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Motivation

• There must exist a formulation of quantum field theory 
which does not depend on classical time.


• Gravitation, as well as quantum theory, are emergent 
phenomena.


• How do fermions curve space-time? : a non-commutative 
spinor space-time.


• Unification of standard model  with gravity required at all 
energy scales, not just at Planck energy scales.
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Summary
 There must exist a reformulation of quantum field theory without classical time. 

 Such a formulation has been developed as a matrix-valued Lagrangian dynamics. 

 Elementary particles live in the non-commutative octonionic space. 

 This space possibly determines the standard model, properties of  
elementary particles, and dimensionless constants of the standard model, all at  
low energies. 

 The Left-Right symmetric extension of the standard model unifies it with  
     pre-gravitation. 

 We predict that the neutrino is a Majorana particle. 

 We predict three right-handed sterile neutrinos, a dark photon, and two spin-one        
    Lorentz bosons. 
  

 Prior to measurement, a quantum system obeys L-R symmetry. 

  Only classical systems live in 4D classical spacetime. Quantum systems live in an 
   octonionic space. 

 Unification of standard model with gravitation is required at all energy scales, not just 
just at the Planck energy scale. 



Quantum superposition and gravitation

• A quantum object such as an electron has action of the order 
Planck’s constant h


• It obeys position superposition; hence the produced gravitation 
is not classical.


• This is an example of low-energy [hence weak] quantum gravity.


• Only when the associated energy scale h/T is Planck energy, 
does this become Planck scale quantum gravity.


• Hence, we need  a pre-quantum, pre-spacetime theory at all 
energy scales.
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Methodology
• Raise classical dynamical variables to the status of 

matrices/operators, but do not impose quantum 
commutation relations    [Adler’s Trace Dynamics, 1996]


• First we do this for non-gravitational degrees of freedom:
<latexit sha1_base64="M4DOXM2dIVVEbK57TBqiXaRT8Jg="></latexit>

S =

Z
dt L(q, q̇) !

Z
dt Tr[L(q̂, ˙̂q)]

• This matrix-valued Lagrangian dynamics has a novel 

   conserved charge:

<latexit sha1_base64="mBynte+VbO+w4wViBr1KyZUAFJQ=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4kJJIUUGEYjcuK9gHJCFMJpN26GQSZyZCCV268VfcuFDErZ/gzr9x2mahrQcuHM65l3vvCVJGpbKsb2NhcWl5ZbW0Vl7f2NzaNnd22zLJBCYtnLBEdAMkCaOctBRVjHRTQVAcMNIJBo2x33kgQtKE36lhSrwY9TiNKEZKS7554CrKQpI3RvAKujKLfQrdS+fepycw9annmxWrak0A54ldkAoo0PTNLzdMcBYTrjBDUjq2lSovR0JRzMio7GaSpAgPUI84mnIUE+nlk0dG8EgrIYwSoYsrOFF/T+QolnIYB7ozRqovZ72x+J/nZCq68HLK00wRjqeLooxBlcBxKjCkgmDFhpogLKi+FeI+EggrnV1Zh2DPvjxP2qdV+6xau61V6tdFHCWwDw7BMbDBOaiDG9AELYDBI3gGr+DNeDJejHfjY9q6YBQze+APjM8fBpSYtQ==</latexit>

C̃ =
X

i

[qi, pi]

• Assume this dynamics to hold at some time resolution T


• Coarse-graining over much larger time scales leads to the

emergence of quantum theory. 5/45



How to include gravitation in this 
matrix dynamics?

• What gravitational degrees of freedom are to be raised to 
the status of matrices / operators?


• Answer: the eigenvalues of the Dirac operator on a curved 
space-time manifold:


• An atom of space-time:
<latexit sha1_base64="WEzi7ISL06jsj2lMswCPt16tMpc=">AAACI3icbVDLSgMxFM3UVx1fVZdugkVwVWZEVFyVunGpYFXolOFOmnZCM48mdyplmH9x46+4caGIGxf+i2mdha8DgcM55ya5J0il0Og471Zlbn5hcam6bK+srq1v1Da3rnWSKcbbLJGJug1Acyli3kaBkt+mikMUSH4TDM+m/s2YKy2S+AonKe9GMIhFXzBAI/m1U0+acA98QT0lBiGCUskd9ULAvLQKX3h8lIkx9XoJ5qPCz1uisG2/Vncazgz0L3FLUiclLvzaq7mAZRGPkUnQuuM6KXZzUCiY5IXtZZqnwIYw4B1DY4i47uazHQu6Z5Qe7SfKnBjpTP0+kUOk9SQKTDICDPVvbyr+53Uy7J90cxGnGfKYfT3UzyTFhE4Loz2hOEM5MQSYEuavlIWggKGpdVqC+3vlv+T6oOEeNQ4vD+vNVllHleyQXbJPXHJMmuScXJA2YeSePJJn8mI9WE/Wq/X2Fa1Y5cw2+QHr4xNAVKVA</latexit>

�i ! �̂i ⌘ q̇Bi

<latexit sha1_base64="cfiFkg4Xfpo5lLqEUoADN+tQzZo="></latexit>

�2
i !

Z
d⌧ Tr[q̇2Bi]

• An atom of space-time-matter:
<latexit sha1_base64="X6nKll3zLoPBsYG5e44UCLAvLcM="></latexit>

S

~ =

Z
d⌧

tPl
Tr

⇢
L2
P

L2


q̇†B +

L2
P

L2
�1q̇

†
F

�
⇥

q̇B +

L2
P

L2
�2q̇F

��

<latexit sha1_base64="0Zc7f3o2Kj7rAXzTSdJo7gKRzPQ="></latexit>

Tr[L2
PD

2] ⇠ L�2
P

Z
d4x

p
g R+O(L0

P ) =
X

i

�2
i

6/45



Including Yang-Mills fields
<latexit sha1_base64="dy/SUaGlsOQe0Cs4Yi1RwgUgJes="></latexit>

S

~ =

Z
d⌧

tPl
Tr

⇢
L2
P

L2

⇣
q̇†B + i

↵

L
q†B

⌘
+

L2
P

L2
�1

⇣
q̇†F + i

↵

L
q†F

⌘�
⇥
⇣

q̇B + i
↵

L
q†B

⌘
+

L2
P

L2
�2

⇣
q̇F + i

↵

L
qF

⌘��

which can also be written as

<latexit sha1_base64="ZRwaUm7bXELku4D0r7OlsadFeN0="></latexit>

S

~ =

Z
d⌧

⌧Pl
Tr

⇢
L2
P

L2

✓
q̇†B +

L2
P

L2
�1q̇

†
F

◆
+ i

↵

L

✓
q†B +

L2
P

L2
�1q

†
F

◆�
⇥
✓

q̇B +
L2
P

L2
�2q̇F

◆
+ i

↵

L

✓
qB +

L2
P

L2
�2qF

◆��

• Define 
<latexit sha1_base64="jcjuoqkPDzYRmYbxQAdlHjLdid4="></latexit>

q†1 = q†B + �1q
†
F ; q2 = qB + �2qF

<latexit sha1_base64="5/TTUWy0iMKd2pffbQnlkpyqCI8="></latexit>

TrL =
1

2
a1a0 Tr


q̇†1q̇2 �

↵2c2

L2
q†1q2

�

<latexit sha1_base64="I1tOBXpNyFYbyfV5sTWIHKq1aQY="></latexit>

S ⌘
Z

d⌧ TrL a0 ⌘ L2
P /L

2 a1 ⌘ ~/cLP
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The free particle Lagrangian
<latexit sha1_base64="ZeouTQ7vrYQCcUM3JOro8nzKAdA="></latexit>

ėQB =
1

L
(i↵qB + Lq̇B); ėQF =

1

L
(i↵qF + Lq̇F );

<latexit sha1_base64="DUl2MtEnX7lqA0w98tf7vAlM4SU="></latexit>

L = Tr


L2
p

L2

✓
ėQ
†
B +

L2
p

L2
�1

ėQ
†
F

◆✓
ėQB +

L2
p

L2
�2

ėQF

◆�

<latexit sha1_base64="TCMDj+W6iFMrekZ757FQ3kScGr8="></latexit>

L = Tr


L2
p

L2

⇢
ėQ
†
B
ėQB +

L2
p

L2

✓
�1

ėQ
†
F
ėQB + ėQ

†
B�2

ėQF

◆
+

L4
p

L4
�1

ėQ
†
F�2

ėQF

��

<latexit sha1_base64="veQy9iMuX2O9MZ7G/WkeA/em4Ms="></latexit>

L = Tr


L2
p

L2
ėQ
†
1sed

ėQ2sed

�

<latexit sha1_base64="TawCq15rlKR2IUitDO+oBovn5DI="></latexit>

ėQ
†
1sed = ėQ

†
B +

L2
p

L2
�1

ėQ
†
F ; ėQ2sed = ėQB +

L2
p

L2
�2

ėQF

<latexit sha1_base64="I4mr0AA47b2sWzak8ls8S5vuG7k="></latexit>

S

~ =
1

2

Z
d⌧

⌧Pl
Tr


L2
p

L2
ėQ
†
1sed

ėQ2sed

�
Atoms of 


Space-time-matter

Define:

=

Define:
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What is the noncommutative 
spacetime?

• What does the 4D spacetime manifold R4 get replaced by?


• Appeal to division algebras: 


• Quaternions: 

<latexit sha1_base64="K7JjiPrr4MM8JQ9CjCOFPoaaC5E=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARXEhIpKjLYjfdWcVeoA1lMp20QyeTMDMRSshbuPFV3LhQxK3ufBsnbYTa+sPAx3/OYc75vYhRqWz72yisrK6tbxQ3S1vbO7t75v5BS4axwKSJQxaKjockYZSTpqKKkU4kCAo8RtreuJbV2w9ESBryezWJiBugIac+xUhpq29avQCpkecld+kZ/OXaHNfn+Cbtm2XbsqeCy+DkUAa5Gn3zqzcIcRwQrjBDUnYdO1JugoSimJG01IsliRAeoyHpauQoINJNpnel8EQ7A+iHQj+u4NSdn0hQIOUk8HRntqFcrGXmf7VurPwrN6E8ihXhePaRHzOoQpiFBAdUEKzYRAPCgupdIR4hgbDSUZZ0CM7iycvQOrecC6tyWylXr/M4iuAIHINT4IBLUAV10ABNgMEjeAav4M14Ml6Md+Nj1low8plD8EfG5w+cr5+Y</latexit>

R,C,H,O
<latexit sha1_base64="TAFeuN77wl53Qch7TGqD4qYtqgA=">AAACF3icbVBNS8MwGE79nPOr6tFLcAiCUNo51Isw9OJxgvuArZQ0S7e4NK1JKoyyf+HFv+LFgyJe9ea/MWt70M0HEp7ned+X5H38mFGpbPvbWFhcWl5ZLa2V1zc2t7bNnd2WjBKBSRNHLBIdH0nCKCdNRRUjnVgQFPqMtP3R1bTefiBC0ojfqnFM3BANOA0oRkpbnmndwwuIPBse69uBvSFSkGaimou7TJzkYuSZFduyM8B54hSkAgo0PPOr149wEhKuMENSdh07Vm6KhKKYkUm5l0gSIzxCA9LVlKOQSDfN9prAQ+30YRAJfbiCmft7IkWhlOPQ150hUkM5W5ua/9W6iQrO3ZTyOFGE4/yhIGFQRXAaEuxTQbBiY00QFlT/FeIhEggrHWVZh+DMrjxPWlXLObVqN7VK/bKIowT2wQE4Ag44A3VwDRqgCTB4BM/gFbwZT8aL8W585K0LRjGzB/7A+PwBl+CbPg==</latexit>

q = a0 + a1î+ a2ĵ + a3k̂

<latexit sha1_base64="+jhVAkKnliNfqFHfzI5Yuq67Ku8=">AAACDHicbZDLSsNAFIYnXmu9VV26GSyCG0tSiroRim5cVrAXaGOZTCft2MkkzJwIJfQB3Pgqblwo4tYHcOfbOE0DausPAx//OYcz5/ciwTXY9pe1sLi0vLKaW8uvb2xubRd2dhs6jBVldRqKULU8opngktWBg2CtSDESeII1veHlpN68Z0rzUN7AKGJuQPqS+5wSMFa3UOwMCGB+W8bnOMW7HxymeOyYLrtkp8Lz4GRQRJlq3cJnpxfSOGASqCBatx07AjchCjgVbJzvxJpFhA5Jn7UNShIw7SbpMWN8aJwe9kNlngScur8nEhJoPQo80xkQGOjZ2sT8r9aOwT9zEy6jGJik00V+LDCEeJIM7nHFKIiRAUIVN3/FdEAUoWDyy5sQnNmT56FRLjknpcp1pVi9yOLIoX10gI6Qg05RFV2hGqojih7QE3pBr9aj9Wy9We/T1gUrm9lDf2R9fANa35gA</latexit>

