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Framework and scope

Questions:

1 PDE problem: Can we relate ”free” classical field theories
defined on different curved backgrounds?

2 AQFT problem: Can we compare the algebraic quantum field
theories?

3 Can we implement the ”deformation argument” used to prove
the existence of Hadamard states by explicit operators?

Answers:

1 Technology of (geometric) Møller operators.

2 Geometric tool: Paracausal deformations of globally hyperbolic
metrics.
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Outline of the talk

1 Recap of the previous episode focused on geometry: paracausal
deformations.

2 Geometric Møller operators for the Klein-Gordon and the Proca
field.

3 The two definitions of Proca Hadamard states and their
equivalence.

Based on recent papers with V.Moretti and S.Murro:
Paracausal deformations of Lorentzian metrics and Møller
isomorphisms in algebraic quantum field theory (2021).
The quantization of Proca fields on globally hyperbolic spacetimes:
Hadamard states and Møller operators (2022).
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Preliminaries: globally hyperbolic spacetimes

Spacetime: smooth, connected, oriented, time-oriented n ` 1
dimensional Lorentzian manifold pM, gq, i.e, with
g P ΓpT˚Mbs T˚Mq and signature p´,`, ...,`q;

Open Lightcone: VP set of all time-like vectors at P P M

Time orientation: smooth choice of future light-cone V`P .

Causal sets: J˘pAq “ AY points in M reachable by future/past
directed smooth causal (time-like or light-like) curves.

Cauchy hypersurface: Σ Ă M which intersects once any
inextendible future-directed smooth timelike curve.

Globally hyperbolic ðñ a Cauchy hypersurface exists.
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Preliminaries: globally hyperbolic spacetimes

Temporal function: t P C8pM,Rq with time-like past directed
gradient, strictly increasing along future directed causal curves.

[Bernal-Sànchez]

pM, gq globally hyperbolic ùñ D

Cauchy temporal function i.e t´1pt0q “ Σ (smooth);

M –diff Rˆ Σ ;

an isometry h “ ´β2dt2 ` ht , ht family of Riemannian metrics
on the slices.
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Partial ordering of metrics

MpMq Lorentzian metrics.

GHpMq globally hyperbolic Lorentzian metrics.

Preorder relation on MpMq

g ĺ g 1 ðñ V g
p Ă V g 1

p for all p P M.

If g , g 1 PMpMq; χ P C8pM, r0, 1sq, g ĺ g 1, then

1 g ĺ g 1 ðñ g17 ĺ g 7;

2 gχ “ p1´ χqg ` χg PMpMq;

3 g ĺ gχ ĺ g 1.

If g 1 P GHpMq then g , gχ P GHpMq!
gχ will be important later!
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The paracausal relation

Definition (Paracausal relation)

g , g 1 P GHM

g is paracausally related to g (g » g 1) if there is a finite sequence
g “ g , g 1, . . . , gN “ g 1 P GHM such that, for k “ 0, . . . ,N ´ 1,
gk ĺ gk`1 or gk`1 ĺ gk

(preserving time orientation at each step).
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The paracausal relation

At each step the future cones of one metric are included in the future
cones of the other metric!

Equivalent characterization

g » g 1 ðñ D a sequence tgiu Ă GHpMq such that

V gi`

P X V
gi`1`

P ‰ H @P P M.

Some important facts we proved:

If pM, gq and pM, g 1q share a Cauchy temporal function, then
g » g 1. (Proof improved by M. Sànchez)

For all pM, gq with g P GH, there is an untrastatic pM, guq such
that g » gu.

We can have more: gu can even be of bounded geometry.
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Normally hyperbolic operators

Setup:

A real or complex hermitian vector bundle E over M equipped
with metric compatible connection ∇.

The bundle metric explicitly depends on the spacetime (clear for
one forms).

The space of its smooth sections ΓpEq, ΓcpEq, ΓscpEq, Γpc{fcpEq.

Normally hyperbolic operators

A linear second order differential operator N : ΓpEq Ñ ΓpEq with
σNpξq “ ´g

7pξ, ξq IdE.

If the metric tensor g is globally hyperbolic ùñ (1) the Cauchy
problem for N is well-posed and (2) the solution ”propagates with
finite speed”.
Easiest examples of n.h.o: Klein-Gordon operator K “ lg `m2 on
the trivial bundle or the vectorial (unphysical) Klein-Gordon operator
defined on one-forms.
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Green hyperbolic operators

(1)+(2) ùñ normally hyperbolic operators on globally hyperbolic
spacetimes are Green hyperbolic.

