) and let a < 0. We say n € C* if

()| S A%, for Ae(0,1], ¢ € Ba,
locally uniformly for z € R'*?, with

Ba ={p e (B0, 1) llellc-1a <1}
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