î2 = ĵ2 = k̂2 = �1
<latexit sha1_base64="rnQ/C+ASByVVBNdLT3g9ObelRKI=">AAACEXicbZDLSgMxFIYzXmu9jbp0EyxCN5YZKeqmUHTjsoK9QDuUTJppYzOZITkjlNJXcOOruHGhiFt37nwb0+kI2nog5OP/zyE5vx8LrsFxvqyl5ZXVtfXcRn5za3tn197bb+goUZTVaSQi1fKJZoJLVgcOgrVixUjoC9b0h1dTv3nPlOaRvIVRzLyQ9CUPOCVgpK5d7AwIYI7T6w5X8MkPZkZlBsOuXXBKTlp4EdwMCiirWtf+7PQimoRMAhVE67brxOCNiQJOBZvkO4lmMaFD0mdtg5KETHvjdKMJPjZKDweRMkcCTtXfE2MSaj0KfdMZEhjoeW8q/ue1EwguvDGXcQJM0tlDQSIwRHgaD+5xxSiIkQFCFTd/xXRAFKFgQsybENz5lRehcVpyz0rlm3KhepnFkUOH6AgVkYvOURVdoxqqI4oe0BN6Qa/Wo/VsvVnvs9YlK5s5QH/K+vgGxEmaeQ==</latexit>

îĵ = �ĵ î = k̂
<latexit sha1_base64="gTUT8cTEdB+H/lGuyNxN9eEHxE4=">AAACEXicbZDLSgMxFIYzXmu9jbp0EyxCN5YZKeqmUHTjsoK9QDuUTJppYzOZITkjlNJXcOOruHGhiFt37nwb0+kI2nog5OP/zyE5vx8LrsFxvqyl5ZXVtfXcRn5za3tn197bb+goUZTVaSQi1fKJZoJLVgcOgrVixUjoC9b0h1dTv3nPlOaRvIVRzLyQ9CUPOCVgpK5d7AwI4DucXkNcwSc/mBmVGfCuXXBKTlp4EdwMCiirWtf+7PQimoRMAhVE67brxOCNiQJOBZvkO4lmMaFD0mdtg5KETHvjdKMJPjZKDweRMkcCTtXfE2MSaj0KfdMZEhjoeW8q/ue1EwguvDGXcQJM0tlDQSIwRHgaD+5xxSiIkQFCFTd/xXRAFKFgQsybENz5lRehcVpyz0rlm3KhepnFkUOH6AgVkYvOURVdoxqqI4oe0BN6Qa/Wo/VsvVnvs9YlK5s5QH/K+vgGx6eaew==</latexit>

ĵk̂ = �k̂ĵ = î
<latexit sha1_base64="hSh+o3UE0hxSjeVcbxgiQ6YAHOo=">AAACEXicbZDLSgMxFIYzXmu9jbp0EyxCN5YZKeqmUHTjsoK9QDuUTJppYzOZITkjlNJXcOOruHGhiFt37nwb0+kI2nog5OP/zyE5vx8LrsFxvqyl5ZXVtfXcRn5za3tn197bb+goUZTVaSQi1fKJZoJLVgcOgrVixUjoC9b0h1dTv3nPlOaRvIVRzLyQ9CUPOCVgpK5d7AwI4CFOL44r+OQHM6Myg7uuXXBKTlp4EdwMCiirWtf+7PQimoRMAhVE67brxOCNiQJOBZvkO4lmMaFD0mdtg5KETHvjdKMJPjZKDweRMkcCTtXfE2MSaj0KfdMZEhjoeW8q/ue1EwguvDGXcQJM0tlDQSIwRHgaD+5xxSiIkQFCFTd/xXRAFKFgQsybENz5lRehcVpyz0rlm3KhepnFkUOH6AgVkYvOURVdoxqqI4oe0BN6Qa/Wo/VsvVnvs9YlK5s5QH/K+vgGxfiaeg==</latexit>

k̂î = �îk̂ = ĵ; ; ;

• Octonions:
<latexit sha1_base64="1vvALWN2R8KUySp7AxcsKUPpvHo="></latexit>

O = a0 + a1e1 + a2e2 + a3e3 + a4e4 + a5e5 + a6e6 + a7e7

• Sedenions: not a division algebra

• Bosons and fermions live in octonionic spacetime: <latexit sha1_base64="xDSSjkLl3uTNk9nFFy1CgTMCmd4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahhVKSUnzsim5cCK3UPqAJZTKdtEMnD2YmQgnduPFX3LhQxK3/4M6/cdJmoa0HLhzOuZd773FCRoU0jG8ts7K6tr6R3cxtbe/s7un7B20RRByTFg5YwLsOEoRRn7QklYx0Q06Q5zDSccbXid95IFzQwL+Xk5DYHhr61KUYSSX19ePmbaFSsjwkR44D60VoCerBZr1gli6LfT1vlI0Z4DIxU5IHKRp9/csaBDjyiC8xQ0L0TCOUdoy4pJiRac6KBAkRHqMh6SnqI48IO559MYWnShlAN+CqfAln6u+JGHlCTDxHdSbnikUvEf/zepF0L+yY+mEkiY/ni9yIQRnAJBI4oJxgySaKIMypuhXiEeIISxVcToVgLr68TNqVsnlWrt5V87WrNI4sOAInoABMcA5q4AY0QAtg8AiewSt40560F+1d+5i3ZrR05hD8gfb5AxUflcE=</latexit>

SL(2,O) ⇠ SO(1, 9)
<latexit sha1_base64="6laAMX+syUYw+xo1rBiUaEBghzI="></latexit>

QB = Q0 +Q1e1 +Q2e2 +Q3e3 +Q4e4 +Q5e5 +Q6e6 +Q7e7
Octonionic spacetime reveals the standard model ! 9/45



FROM DIVISION ALGEBRAS TO  

CLIFFORD ALGEBRAS & ELEMENTARY PARTICLES



Three fermion generations including sterile neutrinos

Standard Model and pre-Gravitation

U(1) is electric charge                      U(1) is square-root mass


LH Majorana Neutrino                      RH Majorana Neutrino


LH anti-down quark 1/3                   RH positron 1/3


LH up quark 2/3                               RH up quark 2/3


LH positron 1                                    RH anti-down quark 1 
<latexit sha1_base64="lu+l9+LZ300hWB/5ID5rp6N3X/M=">AAACEHicbVDLTgIxFO34RHyNunTTSIywITNI1CXRjUuMDpDAZNIpBRrazqTtmJAJn+DGX3HjQmPcunTn31hgTBQ8SZNzz7k3t/eEMaNKO86XtbS8srq2ntvIb25t7+zae/sNFSUSEw9HLJKtECnCqCCeppqRViwJ4iEjzXB4NfGb90QqGok7PYqJz1Ff0B7FSBspsE9uveJpKcCwoyknCpqyUgqaP6VXdEtBSvg4sAtO2ZkCLh I3IwWQoR7Yn51uhBNOhMYMKdV2nVj7KZKaYkbG+U6iSIzwEPVJ21CBzDo/nR40hsdG6cJeJM0TGk7V3xMp4kqNeGg6OdIDNe9NxP+8dqJ7F35KRZxoIvBsUS9hUEdwkg7sUkmwZiNDEJbU/BXiAZIIa5Nh3oTgzp+8SBqVsntWrt5UC7XLLI4cOARHoAhccA5q4BrUgQcweABP4AW8Wo/Ws/Vmvc9al6xs5gD8gfXxDbBSmoU=</latexit>

SU(3)c ⇥ SU(2)W ⇥ U(1)em
<latexit sha1_base64="WD7neP6xvAG8Lw6I3JUnVGHT1vM=">AAACD3icbVDLTsJAFJ3iC/FVdelmItHAhrRI1CXRjUt8FEigaabDFCZMp83M1IQ0/IEbf8WNC41x69adf+MANVHwJJOce869uXOPHzMqlWV9Gbml5ZXVtfx6YWNza3vH3N1ryigRmDg4YpFo+0gSRjlxFFWMtGNBUOgz0vKHlxO/dU+EpBG/U6OYuCHqcxpQjJSWPPP41imdlL0+7CoaEgl1WS17Nz+lU7LLXtofe2bRqlhTwEViZ6QIMjQ887Pbi3ASEq4wQ1J2bCtWboqEopiRcaGbSBIjPER90tGUI73NTaf3jOGRVnowiIR+XMGp+nsiRaGUo9DXnSFSAznvTcT/vE6ignM3pTxOFOF4tihIGFQRnIQDe1QQrNhIE4QF1X+FeIAEwkpHWNAh2PMnL5JmtWKfVmrXtWL9IosjDw7AISgBG5yBOrgCDeAADB7AE3gBr8aj8Wy8Ge+z1pyRzeyDPzA+vgHbppoP</latexit>

SU(3)g ⇥ SU(2)R ⇥ U(1)g

LH Fermions RH Fermions

BIG PICTURE

Charge eigenstates Mass eigenstates

Higgs



Complex Quaternions and the Clifford algebra Cl(2) (Furey, 2016)

 Complex quaternions give a faithful representation of Cl(2)

<latexit sha1_base64="lAT6oyk7/7dlyn+9lanPbwBPiNc=">AAACBHicbVBNS8NAEJ34WetX1GMvi0XwVBIV9VjspccK9gPaUDbbTbt0swm7G6GEHrz4V7x4UMSrP8Kb/8ZNG0FbHww83pthZp4fc6a043xZK6tr6xubha3i9s7u3r59cNhSUSIJbZKIR7LjY0U5E7Spmea0E0uKQ5/Ttj+uZX77nkrFInGnJzH1QjwULGAEayP17VIvxHrk+6iGepFmIVXoR6n37bJTcWZAy8TNSRlyNPr2Z28QkSSkQhOOleq6Tqy9FEvNCKfTYi9RNMZkjIe0a6jAZp2Xzp6YohOjDFAQSVNCo5n6eyLFoVKT0Ded2YFq0cvE/7xuooNrL2UiTjQVZL4oSDjSEcoSQQMmKdF8YggmkplbERlhiYk2uRVNCO7iy8ukdVZxLyvntxfl6k0eRwFKcAyn4MIVVKEODWgCgQd4ghd4tR6tZ+vNep+3rlj5zBH8gfXxDWWEl00=</latexit>

C⌦H

<latexit sha1_base64="u0n+DFwBZoAo6QbE1gI+6shSI1k=">AAACKnicbZDLSsNAFIYnXmu9RV26GSyCi1ISFXVZdeOygr1AE8pkOmmnmUzCzEQooc/jxldx04VS3PogTtpYtPXAwMf/n8OZ83sxo1JZ1sRYWV1b39gsbBW3d3b39s2Dw4aMEoFJHUcsEi0PScIoJ3VFFSOtWBAUeow0veA+85vPREga8Sc1jIkboh6nPsVIaalj3tplB9IydKDTR0pTDoO5FGQNuQl/cDAXg45ZsirWtOAy2DmUQF61jjl2uhFOQsIVZkjKtm3Fyk2RUBQzMio6iSQxwgHqkbZGjkIi3XR66gieaqUL/UjoxxWcqr8nUhRKOQw93Rki1ZeLXib+57UT5d+4KeVxogjHs0V+wqCKYJYb7FJBsGJDDQgLqv8KcR8JhJVOt6hDsBdPXobGecW+qlw8Xpaqd3kcBXAMTsAZsME1qIIHUAN1gMELeAPv4MN4NcbGxPicta4Y+cwR+FPG1zcUJKLc</latexit>

1, i, î, ĵ, k̂, îi, iĵ, ik̂
<latexit sha1_base64="O6GqQSoieNrS6jF3tfePEUTfSEs=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBahgpSkinos9uLBQ0X7AW0om+2mXbrZhN2NUEJ/hBcPinj193jz37htc9DWBwOP92aYmefHnCntON9WbmV1bX0jv1nY2t7Z3bP3D5oqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8ke1qd96olKxSDzqcUy9EA8ECxjB2kith7tS5ax22rOLTtmZAS0TNyNFyFDv2V/dfkSSkApNOFaq4zqx9lIsNSOcTgrdRNEYkxEe0I6hAodUeens3Ak6MUofBZE0JTSaqb8nUhwqNQ590xliPVSL3lT8z+skOrj2UibiRFNB5ouChCMdoenvqM8kJZqPDcFEMnMrIkMsMdEmoYIJwV18eZk0K2X3snx+f1Gs3mRx5OEIjqEELlxBFW6hDg0gMIJneIU3K7ZerHfrY96as7KZQ/gD6/MHdZuOWQ==</latexit>

SL(2, C)

<latexit sha1_base64="UTQNGg39ge83yL27KimoJQzNxqU="></latexit>

↵ =
1

2
(�ĵ + îi); ↵† =

1

2
(ĵ + îi); ↵2 = ↵†2 = 0, {↵,↵†} = 1

These are fermionic ladder operators.