Definition (Green hyperbolic operators)

There exist advanced Green operator and retarded Green
operator
G˘ : Γpc{fcpEq Ñ ΓpEq

G˘ ˝ N f “ N ˝ G˘f “ f for all f P Γpc{fcpEq ,

supp pG˘fq Ă J˘psupp fq for all f P Γpc{fcpEq;

The kernel is characterized by the causal propagator

G :“ G`|ΓcpEq ´ G´|ΓcpEq : ΓcpEq Ñ ΓpEq .
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The Proca operator

We choose as a vector bundle Vg “ pT
˚M, g 7q with product

pf|gqg “

ż

M

g 7pf, gq vol g

From now on N “ δgd ` dδg `m2 “ ´lg `m2 (one-form
Klein-Gordon operator), where δg is the formal adjoint of d .

Proca operator

Second order differential operator for some m ą 0
P “ δgd `m2 : ΓpVg q Ñ ΓpVg q

Problem 1: It is not normally hyperbolic, but it is equivalent to a
constrained Klein-Gordon operator.

#

NA “ 0

δgA “ 0

So it is Green hyperbolic: G˘P :“
´

Id`
dδg

m2

¯

G˘N “ G˘N

´

Id`
dδg

m2

¯
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Interpolating spacetime

Question

What’s the relation between the solution spaces of N and N1,
normally hyperbolic respectively w.r.t g and g 1? What about the
solution spaces of the Proca operators P and P1?

Gluing spacetimes!

Let χ P C8pM, r0, 1sq with χ “ 0 before t0 and χ “ 1 after t1

(t1 ą t0).

We build the interpolating spacetime with gχ “ p1´ χqg ` χg
1

and an operator Nχ.

gχ is globally hyperbolic and so Nχ is Green hyperbolic.

The couple pgχ,Nχq equals pg,Nq in the past of t0 and pg1,N1q
in the future of t1.

The couple pgχ,Pχq equals pg,Pq in the past of t0 and pg1,P1q
in the future of t1.
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More problems, more solutions: the adjoint

Problem 2: we want to compare solutions (sections) living in
bundles with different metrics and ”intertwine” operators.

The (non positive) scalar product has the form:

pf|gqg “

ż

M

g 7pf, gq vol g

We need a notion of adjoint which encodes the change of volume
form and the change of fiber metric.
The latter is solved by the existence of the linear isometry
κg 1g : ΓpVg q Ñ ΓpVg 1q

g 17ppκg 1g fqppq, pκg 1ggqppqq “ g 7pfppq, gppqq @p P M .

for g » g 1.
The first by the introduction of smooth functions
ρ, ρ1 : M Ñ p0,`8q depending on ratios of volume forms.
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The Møller map for ordered metrics

Finally our Møller map for Proca fields if g ĺ g1:

Møller maps

R` :“ κgχg0 ´ G`ρPχ

`

ρPχκgχg0 ´ κgχg0 P
˘

R´ :“ κg1gχ
´ G´ρP1

`

ρ1P1κg1gχ
´ ρκg1gχ

Pχ

˘

R “ R´ ˝ R` : Kerg
scpPq Ñ Kerg 1

sc pP
1q

The spaces of classical fields are isomorphic!
Notice that the same construction for Klein-Gordon fields would just
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The Møller operator for paracausally related
metrics

We can iterate the construction for paracausally related spacetimes:

Paracausally related metrics: g 1 » g ðñ Sequence of
pairwise ordered metrics: g :“ g0, g1, . . . , gN :“ g 1 P GHM;

All metrics have associated Proca and Klein-Gordon operators
P :“ P0,P1, . . . ,PN :“ P1 N :“ N0,N1, . . . ,NN :“ N1;

Sequence of Møller operators: Rk :“ R
pkq
´ R

pkq
` if gk ĺ gk`1 or

Rk :“ pR
pkq
` q

´1pR
pkq
´ q

´1 if gk`1 ĺ gk .

General Møller operator: R “ R0 ¨ ¨ ¨RN´1.
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The Møller operator and its adjoint

Definition

An operator
T:gg1 : ΓcpVg 1q Ñ ΓcpVg q

is said to be the adjoint of T with respect to g , g 1 (with the said
order) if it satisfies

ż

M

g 17 ph,Tfq pxq vol g 1pxq “

ż

M

g 7
`

T:gg1h, f
˘

pxq vol g pxq

@f P DompTq @h P ΓcpVg 1q.