 Spinors can be defined as minimal left ideals of Clifford algebras. 
<latexit sha1_base64="B8PF0mVb1Tde7wAi01EJAVxJiwA=">AAACCnicbVDLSsNAFJ34rPUVdelmtAh1UxIVdVnspssK9gFNKJPppB06mQkzE6GErt34K25cKOLWL3Dn3zhpI2jrgQuHc+7l3nuCmFGlHefLWlpeWV1bL2wUN7e2d3btvf2WEonEpIkFE7ITIEUY5aSpqWakE0uCooCRdjCqZX77nkhFBb/T45j4ERpwGlKMtJF69lHZi5AeBgGsQU9oGhEFf5T6KfRgq2eXnIozBVwkbk5KIEejZ396fYGTiHCNGVKq6zqx9lMkNcWMTIpeokiM8AgNSNdQjsxOP52+MoEnRunDUEhTXMOp+nsiRZFS4ygwndmVat7LxP+8bqLDaz+lPE404Xi2KEwY1AJmucA+lQRrNjYEYUnNrRAPkURYm/SKJgR3/uVF0jqruJeV89uLUvUmj6MADsExKAMXXIEqqIMGaAIMHsATeAGv1qP1bL1Z77PWJSufOQB/YH18A2U9mMw=</latexit>

(C⌦H) V
<latexit sha1_base64="Iox9+OOfFU4qF8jgdq7Cyu30sVM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyVRUTdC0Y3LCvYBTSw3k0k6dPJgZiKUUNz4K25cKOLWr3Dn3zhts9DWA5d7OOdeZu7xUs6ksqxvo7SwuLS8Ul6trK1vbG6Z2zstmWSC0CZJeCI6HkjKWUybiilOO6mgEHmctr3B9dhvP1AhWRLfqWFK3QjCmAWMgNJSz9xr4UvsAE/7ULR7x4cwpKJnVq2aNQGeJ3ZBqqhAo2d+OX5CsojGinCQsmtbqXJzEIoRTkcVJ5M0BTKAkHY1jSGi0s0nJ4zwoVZ8HCRCV6zwRP29kUMk5TDy9GQEqi9nvbH4n9fNVHDh5ixOM0VjMn0oyDhWCR7ngX0mKFF8qAkQwfRfMemDAKJ0ahUdgj178jxpHdfss9rJ7Wm1flXEUUb76AAdIRudozq6QQ3URAQ9omf0it6MJ+PFeDc+pqMlo9jZRX9gfP4A8gGWiA==</latexit>

V = ↵↵† Projector/“vacuum” ..Idempotent

<latexit sha1_base64="Y/9zNXBBi07MGTFNQwgJfhfzOXc=">AAACJXicbVDLSsNAFJ3UV62vqks3g0VwVRIVdaFQdONKKtgHNLHcTCfp0MmDmYlQQn/Gjb/ixoVFBFf+itM0iLYeGDiccy537nFjzqQyzU+jsLC4tLxSXC2trW9sbpW3d5oySgShDRLxSLRdkJSzkDYUU5y2Y0EhcDltuYPrid96pEKyKLxXw5g6Afgh8xgBpaVu+eIWX2JbJkGXYRt43Icue7B74PtU/AiTSEZnnXLFrJoZ8DyxclJBOerd8tjuRSQJaKgIByk7lhkrJwWhGOF0VLITSWMgA/BpR9MQAiqdNLtyhA+00sNeJPQLFc7U3xMpBFIOA1cnA1B9OetNxP+8TqK8cydlYZwoGpLpIi/hWEV4UhnuMUGJ4kNNgAim/4pJHwQQpYst6RKs2ZPnSfOoap1Wj+9OKrWrvI4i2kP76BBZ6AzV0A2qowYi6Am9oDc0Np6NV+Pd+JhGC0Y+s4v+wPj6BkNQpIw=</latexit>

N =
X

i

↵†
i↵i = ↵†↵

 Two (complex) dim space:
<latexit sha1_base64="x5T+4OKg6Zus7T6KVeGlmAD1Hb4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiQq6rLoxmUFmxaaWG4mk3To5NGZiVBCceOvuHGhiFu/wp1/4/Sx0NYDFw7n3Mu99/gZZ1JZ1rexsLi0vLJaWiuvb2xubZs7u45Mc0Fog6Q8FS0fJOUsoQ3FFKetTFCIfU6bfu965DcfqJAsTe7UIKNeDFHCQkZAaalj7jvY7fdzCLALPOvCvRtAFFGBnY5ZsarWGHie2FNSQVPUO+aXG6Qkj2miCAcp27aVKa8AoRjhdFh2c0kzID2IaFvTBGIqvWL8whAfaSXAYSp0JQqP1d8TBcRSDmJfd8agunLWG4n/ee1chZdewZIsVzQhk0VhzrFK8SgPHDBBieIDTYAIpm/FpAsCiNKplXUI9uzL88Q5qdrn1dPbs0rtahpHCR2gQ3SMbHSBaugG1VEDEfSIntErejOejBfj3fiYtC4Y05k99AfG5w9DZpa3</latexit>

V ↵†V
<latexit sha1_base64="8Bsx6OAXg5R8hBPKL7LUwQRFqEw="></latexit>

 L =  "
LV +  #

L↵
†V

<latexit sha1_base64="LVoBkCNilLygBuCI53KwPjM+/4o=">AAACLHicbVDLSgMxFM3UV62vqks3wSKIQplRUTdCsRuXVewD+uJOmrbBTCYkGaUM/SA3/oogLizi1u8wfSjaeiBwOOdcbu7xJWfauO7ASczNLywuJZdTK6tr6xvpza2SDiNFaJGEPFQVHzTlTNCiYYbTilQUAp/Tsn+XH/rle6o0C8Wt6UlaD6AjWJsRMFZqpvM1qVnzBl/gIWnEtVb4IECp8KFv1VIjPujjw28vkj9ODbjswjjQTGfcrDsCniXehGTQBIVm+sWuIVFAhSEctK56rjT1GJRhhNN+qhZpKoHcQYdWLRUQUF2PR8f28Z5VWrgdKvuEwSP190QMgda9wLfJAExXT3tD8T+vGpn2eT1mQkaGCjJe1I44NiEeNodbTFFieM8SIIrZv2LSBQXE2H5TtgRv+uRZUjrKeqfZ4+uTTO5yUkcS7aBdtI88dIZy6AoVUBER9Iie0RsaOE/Oq/PufIyjCWcys43+wPn8Au3WqAk=</latexit>

 R =  #
RV

⇤ +  "
R↵V
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 Using the complex quaternions one can describe:


•                  Left and Right handed Weyl spinors


•                  Dirac spinors and Majorana spinors


•                  Contra-variant and covariant four vectors


•                Scalars


•                  Field strength tensors


These are all the Lorentz representations of the standard model.
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Complex Quaternions

Clifford Algebra 
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Complex Octonions

Clifford Algebra

Quarks & Leptons

Charge 
QuantisationSpinor Consruction
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Complex Octonions and the Clifford algebra Cl(6) (Furey, 2016)

<latexit sha1_base64="DQLHSaes7rXkCsQRJIrWbAj4tQ0=">AAACBXicbVBNS8NAEJ34WetX1KMeFovgqSQq6rHYizcr2A9oQtlsN+3STTbsboRSevHiX/HiQRGv/gdv/hs3bQRtfTDweG+GmXlBwpnSjvNlLSwuLa+sFtaK6xubW9v2zm5DiVQSWieCC9kKsKKcxbSumea0lUiKo4DTZjCoZn7znkrFRHynhwn1I9yLWcgI1kbq2AdehHU/CFAVeUKziCr0o9ygjl1yys4EaJ64OSlBjlrH/vS6gqQRjTXhWKm26yTaH2GpGeF0XPRSRRNMBrhH24bG2OzzR5MvxujIKF0UCmkq1mii/p4Y4UipYRSYzuxCNetl4n9eO9XhpT9icZJqGpPpojDlSAuURYK6TFKi+dAQTCQztyLSxxITbYIrmhDc2ZfnSeOk7J6XT2/PSpWrPI4C7MMhHIMLF1CBa6hBHQg8wBO8wKv1aD1bb9b7tHXBymf24A+sj2/Papd+</latexit>

C⌦O

<latexit sha1_base64="8sY1yUIDNKg3XqZ2Daa6SUQ+xeo=">AAACIXicbVC7TsMwFHV4lvIKMLJYVEgMqEra0nasYGEsEn1IbRQ5rtNadZzIdpCqqL/Cwq+wMIBQN8TP4DQZoOVK9jk+915d3+NFjEplWV/GxubW9s5uYa+4f3B4dGyenHZlGAtMOjhkoeh7SBJGOekoqhjpR4KgwGOk503v0nzviQhJQ/6oZhFxAjTm1KcYKS25ZtO+hkNI04u4dgaVDKopaKxlz5sM6hk0XLNkla1lwHVi56QE8mi75mI4CnEcEK4wQ1IObCtSToKEopiReXEYSxIhPEVjMtCUo4BIJ1luOIeXWhlBPxT6cAWX6u+OBAVSzgJPVwZITeRqLhX/yw1i5TedhPIoVoTjbJAfM6hCmNoFR1QQrNhME4QF1X+FeIIEwkqbWtQm2Ksrr5NupWzXy9WHWql1m9tRAOfgAlwBGzRAC9yDNugADJ7BK3gHH8aL8WZ8GousdMPIe87AnzC+fwD155yl</latexit>

1, i, e1, e2, e3, e4, e5, e6, e7
<latexit sha1_base64="z0MvOYarx1abARS7EnQq4Un2jSA=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSJUkDJTRV0W3bgQrGgf0A4lk6ZtaCYzJJlCGfonblwo4tY/ceffmGlnoa0HAodz7uWeHD/iTGnH+baWlldW19ZzG/nNre2dXXtvv67CWBJaIyEPZdPHinImaE0zzWkzkhQHPqcNf3iT+o0RlYqF4kmPI+oFuC9YjxGsjdSx7ce7YvkUtQOsB76P7k86dsEpOVOgReJmpAAZqh37q90NSRxQoQnHSrVcJ9JegqVmhNNJvh0rGmEyxH3aMlTggCovmSafoGOjdFEvlOYJjabq740EB0qNA99MpgnVvJeK/3mtWPeuvISJKNZUkNmhXsyRDlFaA+oySYnmY0MwkcxkRWSAJSbalJU3JbjzX14k9XLJvSidPZwXKtdZHTk4hCMogguXUIFbqEINCIzgGV7hzUqsF+vd+piNLlnZzgH8gfX5AwR6kfo=</latexit>

SL(2,O)