Key properties of the adjoint Møller operator

RGPR:gg1 “ GP1

R:gg1P1κg 1g |ΓcpVg q “ P|ΓcpVg q .
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Quantization: the CCR Proca algebra

On-shell Proca CCR ˚-algebra: the ˚-algebra

Ag “ Ag{Ig

Ag : free complex unital algebra generated by the set of abstract
elements I (the unit element), apfq and apfq˚ for all f P ΓcpVg q

Ig is the two-sided ˚-ideal generated by the following elements of Af :

1 apaf` bhq ´ aapfq ´ baphq , @a, b P R @f, h P ΓcpVg q;

2 apfq˚ ´ apfq , @f P ΓcpVg q;

3 apfqaphq ´ aphqapfq ´ iGPpf, hqI , @f, h P ΓcpVg q;

4 apPfq @f P ΓcpVg q.
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Quantization: states

States: Linear functionals ω : Ag Ñ C such that

ωpIdq “ 1 ωpa˚aq ě 0;

States are specified by the n-point functions:

ωnpf1, . . . , fnq :“ ωpâpf1q . . . âpfnqq

If the state is also continuous we associate n´point distributional
kernels Ñrωn

A state is called quasi-free if all its n´point distributions can be
recovered by rω2.
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Quantization: the Møller ˚-isomorphism

Møller ˚-isomorphisms: Rgg 1 : Ag Ñ Ag 1 ;

Rgg 1pa
1pfqq “ apR:gg1 fq @f P ΓcpVg 1q ,

which is an isomorphism since it preserves all ideals, in particular
R and R:gg1 it intertwine the causal propagators.

Møller Pullback states:

ω1 “ ω ˝R;

By propagation theorems the singularity structure of the states is
preserved!

The isomorphism preserves Hadamard states defined by the
wavefrontset of their two point bidistributions

WF pω2q “ tpx , kx ; y ,´ky q P T
˚M2zt0u|px , kxq „‖ py , ky q, kxŹ0u.
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The deformation argument

Putting everything together:

Every metric g » gu with gu ultrastatic and of bounded
geometry;

On Ag we proved the existence of Proca Hadamard states;

The pullback state on the algebra Ag is Hadamard.

The ”bounded geometry” hypotesis has been used to explicitly
construct the Klein-Gordon Hadamard states on ultrastatic
spacetimes.
By using these result we constructed an Hadamard state for the
Proca field on the ultrastatic spacetime with Cauchy surfaces of
bounded geometry.
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Proca Hadamard states

Fewster-Pfenning’s definition of Proca Hadamard state

A quasi-free state ω : Ag Ñ C is called Hadamard if its two-point
function has the form

ωpâpfqâphqq “Wg pf,Qhq (0.1)

@f, h P ΓcpVg q, where

Q “ Id`m´2pdδg q.

Wg P Γ1cpVg b Vg q is a Klein-Gordon bisolution such that

Wg pf, gq ´Wg pg, fq “ iGNpf, gq mod C8 , (0.2)

GN is Klein-Gordon causal propagator

Wg satisfies the microlocal spectrum condition.

The authors proved the existence of states of this form just for
compact Cauchy surfaces.
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Proca Hadamard states

Actually this result came out:

Theorem

Consider quasifree Hadamard state ω : Ag Ñ C for the ˚-algebra of
observables on pM, gq of the real Proca field. Let ω2 P Γ1cpVg b Vg q

be the two-point function of ω. The following facts are true.

(a) If ω is Hadamard according to the standard microlocal definition,
then it is also Hadamard according to Fewster and Pfenning.

(b) If in pM, gq admits Proca quasifree Hadamard states in the sense
of Fewster and Pfenning then, then if ω is Hadamard in the
standard sense, it is Hadamard in Fewster-Pfenning sense.

This means that for Cauchy compact spacetimes the two definitions
have been proved to be equivalent.
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Conclusions

Results of this work

1 Free classical and quantum field theories for massive spin-1
theories on curved backgrounds are structurally comparable if
the background metrics are paracausally related.

2 In the standard sense Proca Hadamard states exist for general
g.h. spacetime and the classical deformation argument is
implemented by concrete Møller operators.

3 The two definitions of Hadamard states for these fields (almost)
agree.
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Outlook

Ideas for future research

1 Prove that a Proca Hadamard state in the sense of
Fewster-Pfenning exists on spacetimes with non compact
Cauchy surfaces;

2 Prove that the state we built on ultrastatic spacetime is a
ground state;

3 Study the ”paracausal classes” of globally hyperbolic metrics in
more detail (do they depend e.g. on the topology of Σ?);

4 Extend the Møller ˚-isomorphism to interesting algebras used in
perturbative algebraic quantum field theory (Wick products,
T-products);

5 Employ these techniques to incorporate the (non normally
hyperbolic) abelian gauge Maxwell fields.
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Thanks for the attention!
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