 A non-associative algebra

<latexit sha1_base64="DQLHSaes7rXkCsQRJIrWbAj4tQ0=">AAACBXicbVBNS8NAEJ34WetX1KMeFovgqSQq6rHYizcr2A9oQtlsN+3STTbsboRSevHiX/HiQRGv/gdv/hs3bQRtfTDweG+GmXlBwpnSjvNlLSwuLa+sFtaK6xubW9v2zm5DiVQSWieCC9kKsKKcxbSumea0lUiKo4DTZjCoZn7znkrFRHynhwn1I9yLWcgI1kbq2AdehHU/CFAVeUKziCr0o9ygjl1yys4EaJ64OSlBjlrH/vS6gqQRjTXhWKm26yTaH2GpGeF0XPRSRRNMBrhH24bG2OzzR5MvxujIKF0UCmkq1mii/p4Y4UipYRSYzuxCNetl4n9eO9XhpT9icZJqGpPpojDlSAuURYK6TFKi+dAQTCQztyLSxxITbYIrmhDc2ZfnSeOk7J6XT2/PSpWrPI4C7MMhHIMLF1CBa6hBHQg8wBO8wKv1aD1bb9b7tHXBymf24A+sj2/Papd+</latexit>

C⌦O

Clifford AlgebraX

<latexit sha1_base64="lXQaL1H5r+D6j1zwu0NJgH/DBA0=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwUMquinqsevFYwX5Au5Rsmm1Dk+ySZAtl6T/x4kERr/4Tb/4b03YP2vpg4PHeDDPzwoQzbTzv21lZXVvf2CxsFbd3dvf23YPDho5TRWidxDxWrRBrypmkdcMMp61EUSxCTpvh8H7qN0dUaRbLJzNOaCBwX7KIEWys1HXdpIxEGckyilCHSXTbdUtexZsBLRM/JyXIUeu6X51eTFJBpSEca932vcQEGVaGEU4nxU6qaYLJEPdp21KJBdVBNrt8gk6t0kNRrGxJg2bq74kMC63HIrSdApuBXvSm4n9eOzXRTZAxmaSGSjJfFKUcmRhNY0A9pigxfGwJJorZWxEZYIWJsWEVbQj+4svLpHFe8a8qF4+XpepdHkcBjuEEzsCHa6jCA9SgDgRG8Ayv8OZkzovz7nzMW1ecfOYI/sD5/AFzw5Gc</latexit>

p,m, n, f 2 A
<latexit sha1_base64="1F0yMtlUKExSBAIr6qJSL+gGsvM=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvUVZlRURGEohuXFewDOkPJZJI2NJmZJhmhlC7c+CtuXCji1o9w59+YtrPQ1gOBwzn3cnNOkHCmtON8W7ml5ZXVtfx6YWNza3vH3t1rqDiVmNRxzGPZCpAinEWkrpnmpJVIgkTASTPo30z85gORisXRvR4mxBeoGzHKMNJG6thFQa9oGXqDQYpCKC4h9QRKlI4hLXfsklNxpoCLxM1ICW SodewvL4xxKkikMUdKtV0n0f4ISc0wJ+OClyqSINxHXdI2NEKCKH80DTGGh0YJIY2leZGGU/X3xggJpYYiMJMC6Z6a9ybif1471fTCH7EoSTWJ8OwQTTk0GSeNwJBJgjUfGoKwZOavEPeQRFib3gqmBHc+8iJpHFfcs8rJ3Wmpep3VkQdFcACOgAvOQRXcghqoAwwewTN4BW/Wk/VivVsfs9Gcle3sgz+wPn8AuD6W4A==</latexit>

mf = f 0 m : f 7! f 0

<latexit sha1_base64="P/UfeZpO/0XbCpIMNfHjRqHkBIE=">AAACG3icbVDLSgMxFM34rPVVdekmWKR1U2ZUVASh6MZlBatCp5Q7aaYN5jFNMkoZ+h9u/BU3LhRxJbjwb0xrF74OBA7nnMvNPVHCmbG+/+FNTE5Nz8zm5vLzC4tLy4WV1QujUk1onSiu9FUEhnImad0yy+lVoimIiNPL6Ppk6F/eUG2Ykue2n9CmgI5kMSNgndQqbMuyiLeO4lIJh71eCm0cKpfnNLagtbrFmRSDQxyHAhJjFXbBVqHoV/wR8F8SjEkRjVFrFd7CtiKpoNISDsY0Aj+xzQy0ZYTTQT5MDU2AXEOHNhyVIKhpZqPbBnjTKW0cK+2etHikfp/IQBjTF5FLCrBd89sbiv95jdTGB82MySS1VJKvRXHKsTtyWBRuM02J5X1HgGjm/opJFzQQ6+rMuxKC3yf/JRfblWCvsnO2W6wej+vIoXW0gcooQPuoik5RDdURQXfoAT2hZ+/ee/RevNev6IQ3nllDP+C9fwIpXKBH</latexit>

n(mf) = f 00  �nm : f 7! f 00

<latexit sha1_base64="FL4XzgRXQzhtf8AJPt5HVi0pdVg=">AAACIXicbVDLSgMxFM34rPVVdekmWKR1U2ZUVASh6MalglWhU8qdNKOheZlklDL0V9z4K25cKOJO/BnT2oWvA4HDOfdyc06iObMuDN+DsfGJyanpwkxxdm5+YbG0tHxuVWYIbRDFlblMwFLOJG045ji91IaCSDi9SLpHA//ilhrLlDxzPU1bAq4kSxkB56V2aU9XZVWkGxsHaaVSwfHNTQYdHCu/w2nqwBh1h3MtRX8fp7EAbZ 3Cg9F2qRzWwiHwXxKNSBmNcNIuvcUdRTJBpSMcrG1GoXatHIxjhNN+Mc4s1UC6cEWbnkoQ1LbyYcI+XvdKB6fK+CcdHqrfN3IQ1vZE4icFuGv72xuI/3nNzKV7rZxJnTkqydehNOPYpxzUhTvMUOJ4zxMghvm/YnINBojzpRZ9CdHvyH/J+WYt2qltnW6X64ejOgpoFa2hKorQLqqjY3SCGoige/SIntFL8BA8Ba/B29foWDDaWUE/EHx8AqaXogI=</latexit>

p(n(mf)) = f 000  ��pnm : f 7! f 000

 Maps are associative
<latexit sha1_base64="/G4nCtndeLp0DyzDMXo2jUbf8BE=">AAACDnicbZDLSgMxFIbP1Futt1GXboKl0G7KjIq6EYqC7bKCvUA7lEyaaUMzF5KMUIY+gRtfxY0LRdy6dufbmLaz0NYDIT/ffw7J+d2IM6ks69vIrKyurW9kN3Nb2zu7e+b+QVOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23NHN1G89UCFZGNyrcUQdHw8C5jGClUY9s3DbJUwQVKzO71oJXaFiCqulFPbMvFW2ZoWWhZ2KPKRV75lf3X5IYp8GinAsZce2IuUkWChGOJ3kurGkESYjPKAdLQPsU+kks3UmqKBJH3mh0CdQaEZ/TyTYl3Lsu7rTx2ooF70p/M/rxMq7dBIWRLGiAZk/5MUcqRBNs0F9JihRfKwFJoLpvyIyxAITpRPM6RDsxZWXRfOkbJ+XT+/O8pXrNI4sHMExFMGGC6hADerQAAKP8Ayv8GY8GS/Gu/Exb80Y6cwh/Cnj8we4hpli</latexit>

F � (G �H) = (F �G) �H
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 Most general left action map of C x O on itself : 
<latexit sha1_base64="dku6FEPznACfgNVoOZGVLj7hsYQ="></latexit>

Mf = Cabc
 ����eaebecf + Cij

 ��eiejf + Ck
 �ekf + C0f

<latexit sha1_base64="TuRFSw3bJcUrKejdusZgDkW3omQ=">AAACMHicbZDLSgMxFIYzXmu9VV26CRbBjWVGRd0IRRe6rGBboVOGTHpG02aSaZJRytBHcuOj6EZBEbc+hellodYDgZ//O4eT84cJZ9q47qszNT0zOzefW8gvLi2vrBbW1mtapopClUou1XVINHAmoGqY4XCdKCBxyKEeds4GvH4HSjMprkwvgWZMbgSLGCXGWkHh3JcWc4gMUUreZxAwDEG7jyN8gnfxBG1bygbU73ZT0sLMF9DFbRwUim7JHRaeFN5YFNG4KkHhyW9JmsYgDOVE64bnJqaZEWUY5dDP+6mGhNAOuYGGlYLEoJvZ8OA+3rZOC0dS2ScMHro/JzISa92LQ9sZE3Or/7KB+R9rpCY6bmZMJKkBQUeLopRjI/EgPdxiCqjhPSsIVcz+FdNbogg1NuO8DcH7e/KkqO2VvMPS/uVBsXw6jiOHNtEW2kEeOkJldIEqqIooekDP6A29O4/Oi/PhfI5ap5zxzAb6Vc7XN/P1qXw=</latexit> ��eiejf = � ��ejeif i 6= j
<latexit sha1_base64="WkWXfqR/TVlmvzzB1HegdpoVr/A=">AAACE3icbVDLSgNBEJyNrxhfUY9eBoMggmFXRb0Egl48RjAPSMIyO+lNJpnd2czMKmHJP3jxV7x4UMSrF2/+jZPHQRMLGoqqbrq7vIgzpW3720otLC4tr6RXM2vrG5tb2e2dihKxpFCmggtZ84gCzkIoa6Y51CIJJPA4VL3e9civ3oNUTIR3ehBBMyDtkPmMEm0kN3vUEMbm4GsipXhIwGUY3O4Q+7iAj33c6Pdj0sKs0MVuNmfn7THwPHGmJIemKLnZr0ZL0DiAUFNOlKo7dqSbCZGaUQ7DTCNWEBHaI22oGxqSAFQzGf80xAdGaWFfSFOhxmP190RCAqUGgWc6A6I7atYbif959Vj7l82EhVGsIaSTRX7MsRZ4FBBuMQlU84EhhEpmbsW0QySh2sSYMSE4sy/Pk8pJ3jnPn96e5YpX0zjSaA/to0PkoAtURDeohMqIokf0jF7Rm/VkvVjv1sekNWVNZ3bRH1ifP3GwnTY=</latexit> ��eiejf = �f i = j

 Hence octonionic chains exhibit Clifford algebra structure.

 The chains have a total of sixty-four complex degrees of freedom.

     

•      Hence they can be represented by 8x8 C matrices.

•      Endomorphism on C X O

•      Faithful representation of complex Clifford algebra Cl(6) 

<latexit sha1_base64="d7xfcG2LsuLu0hqjhjGO1hlSYGs="></latexit>

↵1 =
1

2
[�e5 + ie4]; ↵2 =

1

2
[�e3 + ie1]; ↵3 =

1

2
[�e6 + ie2];

↵†
1 =

1

2
[e5 + ie4]; ↵†

2 =
1

2
[e3 + ie1]; ↵†

3 =
1

2
[e6 + ie2]

<latexit sha1_base64="7Dzt3qQdLiics1vHtTFomOPwDVI="></latexit>

{↵i,↵j} = 0; {↵†
i ,↵

†
j} = 0; {↵i,↵

†
j} = �ij

<latexit sha1_base64="Z2PJ8RIogekvBz+GQs7gZxuRDjM=">AAACEnicbVDLSgNBEJz1GeMr6tHLYBD0EnaNqCBC0IsniWAekE2W3snsZsjM7jIzK4SQb/Dir3jxoIhXT978GycPRBMLGoqqbrq7/IQzpW37y5qbX1hcWs6sZFfX1jc2c1vbVRWnktAKiXks6z4oyllEK5ppTuuJpCB8Tmt+92ro1+6pVCyO7nQvoU0BYcQCRkAbycsd3uAL7KpUeE6riF3gSQc81nLbEIZUYvf8R/Nyebtgj4BniTMheTRB2ct9uu2YpIJGmnBQquHYiW72QWpGOB1k3VTRBEgXQtowNAJBVbM/emmA943SxkEsTUUaj9TfE30QSvWEbzoF6I6a9obif14j1cFZs8+iJNU0IuNFQcqxjvEwH9xmkhLNe4YAkczcikkHJBBtUsyaEJzpl2dJ9ajgnBSKt8f50uUkjgzaRXvoADnoFJXQNSqjCiLoAT2hF/RqPVrP1pv1Pm6dsyYzO+gPrI9v0A+cWQ==</latexit>

N =
3X

1

↵†
i ↵iNumber operator: 15/45



 Continued…


• The ladder operators have a unitary symmetry which acts on them: U(3)


• Rotates lowering (raising) operators into lowering (raising) operators.

<latexit sha1_base64="Va0vJMLBhr6l/y9lykX2eJ5Jsqw=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrULiWhCFiQKlgYiyBtRRNFjuu0Vp2HbAepivoFLPwKCwMIsTKz8Tc4bQZoOZLlo3Pu1b33eDGjQhrGt1ZYWl5ZXSuulzY2t7Z39N29togSjomFIxbxrocEYTQklqSSkW7MCQo8Rjre6CrzOw+ECxqFd3IcEydAg5D6FCOpJFevWNVGDV7A2+y3JQ2IgFbVrMEjaAdIDj0P3rsNVy8bdWMKuEjMnJRBjparf9n9CCcBCSVmSIieacTSSRGXFDMyKdmJIDHCIzQgPUVDpOY66fScCawopQ/9iKsXSjhVf3ekKBBiHHiqMltRzHuZ+J/XS6R/7qQ0jBNJQjwb5CcMyghm2cA+5QRLNlYEYU7VrhAPEUdYqgRLKgRz/uRF0j6um6f1xs1JuXmZx1EEB+AQVIEJzkATXIMWsAAGj+AZvII37Ul70d61j1lpQct79sEfaJ8/El6YYQ==</latexit>

U(3) = SU(3)⇥ U(1)/Z3

• G2 is the automorphism group

  of the octonions. 


• SU(3) is the element preserver

  sub-group of G2


•  U(1) is generated by a number

   operator.

16/45



Minimal Left Ideals of Cl(6)
<latexit sha1_base64="wt1w+Ev87MXAtlN02msfNjUtyF0=">AAACOXicbZDLSgMxFIYzXmu9jbp0EyyCqzLTiroRim5cVrAX6NThTCZtQzMXkoxQSl/LjW/hTnDjQhG3voBpO1O09UDgy3/OT3J+L+ZMKst6MZaWV1bX1nMb+c2t7Z1dc2+/LqNEEFojEY9E0wNJOQtpTTHFaTMWFAKP04bXvx73Gw9USBaFd2oQ03YA3ZB1GAGlJdes1vEldoDHPXDtDEoZlGdw7/jQ7VIxG8mEzJvdXbNgFa1J4UWwUyigtKqu+ez4EUkCGirCQcqWbcWqPQShGOF0lHcSSWMgfejSlsYQAirbw8nmI3ysFR93IqFPqPBE/e0YQiDlIPD0ZACqJ+d7Y/G/XitRnYv2kIVxomhIpg91Eo5VhMcxYp8JShQfaAAimP4rJj0QQJQOO69DsOdXXoR6qWifFcu3p4XKVRpHDh2iI3SCbHSOKugGVVENEfSIXtE7+jCejDfj0/iaji4ZqecA/Snj+weCnKxE</latexit>

V = ↵1↵2↵3↵
†
3↵

†
2↵

†
1 Projector / Idempotent / “Vacuum”

<latexit sha1_base64="onhgh+i6rYxNVAQRCr7VX70J+Qo=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5CoVDdCsRt3VrRpoYlhMp20QycPZiZCCf0LN/6KGxeKuNWdf+OkraCtBy4czrmXe+/xE0aFNM0vrbCwuLS8Ulwtra1vbG7p2zu2iFOOSRPHLOZtHwnCaESakkpG2gknKPQZafmDeu637gkXNI5u5TAhboh6EQ0oRlJJnm7c3KXwHFacEMm+78M6dGJJQyLgj3J1CG3VUWdeFdqeXjYNcww4T6wpKYMpGp7+6XRjnIYkkpghITqWmUg3Q1xSzMio5KSCJAgPUI90FI2QWu1m479G8EApXRjEXFUk4Vj9PZGhUIhh6KvO/Fgx6+Xif14nlcGZm9EoSSWJ8GRRkDIoY5iHBLuUEyzZUBGEOVW3QtxHHGGpoiypEKzZl+eJfWRYVeP4+qRcu5jGUQR7YB9UgAVOQQ1cggZoAgwewBN4Aa/ao/asvWnvk9aCNp3ZBX+gfXwDBrecsw==</latexit>

Su = (C⌦O)V = Cl6V
<latexit sha1_base64="L4mNDtV/LA86mwriyhQWQgM+4Pw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVm71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHtU2M4g==</latexit>

V
<latexit sha1_base64="ofh4okYOSQ3qumzby9NAhhHal/4=">AAACL3icdZDLSsNAFIYnXmu9RV26GSyCq5K0oi6LgrisYC/Q1HIymbRDJ5fOTIQS+kZufJVuRBRx61s4bQNqqwcGfv7vHM6c3405k8qyXoyl5ZXVtfXcRn5za3tn19zbr8soEYTWSMQj0XRBUs5CWlNMcdqMBYXA5bTh9q8mvPFAhWRReKeGMW0H0A2ZzwgobXXMawd43IOOfe940O1SgevYGQwS8HBGSv+S8jfpmAWraE0LLwo7EwWUVbVjjh0vIklAQ0U4SNmyrVi1UxCKEU5HeSeRNAbShy5taRlCQGU7nd47wsfa8bAfCf1Chafuz4kUAimHgas7A1A9Oc8m5l+slSj/op2yME4UDclskZ9wrCI8CQ97TFCi+FALIILpv2LSAwFE6YjzOgR7/uRFUS8V7bNi+fa0ULnM4sihQ3SETpCNzlEF3aAqqiGCHtEYvaI348l4Nt6Nj1nrkpHNHKBfZXx+ASXeqIY=</latexit>

↵†
1V ↵†

2V ↵†
3V

<latexit sha1_base64="hJBJtLYkhEiP1jsTYkXZk2Osv0o=">AAACX3icdVHLTgIxFO2MDxAQR10ZN43ExBWZAaMuiW5cYiKPhEFyp1OgofOg7ZAQwk+6M3Hjn1hgjDroTZqce865ue2pF3MmlW2/GebO7t5+Ln9QKJYOy0fW8UlbRokgtEUiHomuB5JyFtKWYorTbiwoBB6nHW/ysNI7Myoki8JnNY9pP4BRyIaMgNLUwJq5wOMxDOovrg+jERVpX/vqcRu702kCPk4VJ+Os/+usZZzOt3NgVeyqvS68DZwUVFBazYH16voRSQIaKsJByp5jx6q/AKEY4XRZcBNJYyATGNGehiEEVPYX63yW+FIzPh5GQp9Q4TX7c2IBgZTzwNPOANRYZrUV+ZfWS9Twrr9gYZwoGpLNomHCsYrwKmzsM0GJ4nMNgAim74rJGAQQpb+koENwsk/eBu1a1bmp1p+uK437NI48OkcX6Ao56BY10CNqohYi6N0wjaJRMj7MnFk2rY3VNNKZU/SrzLNPjzO1sg==</latexit>

↵†
3↵

†
2V ↵†

1↵
†
3V ↵†

2↵
†
1V

<latexit sha1_base64="sMuDlDE/CCxjtit7GCTKLb62eHI=">AAACHHicbVBLS8NAEN7UV62vqEcvi0XwVJJW1GPRi8cKthWaGCabTbp082B3I5TSH+LFv+LFgyJePAj+G7dtBG0dWPgeM8zO52ecSWVZX0ZpaXllda28XtnY3NreMXf3OjLNBaFtkvJU3PogKWcJbSumOL3NBIXY57TrDy4nfveeCsnS5EYNM+rGECUsZASUljyz4QDP+uA17pwAooiKgtfnuP3DcQd7ZtWqWdPCi8AuQBUV1fLMDydISR7TRBEOUvZsK1PuCIRihNNxxcklzYAMIKI9DROIqXRH0+PG+EgrAQ5ToV+i8FT9PTGCWMph7OvOGFRfznsT8T+vl6vw3B2xJMsVTchsUZhzrFI8SQoHTFCi+FADIILpv2LSBwFE6TwrOgR7/uRF0KnX7NNa4/qk2rwo4iijA3SIjpGNzlATXaEWaiOCHtATekGvxqPxbLwZ77PWklHM7KM/ZXx+A2auoYw=</latexit>

↵†
3↵

†
2↵

†
1V

<latexit sha1_base64="UgDOZLnzhne/7vq0TWMlDgXeuj8=">AAACG3icbVDLSsNAFJ34rPUVdelmsAjVRUmqVDdCsRt3VrQPaNIwmUzboZMHMxOhhP6HG3/FjQtFXAku/BsnbQRtPXDhcM693HuPGzEqpGF8aQuLS8srq7m1/PrG5ta2vrPbFGHMMWngkIW87SJBGA1IQ1LJSDviBPkuIy13WEv91j3hgobBnRxFxPZRP6A9ipFUkqOXb7sevIBFy0dy4LqwBq1QUp8I+KNcH8Fm91j11JhTSamjF4ySMQGcJ2ZGCiBD3dE/LC/EsU8CiRkSomMakbQTxCXFjIzzVixIhPAQ9UlH0QCp9XYy+W0MD5XiwV7IVQUSTtTfEwnyhRj5rupMDxazXir+53Vi2Tu3ExpEsSQBni7qxQzKEKZBQY9ygiUbKYIwp+pWiAeIIyxVnHkVgjn78jxplktmpXRyc1qoXmZx5MA+OABFYIIzUAVXoA4aAIMH8ARewKv2qD1rb9r7tHVBy2b2wB9on99WqJ3a</latexit>

Sd = (C⌦O)V ⇤ = Cl6V
⇤

<latexit sha1_base64="QVj54FJorObQcM4NNVG23KJub0Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsKuinoMevEY0TwgWcPspDcZMju7zMwKYcknePGgiFe/yJt/4+Rx0MSChqKqm+6uIBFcG9f9dnJLyyura/n1wsbm1vZOcXevruNUMayxWMSqGVCNgkusGW4ENhOFNAoENoLBzdhvPKHSPJYPZpigH9Ge5CFn1Fjpvv540imW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE175GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6adm7KJ/dnZcq17M48nAAh3AMHlxCBW6hCjVg0INneIU3RzgvzrvzMW3NObOZffgD5/MHzlCNfg==</latexit>

V ⇤

<latexit sha1_base64="TJ2N4C8ALUA1+Qa7GpYyQhTzOyk=">AAACHXicbZDLSgMxFIYzXmu9VV26CRZBXJSZtqjLohuXFewF2jqcSdM2NJOZJhmhDH0RN76KGxeKuHAjvo2Zdhba9ofAz3fO4eT8XsiZ0rb9Y62srq1vbGa2sts7u3v7uYPDugoiSWiNBDyQTQ8U5UzQmmaa02YoKfgepw1veJPUG49UKhaIez0OaceHvmA9RkAb5ObKbeDhAFwH1x/OcXs0iqCLU1ZcwkoJc3N5u2BPhReNk5o8SlV1c1/tbkAinwpNOCjVcuxQd2KQmhFOJ9l2pGgIZAh92jJWgE9VJ55eN8GnhnRxL5DmCY2n9O9EDL5SY98znT7ogZqvJXBZrRXp3lUnZiKMNBVktqgXcawDnESFu0xSovnYGCCSmb9iMgAJRJtAsyYEZ/7kRVMvFpyLQumunK9cp3Fk0DE6QWfIQZeogm5RFdUQQU/oBb2hd+vZerU+rM9Z64qVzhyhf7K+fwH9v5/+</latexit>

↵1V
⇤ ↵2V

⇤ ↵3V
⇤

<latexit sha1_base64="0vx2JPuDscfo/dCckZWn37eRNBs=">AAACNXicbVC7SgNBFJ31GeMramkzGASxCLuJqGXQxsIignlAdl3uTibJkNlHZmaFEPJTNv6HlRYWitj6C84mG9AkF4Z7OOce7tzjRZxJZZpvxtLyyuraemYju7m1vbOb29uvyTAWhFZJyEPR8EBSzgJaVUxx2ogEBd/jtO71rhO9/kiFZGFwrwYRdXzoBKzNCChNublbG3jUBbeY9hKuPZxiu9+PoYWnXNqtBZo19Seam8ubBXNceB5YKcijtCpu7sVuhST2aaAIBymblhkpZwhCMcLpKGvHkkZAetChTQ0D8Kl0huOrR/hYMy3cDoV+gcJj9q9jCL6UA9/Tkz6orpzVEnKR1oxV+9IZsiCKFQ3IZFE75liFOIkQt5igRPGBBkAE03/FpAsCiNJBZ3UI1uzJ86BWLFjnhdLdWb58lcaRQYfoCJ0gC12gMrpBFVRFBD2hV/SBPo1n4934Mr4no0tG6jlA/8r4+QUO7KnH</latexit>

↵2↵3V
⇤ ↵3↵1V

⇤ ↵1↵2V
⇤

<latexit sha1_base64="nv0sAAXD6lviN7MenmPmzXRvxbI=">AAACBnicbVDLSgMxFM3UV62vUZciBIsgLspMK+qy6MZlBfuAdhzupJk2NJMZkoxQSldu/BU3LhRx6ze4829M21lo64FwD+fcy809QcKZ0o7zbeWWlldW1/LrhY3Nre0de3evoeJUElonMY9lKwBFORO0rpnmtJVIClHAaTMYXE/85gOVisXiTg8T6kXQEyxkBLSRfPuwAzzpg+9mtZzVCm7cn2LfLjolZwq8SNyMFFGGmm9/dboxSSMqNOGgVNt1Eu2NQGpGOB0XOqmiCZAB9GjbUAERVd5oesYYHxuli8NYmic0nqq/J0YQKTWMAtMZge6reW8i/ue1Ux1eeiMmklRTQWaLwpRjHeNJJrjLJCWaDw0BIpn5KyZ9kEC0Sa5gQnDnT14kjXLJPS9Vbs+K1assjjw6QEfoBLnoAlXRDaqhOiLoET2jV/RmPVkv1rv1MWvNWdnMPvoD6/MHaiKXzA==</latexit>

↵1↵2↵3V
⇤

Transformations on ladder operators               Transformations on basis vectors <latexit sha1_base64="qmsdOC6FqIukDo0/qLc260u+Zfo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+wFtKJvtpF26u4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6nfqtJ1SaxfLBjBMMBBlIFjFKjJXaXSbsFtS9csWrejO4y8TPSQVy1Hvlr24/pqlAaSgnWnd8LzFBRpRhlOOk1E01JoSOyAA7lkoiUAfZ7N6Je2KVvhvFypY07kz9PZERofVYhLZTEDPUi95U/M/rpCa6DjImk9SgpPNFUcpdE7vT590+U0gNH1tCqGL2VpcOiSLU2IhKNgR/8eVl0jyr+pfV8/uLSu0mj6MIR3AMp+DDFdTgDurQAAocnuEV3pxH58V5dz7mrQUnnzmEP3A+fwBEx5Ah</latexit>

=)
Under SU(3) and Under U(1) 17/45



Transformations under SU(3)
<latexit sha1_base64="wt1w+Ev87MXAtlN02msfNjUtyF0=">AAACOXicbZDLSgMxFIYzXmu9jbp0EyyCqzLTiroRim5cVrAX6NThTCZtQzMXkoxQSl/LjW/hTnDjQhG3voBpO1O09UDgy3/OT3J+L+ZMKst6MZaWV1bX1nMb+c2t7Z1dc2+/LqNEEFojEY9E0wNJOQtpTTHFaTMWFAKP04bXvx73Gw9USBaFd2oQ03YA3ZB1GAGlJdes1vEldoDHPXDtDEoZlGdw7/jQ7VIxG8mEzJvdXbNgFa1J4UWwUyigtKqu+ez4EUkCGirCQcqWbcWqPQShGOF0lHcSSWMgfejSlsYQAirbw8nmI3ysFR93IqFPqPBE/e0YQiDlIPD0ZACqJ+d7Y/G/XitRnYv2kIVxomhIpg91Eo5VhMcxYp8JShQfaAAimP4rJj0QQJQOO69DsOdXXoR6qWifFcu3p4XKVRpHDh2iI3SCbHSOKugGVVENEfSIXtE7+jCejDfj0/iaji4ZqecA/Snj+weCnKxE</latexit>

V = ↵1↵2↵3↵
†
3↵

†
2↵

†
1 Projector / Idempotent / “Vacuum”

<latexit sha1_base64="onhgh+i6rYxNVAQRCr7VX70J+Qo=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5CoVDdCsRt3VrRpoYlhMp20QycPZiZCCf0LN/6KGxeKuNWdf+OkraCtBy4czrmXe+/xE0aFNM0vrbCwuLS8Ulwtra1vbG7p2zu2iFOOSRPHLOZtHwnCaESakkpG2gknKPQZafmDeu637gkXNI5u5TAhboh6EQ0oRlJJnm7c3KXwHFacEMm+78M6dGJJQyLgj3J1CG3VUWdeFdqeXjYNcww4T6wpKYMpGp7+6XRjnIYkkpghITqWmUg3Q1xSzMio5KSCJAgPUI90FI2QWu1m479G8EApXRjEXFUk4Vj9PZGhUIhh6KvO/Fgx6+Xif14nlcGZm9EoSSWJ8GRRkDIoY5iHBLuUEyzZUBGEOVW3QtxHHGGpoiypEKzZl+eJfWRYVeP4+qRcu5jGUQR7YB9UgAVOQQ1cggZoAgwewBN4Aa/ao/asvWnvk9aCNp3ZBX+gfXwDBrecsw==</latexit>

Su = (C⌦O)V = Cl6V
<latexit sha1_base64="L4mNDtV/LA86mwriyhQWQgM+4Pw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVm71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHtU2M4g==</latexit>

V
<latexit sha1_base64="ofh4okYOSQ3qumzby9NAhhHal/4=">AAACL3icdZDLSsNAFIYnXmu9RV26GSyCq5K0oi6LgrisYC/Q1HIymbRDJ5fOTIQS+kZufJVuRBRx61s4bQNqqwcGfv7vHM6c3405k8qyXoyl5ZXVtfXcRn5za3tn19zbr8soEYTWSMQj0XRBUs5CWlNMcdqMBYXA5bTh9q8mvPFAhWRReKeGMW0H0A2ZzwgobXXMawd43IOOfe940O1SgevYGQwS8HBGSv+S8jfpmAWraE0LLwo7EwWUVbVjjh0vIklAQ0U4SNmyrVi1UxCKEU5HeSeRNAbShy5taRlCQGU7nd47wsfa8bAfCf1Chafuz4kUAimHgas7A1A9Oc8m5l+slSj/op2yME4UDclskZ9wrCI8CQ97TFCi+FALIILpv2LSAwFE6YjzOgR7/uRFUS8V7bNi+fa0ULnM4sihQ3SETpCNzlEF3aAqqiGCHtEYvaI348l4Nt6Nj1nrkpHNHKBfZXx+ASXeqIY=</latexit>

↵†
1V ↵†

2V ↵†
3V

<latexit sha1_base64="hJBJtLYkhEiP1jsTYkXZk2Osv0o=">AAACX3icdVHLTgIxFO2MDxAQR10ZN43ExBWZAaMuiW5cYiKPhEFyp1OgofOg7ZAQwk+6M3Hjn1hgjDroTZqce865ue2pF3MmlW2/GebO7t5+Ln9QKJYOy0fW8UlbRokgtEUiHomuB5JyFtKWYorTbiwoBB6nHW/ysNI7Myoki8JnNY9pP4BRyIaMgNLUwJq5wOMxDOovrg+jERVpX/vqcRu702kCPk4VJ+Os/+usZZzOt3NgVeyqvS68DZwUVFBazYH16voRSQIaKsJByp5jx6q/AKEY4XRZcBNJYyATGNGehiEEVPYX63yW+FIzPh5GQp9Q4TX7c2IBgZTzwNPOANRYZrUV+ZfWS9Twrr9gYZwoGpLNomHCsYrwKmzsM0GJ4nMNgAim74rJGAQQpb+koENwsk/eBu1a1bmp1p+uK437NI48OkcX6Ao56BY10CNqohYi6N0wjaJRMj7MnFk2rY3VNNKZU/SrzLNPjzO1sg==</latexit>

↵†
3↵

†
2V ↵†

1↵
†
3V ↵†

2↵
†
1V

<latexit sha1_base64="sMuDlDE/CCxjtit7GCTKLb62eHI=">AAACHHicbVBLS8NAEN7UV62vqEcvi0XwVJJW1GPRi8cKthWaGCabTbp082B3I5TSH+LFv+LFgyJePAj+G7dtBG0dWPgeM8zO52ecSWVZX0ZpaXllda28XtnY3NreMXf3OjLNBaFtkvJU3PogKWcJbSumOL3NBIXY57TrDy4nfveeCsnS5EYNM+rGECUsZASUljyz4QDP+uA17pwAooiKgtfnuP3DcQd7ZtWqWdPCi8AuQBUV1fLMDydISR7TRBEOUvZsK1PuCIRihNNxxcklzYAMIKI9DROIqXRH0+PG+EgrAQ5ToV+i8FT9PTGCWMph7OvOGFRfznsT8T+vl6vw3B2xJMsVTchsUZhzrFI8SQoHTFCi+FADIILpv2LSBwFE6TwrOgR7/uRF0KnX7NNa4/qk2rwo4iijA3SIjpGNzlATXaEWaiOCHtATekGvxqPxbLwZ77PWklHM7KM/ZXx+A2auoYw=</latexit>

↵†
3↵

†
2↵

†
1V

<latexit sha1_base64="UgDOZLnzhne/7vq0TWMlDgXeuj8=">AAACG3icbVDLSsNAFJ34rPUVdelmsAjVRUmqVDdCsRt3VrQPaNIwmUzboZMHMxOhhP6HG3/FjQtFXAku/BsnbQRtPXDhcM693HuPGzEqpGF8aQuLS8srq7m1/PrG5ta2vrPbFGHMMWngkIW87SJBGA1IQ1LJSDviBPkuIy13WEv91j3hgobBnRxFxPZRP6A9ipFUkqOXb7sevIBFy0dy4LqwBq1QUp8I+KNcH8Fm91j11JhTSamjF4ySMQGcJ2ZGCiBD3dE/LC/EsU8CiRkSomMakbQTxCXFjIzzVixIhPAQ9UlH0QCp9XYy+W0MD5XiwV7IVQUSTtTfEwnyhRj5rupMDxazXir+53Vi2Tu3ExpEsSQBni7qxQzKEKZBQY9ygiUbKYIwp+pWiAeIIyxVnHkVgjn78jxplktmpXRyc1qoXmZx5MA+OABFYIIzUAVXoA4aAIMH8ARewKv2qD1rb9r7tHVBy2b2wB9on99WqJ3a</latexit>

Sd = (C⌦O)V ⇤ = Cl6V
⇤

<latexit sha1_base64="QVj54FJorObQcM4NNVG23KJub0Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsKuinoMevEY0TwgWcPspDcZMju7zMwKYcknePGgiFe/yJt/4+Rx0MSChqKqm+6uIBFcG9f9dnJLyyura/n1wsbm1vZOcXevruNUMayxWMSqGVCNgkusGW4ENhOFNAoENoLBzdhvPKHSPJYPZpigH9Ge5CFn1Fjpvv540imW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE175GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6adm7KJ/dnZcq17M48nAAh3AMHlxCBW6hCjVg0INneIU3RzgvzrvzMW3NObOZffgD5/MHzlCNfg==</latexit>

V ⇤

<latexit sha1_base64="TJ2N4C8ALUA1+Qa7GpYyQhTzOyk=">AAACHXicbZDLSgMxFIYzXmu9VV26CRZBXJSZtqjLohuXFewF2jqcSdM2NJOZJhmhDH0RN76KGxeKuHAjvo2Zdhba9ofAz3fO4eT8XsiZ0rb9Y62srq1vbGa2sts7u3v7uYPDugoiSWiNBDyQTQ8U5UzQmmaa02YoKfgepw1veJPUG49UKhaIez0OaceHvmA9RkAb5ObKbeDhAFwH1x/OcXs0iqCLU1ZcwkoJc3N5u2BPhReNk5o8SlV1c1/tbkAinwpNOCjVcuxQd2KQmhFOJ9l2pGgIZAh92jJWgE9VJ55eN8GnhnRxL5DmCY2n9O9EDL5SY98znT7ogZqvJXBZrRXp3lUnZiKMNBVktqgXcawDnESFu0xSovnYGCCSmb9iMgAJRJtAsyYEZ/7kRVMvFpyLQumunK9cp3Fk0DE6QWfIQZeogm5RFdUQQU/oBb2hd+vZerU+rM9Z64qVzhyhf7K+fwH9v5/+</latexit>

↵1V
⇤ ↵2V

⇤ ↵3V
⇤

<latexit sha1_base64="0vx2JPuDscfo/dCckZWn37eRNBs=">AAACNXicbVC7SgNBFJ31GeMramkzGASxCLuJqGXQxsIignlAdl3uTibJkNlHZmaFEPJTNv6HlRYWitj6C84mG9AkF4Z7OOce7tzjRZxJZZpvxtLyyuraemYju7m1vbOb29uvyTAWhFZJyEPR8EBSzgJaVUxx2ogEBd/jtO71rhO9/kiFZGFwrwYRdXzoBKzNCChNublbG3jUBbeY9hKuPZxiu9+PoYWnXNqtBZo19Seam8ubBXNceB5YKcijtCpu7sVuhST2aaAIBymblhkpZwhCMcLpKGvHkkZAetChTQ0D8Kl0huOrR/hYMy3cDoV+gcJj9q9jCL6UA9/Tkz6orpzVEnKR1oxV+9IZsiCKFQ3IZFE75liFOIkQt5igRPGBBkAE03/FpAsCiNJBZ3UI1uzJ86BWLFjnhdLdWb58lcaRQYfoCJ0gC12gMrpBFVRFBD2hV/SBPo1n4934Mr4no0tG6jlA/8r4+QUO7KnH</latexit>

↵2↵3V
⇤ ↵3↵1V

⇤ ↵1↵2V
⇤

<latexit sha1_base64="nv0sAAXD6lviN7MenmPmzXRvxbI=">AAACBnicbVDLSgMxFM3UV62vUZciBIsgLspMK+qy6MZlBfuAdhzupJk2NJMZkoxQSldu/BU3LhRx6ze4829M21lo64FwD+fcy809QcKZ0o7zbeWWlldW1/LrhY3Nre0de3evoeJUElonMY9lKwBFORO0rpnmtJVIClHAaTMYXE/85gOVisXiTg8T6kXQEyxkBLSRfPuwAzzpg+9mtZzVCm7cn2LfLjolZwq8SNyMFFGGmm9/dboxSSMqNOGgVNt1Eu2NQGpGOB0XOqmiCZAB9GjbUAERVd5oesYYHxuli8NYmic0nqq/J0YQKTWMAtMZge6reW8i/ue1Ux1eeiMmklRTQWaLwpRjHeNJJrjLJCWaDw0BIpn5KyZ9kEC0Sa5gQnDnT14kjXLJPS9Vbs+K1assjjw6QEfoBLnoAlXRDaqhOiLoET2jV/RmPVkv1rv1MWvNWdnMPvoD6/MHaiKXzA==</latexit>

↵1↵2↵3V
⇤

Transformations on ladder operators               Transformations on basis vectors <latexit sha1_base64="qmsdOC6FqIukDo0/qLc260u+Zfo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+wFtKJvtpF26u4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6nfqtJ1SaxfLBjBMMBBlIFjFKjJXaXSbsFtS9csWrejO4y8TPSQVy1Hvlr24/pqlAaSgnWnd8LzFBRpRhlOOk1E01JoSOyAA7lkoiUAfZ7N6Je2KVvhvFypY07kz9PZERofVYhLZTEDPUi95U/M/rpCa6DjImk9SgpPNFUcpdE7vT590+U0gNH1tCqGL2VpcOiSLU2IhKNgR/8eVl0jyr+pfV8/uLSu0mj6MIR3AMp+DDFdTgDurQAAocnuEV3pxH58V5dz7mrQUnnzmEP3A+fwBEx5Ah</latexit>

=)
Under SU(3) and Under U(1)

<latexit sha1_base64="ZfosqMULrZ87JmXMCko/0hmIU1Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFawtNKJvNtF262YT9EEro3/DiQRGv/hlv/hu3bQ7a+mDg8d4MM/OijDOlPe/bKa2srq1vlDcrW9s7u3vV/YNHlRpJsUVTnspORBRyJrClmebYySSSJOLYjka3U7/9hFKxVDzocYZhQgaC9Rkl2kpBYESMMiIy9ye9as2rezO4y8QvSA0KNHvVryBOqUlQaMqJUl3fy3SYE6kZ5TipBEZhRuiIDLBrqSAJqjCf3TxxT6wSu/1U2hLanam/J3KSKDVOItuZED1Ui95U/M/rGt2/DnMmMqNR0PmivuGuTt1pAG7MJFLNx5YQKpm91aVDIgnVNqaKDcFffHmZPJ7V/cv6+f1FrXFTxFGGIziGU/DhChpwB01oAYUMnuEV3hzjvDjvzse8teQUM4fwB87nDzv0kdI=</latexit>

1
<latexit sha1_base64="uD/UnZaYjVgY0rPp07liTipYSfA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIsgHkpiRT0WvXisYD+gTctmM22XbjZhd6OU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbm+TFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsemPbqd+8xGlYpF40OMYvZAMBOszSrSRup1EBCh9ItPKpHvWK5acsjODvUzcjJQgQ61X/OoEEU1CFJpyolTbdWLtpURqRjlOCp1EYUzoiAywbaggISovnV09sU+MEtj9SJoS2p6pvydSEio1Dn3TGRI9VIveVPzPaye6f+2lTMSJRkHni/oJt3VkTyOwAyaRaj42hFDJzK02HRJJqDZBFUwI7uLLy6RxXnYvy5X7i1L1JosjD0dwDKfgwhVU4Q5qUAcKEp7hFd6sJ+vFerc+5q05K5s5hD+wPn8AYTWScA==</latexit>

3⇤

<latexit sha1_base64="5Q5wQN1/gAExYJROwPd9xo9SVr4=">AAAB83icbVDLSsNAFJ3UV62vqks3g0VwVRIr6rLoxmUF+4AmlMnkph06mYR5CCX0N9y4UMStP+POv3HaZqGtBy4czrmXe+8JM86Udt1vp7S2vrG5Vd6u7Ozu7R9UD486KjWSQpumPJW9kCjgTEBbM82hl0kgScihG47vZn73CaRiqXjUkwyChAwFixkl2kq+b0QEMiQyb0wH1Zpbd+fAq8QrSA0VaA2qX36UUpOA0JQTpfqem+kgJ1IzymFa8Y2CjNAxGULfUkESUEE+v3mKz6wS4TiVtoTGc/X3RE4SpSZJaDsTokdq2ZuJ/3l9o+ObIGciMxoEXSyKDcc6xbMAcMQkUM0nlhAqmb0V0xGRhGobU8WG4C2/vEo6F3Xvqt54uKw1b4s4yugEnaJz5KFr1ET3qIXaiKIMPaNX9OYY58V5dz4WrSWnmDlGf+B8/gA+/pHU</latexit>

3

<latexit sha1_base64="ZfosqMULrZ87JmXMCko/0hmIU1Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFawtNKJvNtF262YT9EEro3/DiQRGv/hlv/hu3bQ7a+mDg8d4MM/OijDOlPe/bKa2srq1vlDcrW9s7u3vV/YNHlRpJsUVTnspORBRyJrClmebYySSSJOLYjka3U7/9hFKxVDzocYZhQgaC9Rkl2kpBYESMMiIy9ye9as2rezO4y8QvSA0KNHvVryBOqUlQaMqJUl3fy3SYE6kZ5TipBEZhRuiIDLBrqSAJqjCf3TxxT6wSu/1U2hLanam/J3KSKDVOItuZED1Ui95U/M/rGt2/DnMmMqNR0PmivuGuTt1pAG7MJFLNx5YQKpm91aVDIgnVNqaKDcFffHmZPJ7V/cv6+f1FrXFTxFGGIziGU/DhChpwB01oAYUMnuEV3hzjvDjvzse8teQUM4fwB87nDzv0kdI=</latexit>

1 <latexit sha1_base64="ZfosqMULrZ87JmXMCko/0hmIU1Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFawtNKJvNtF262YT9EEro3/DiQRGv/hlv/hu3bQ7a+mDg8d4MM/OijDOlPe/bKa2srq1vlDcrW9s7u3vV/YNHlRpJsUVTnspORBRyJrClmebYySSSJOLYjka3U7/9hFKxVDzocYZhQgaC9Rkl2kpBYESMMiIy9ye9as2rezO4y8QvSA0KNHvVryBOqUlQaMqJUl3fy3SYE6kZ5TipBEZhRuiIDLBrqSAJqjCf3TxxT6wSu/1U2hLanam/J3KSKDVOItuZED1Ui95U/M/rGt2/DnMmMqNR0PmivuGuTt1pAG7MJFLNx5YQKpm91aVDIgnVNqaKDcFffHmZPJ7V/cv6+f1FrXFTxFGGIziGU/DhChpwB01oAYUMnuEV3hzjvDjvzse8teQUM4fwB87nDzv0kdI=</latexit>

1

<latexit sha1_base64="ZfosqMULrZ87JmXMCko/0hmIU1Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFawtNKJvNtF262YT9EEro3/DiQRGv/hlv/hu3bQ7a+mDg8d4MM/OijDOlPe/bKa2srq1vlDcrW9s7u3vV/YNHlRpJsUVTnspORBRyJrClmebYySSSJOLYjka3U7/9hFKxVDzocYZhQgaC9Rkl2kpBYESMMiIy9ye9as2rezO4y8QvSA0KNHvVryBOqUlQaMqJUl3fy3SYE6kZ5TipBEZhRuiIDLBrqSAJqjCf3TxxT6wSu/1U2hLanam/J3KSKDVOItuZED1Ui95U/M/rGt2/DnMmMqNR0PmivuGuTt1pAG7MJFLNx5YQKpm91aVDIgnVNqaKDcFffHmZPJ7V/cv6+f1FrXFTxFGGIziGU/DhChpwB01oAYUMnuEV3hzjvDjvzse8teQUM4fwB87nDzv0kdI=</latexit>

1
<latexit sha1_base64="5Q5wQN1/gAExYJROwPd9xo9SVr4=">AAAB83icbVDLSsNAFJ3UV62vqks3g0VwVRIr6rLoxmUF+4AmlMnkph06mYR5CCX0N9y4UMStP+POv3HaZqGtBy4czrmXe+8JM86Udt1vp7S2vrG5Vd6u7Ozu7R9UD486KjWSQpumPJW9kCjgTEBbM82hl0kgScihG47vZn73CaRiqXjUkwyChAwFixkl2kq+b0QEMiQyb0wH1Zpbd+fAq8QrSA0VaA2qX36UUpOA0JQTpfqem+kgJ1IzymFa8Y2CjNAxGULfUkESUEE+v3mKz6wS4TiVtoTGc/X3RE4SpSZJaDsTokdq2ZuJ/3l9o+ObIGciMxoEXSyKDcc6xbMAcMQkUM0nlhAqmb0V0xGRhGobU8WG4C2/vEo6F3Xvqt54uKw1b4s4yugEnaJz5KFr1ET3qIXaiKIMPaNX9OYY58V5dz4WrSWnmDlGf+B8/gA+/pHU</latexit>

3

<latexit sha1_base64="uD/UnZaYjVgY0rPp07liTipYSfA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIsgHkpiRT0WvXisYD+gTctmM22XbjZhd6OU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbm+TFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsemPbqd+8xGlYpF40OMYvZAMBOszSrSRup1EBCh9ItPKpHvWK5acsjODvUzcjJQgQ61X/OoEEU1CFJpyolTbdWLtpURqRjlOCp1EYUzoiAywbaggISovnV09sU+MEtj9SJoS2p6pvydSEio1Dn3TGRI9VIveVPzPaye6f+2lTMSJRkHni/oJt3VkTyOwAyaRaj42hFDJzK02HRJJqDZBFUwI7uLLy6RxXnYvy5X7i1L1JosjD0dwDKfgwhVU4Q5qUAcKEp7hFd6sJ+vFerc+5q05K5s5hD+wPn8AYTWScA==</latexit>

3⇤

18/45



Transformations under U(1)

<latexit sha1_base64="onhgh+i6rYxNVAQRCr7VX70J+Qo=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5CoVDdCsRt3VrRpoYlhMp20QycPZiZCCf0LN/6KGxeKuNWdf+OkraCtBy4czrmXe+/xE0aFNM0vrbCwuLS8Ulwtra1vbG7p2zu2iFOOSRPHLOZtHwnCaESakkpG2gknKPQZafmDeu637gkXNI5u5TAhboh6EQ0oRlJJnm7c3KXwHFacEMm+78M6dGJJQyLgj3J1CG3VUWdeFdqeXjYNcww4T6wpKYMpGp7+6XRjnIYkkpghITqWmUg3Q1xSzMio5KSCJAgPUI90FI2QWu1m479G8EApXRjEXFUk4Vj9PZGhUIhh6KvO/Fgx6+Xif14nlcGZm9EoSSWJ8GRRkDIoY5iHBLuUEyzZUBGEOVW3QtxHHGGpoiypEKzZl+eJfWRYVeP4+qRcu5jGUQR7YB9UgAVOQQ1cggZoAgwewBN4Aa/ao/asvWnvk9aCNp3ZBX+gfXwDBrecsw==</latexit>

Su = (C⌦O)V = Cl6V
<latexit sha1_base64="L4mNDtV/LA86mwriyhQWQgM+4Pw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVm71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHtU2M4g==</latexit>

V
<latexit sha1_base64="ofh4okYOSQ3qumzby9NAhhHal/4=">AAACL3icdZDLSsNAFIYnXmu9RV26GSyCq5K0oi6LgrisYC/Q1HIymbRDJ5fOTIQS+kZufJVuRBRx61s4bQNqqwcGfv7vHM6c3405k8qyXoyl5ZXVtfXcRn5za3tn19zbr8soEYTWSMQj0XRBUs5CWlNMcdqMBYXA5bTh9q8mvPFAhWRReKeGMW0H0A2ZzwgobXXMawd43IOOfe940O1SgevYGQwS8HBGSv+S8jfpmAWraE0LLwo7EwWUVbVjjh0vIklAQ0U4SNmyrVi1UxCKEU5HeSeRNAbShy5taRlCQGU7nd47wsfa8bAfCf1Chafuz4kUAimHgas7A1A9Oc8m5l+slSj/op2yME4UDclskZ9wrCI8CQ97TFCi+FALIILpv2LSAwFE6YjzOgR7/uRFUS8V7bNi+fa0ULnM4sihQ3SETpCNzlEF3aAqqiGCHtEYvaI348l4Nt6Nj1nrkpHNHKBfZXx+ASXeqIY=</latexit>

↵†
1V ↵†

2V ↵†
3V

<latexit sha1_base64="hJBJtLYkhEiP1jsTYkXZk2Osv0o=">AAACX3icdVHLTgIxFO2MDxAQR10ZN43ExBWZAaMuiW5cYiKPhEFyp1OgofOg7ZAQwk+6M3Hjn1hgjDroTZqce865ue2pF3MmlW2/GebO7t5+Ln9QKJYOy0fW8UlbRokgtEUiHomuB5JyFtKWYorTbiwoBB6nHW/ysNI7Myoki8JnNY9pP4BRyIaMgNLUwJq5wOMxDOovrg+jERVpX/vqcRu702kCPk4VJ+Os/+usZZzOt3NgVeyqvS68DZwUVFBazYH16voRSQIaKsJByp5jx6q/AKEY4XRZcBNJYyATGNGehiEEVPYX63yW+FIzPh5GQp9Q4TX7c2IBgZTzwNPOANRYZrUV+ZfWS9Twrr9gYZwoGpLNomHCsYrwKmzsM0GJ4nMNgAim74rJGAQQpb+koENwsk/eBu1a1bmp1p+uK437NI48OkcX6Ao56BY10CNqohYi6N0wjaJRMj7MnFk2rY3VNNKZU/SrzLNPjzO1sg==</latexit>

↵†
3↵

†
2V ↵†

1↵
†
3V ↵†

2↵
†
1V

<latexit sha1_base64="sMuDlDE/CCxjtit7GCTKLb62eHI=">AAACHHicbVBLS8NAEN7UV62vqEcvi0XwVJJW1GPRi8cKthWaGCabTbp082B3I5TSH+LFv+LFgyJePAj+G7dtBG0dWPgeM8zO52ecSWVZX0ZpaXllda28XtnY3NreMXf3OjLNBaFtkvJU3PogKWcJbSumOL3NBIXY57TrDy4nfveeCsnS5EYNM+rGECUsZASUljyz4QDP+uA17pwAooiKgtfnuP3DcQd7ZtWqWdPCi8AuQBUV1fLMDydISR7TRBEOUvZsK1PuCIRihNNxxcklzYAMIKI9DROIqXRH0+PG+EgrAQ5ToV+i8FT9PTGCWMph7OvOGFRfznsT8T+vl6vw3B2xJMsVTchsUZhzrFI8SQoHTFCi+FADIILpv2LSBwFE6TwrOgR7/uRF0KnX7NNa4/qk2rwo4iijA3SIjpGNzlATXaEWaiOCHtATekGvxqPxbLwZ77PWklHM7KM/ZXx+A2auoYw=</latexit>

↵†
3↵

†
2↵

†
1V

<latexit sha1_base64="UgDOZLnzhne/7vq0TWMlDgXeuj8=">AAACG3icbVDLSsNAFJ34rPUVdelmsAjVRUmqVDdCsRt3VrQPaNIwmUzboZMHMxOhhP6HG3/FjQtFXAku/BsnbQRtPXDhcM693HuPGzEqpGF8aQuLS8srq7m1/PrG5ta2vrPbFGHMMWngkIW87SJBGA1IQ1LJSDviBPkuIy13WEv91j3hgobBnRxFxPZRP6A9ipFUkqOXb7sevIBFy0dy4LqwBq1QUp8I+KNcH8Fm91j11JhTSamjF4ySMQGcJ2ZGCiBD3dE/LC/EsU8CiRkSomMakbQTxCXFjIzzVixIhPAQ9UlH0QCp9XYy+W0MD5XiwV7IVQUSTtTfEwnyhRj5rupMDxazXir+53Vi2Tu3ExpEsSQBni7qxQzKEKZBQY9ygiUbKYIwp+pWiAeIIyxVnHkVgjn78jxplktmpXRyc1qoXmZx5MA+OABFYIIzUAVXoA4aAIMH8ARewKv2qD1rb9r7tHVBy2b2wB9on99WqJ3a</latexit>

Sd = (C⌦O)V ⇤ = Cl6V
⇤

<latexit sha1_base64="QVj54FJorObQcM4NNVG23KJub0Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsKuinoMevEY0TwgWcPspDcZMju7zMwKYcknePGgiFe/yJt/4+Rx0MSChqKqm+6uIBFcG9f9dnJLyyura/n1wsbm1vZOcXevruNUMayxWMSqGVCNgkusGW4ENhOFNAoENoLBzdhvPKHSPJYPZpigH9Ge5CFn1Fjpvv540imW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE175GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6adm7KJ/dnZcq17M48nAAh3AMHlxCBW6hCjVg0INneIU3RzgvzrvzMW3NObOZffgD5/MHzlCNfg==</latexit>

V ⇤

<latexit sha1_base64="TJ2N4C8ALUA1+Qa7GpYyQhTzOyk=">AAACHXicbZDLSgMxFIYzXmu9VV26CRZBXJSZtqjLohuXFewF2jqcSdM2NJOZJhmhDH0RN76KGxeKuHAjvo2Zdhba9ofAz3fO4eT8XsiZ0rb9Y62srq1vbGa2sts7u3v7uYPDugoiSWiNBDyQTQ8U5UzQmmaa02YoKfgepw1veJPUG49UKhaIez0OaceHvmA9RkAb5ObKbeDhAFwH1x/OcXs0iqCLU1ZcwkoJc3N5u2BPhReNk5o8SlV1c1/tbkAinwpNOCjVcuxQd2KQmhFOJ9l2pGgIZAh92jJWgE9VJ55eN8GnhnRxL5DmCY2n9O9EDL5SY98znT7ogZqvJXBZrRXp3lUnZiKMNBVktqgXcawDnESFu0xSovnYGCCSmb9iMgAJRJtAsyYEZ/7kRVMvFpyLQumunK9cp3Fk0DE6QWfIQZeogm5RFdUQQU/oBb2hd+vZerU+rM9Z64qVzhyhf7K+fwH9v5/+</latexit>

↵1V
⇤ ↵2V

⇤ ↵3V
⇤

<latexit sha1_base64="0vx2JPuDscfo/dCckZWn37eRNBs=">AAACNXicbVC7SgNBFJ31GeMramkzGASxCLuJqGXQxsIignlAdl3uTibJkNlHZmaFEPJTNv6HlRYWitj6C84mG9AkF4Z7OOce7tzjRZxJZZpvxtLyyuraemYju7m1vbOb29uvyTAWhFZJyEPR8EBSzgJaVUxx2ogEBd/jtO71rhO9/kiFZGFwrwYRdXzoBKzNCChNublbG3jUBbeY9hKuPZxiu9+PoYWnXNqtBZo19Seam8ubBXNceB5YKcijtCpu7sVuhST2aaAIBymblhkpZwhCMcLpKGvHkkZAetChTQ0D8Kl0huOrR/hYMy3cDoV+gcJj9q9jCL6UA9/Tkz6orpzVEnKR1oxV+9IZsiCKFQ3IZFE75liFOIkQt5igRPGBBkAE03/FpAsCiNJBZ3UI1uzJ86BWLFjnhdLdWb58lcaRQYfoCJ0gC12gMrpBFVRFBD2hV/SBPo1n4934Mr4no0tG6jlA/8r4+QUO7KnH</latexit>

↵2↵3V
⇤ ↵3↵1V

⇤ ↵1↵2V
⇤

<latexit sha1_base64="nv0sAAXD6lviN7MenmPmzXRvxbI=">AAACBnicbVDLSgMxFM3UV62vUZciBIsgLspMK+qy6MZlBfuAdhzupJk2NJMZkoxQSldu/BU3LhRx6ze4829M21lo64FwD+fcy809QcKZ0o7zbeWWlldW1/LrhY3Nre0de3evoeJUElonMY9lKwBFORO0rpnmtJVIClHAaTMYXE/85gOVisXiTg8T6kXQEyxkBLSRfPuwAzzpg+9mtZzVCm7cn2LfLjolZwq8SNyMFFGGmm9/dboxSSMqNOGgVNt1Eu2NQGpGOB0XOqmiCZAB9GjbUAERVd5oesYYHxuli8NYmic0nqq/J0YQKTWMAtMZge6reW8i/ue1Ux1eeiMmklRTQWaLwpRjHeNJJrjLJCWaDw0BIpn5KyZ9kEC0Sa5gQnDnT14kjXLJPS9Vbs+K1assjjw6QEfoBLnoAlXRDaqhOiLoET2jV/RmPVkv1rv1MWvNWdnMPvoD6/MHaiKXzA==</latexit>

↵1↵2↵3V
⇤

<latexit sha1_base64="ZfosqMULrZ87JmXMCko/0hmIU1Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFawtNKJvNtF262YT9EEro3/DiQRGv/hlv/hu3bQ7a+mDg8d4MM/OijDOlPe/bKa2srq1vlDcrW9s7u3vV/YNHlRpJsUVTnspORBRyJrClmebYySSSJOLYjka3U7/9hFKxVDzocYZhQgaC9Rkl2kpBYESMMiIy9ye9as2rezO4y8QvSA0KNHvVryBOqUlQaMqJUl3fy3SYE6kZ5TipBEZhRuiIDLBrqSAJqjCf3TxxT6wSu/1U2hLanam/J3KSKDVOItuZED1Ui95U/M/rGt2/DnMmMqNR0PmivuGuTt1pAG7MJFLNx5YQKpm91aVDIgnVNqaKDcFffHmZPJ7V/cv6+f1FrXFTxFGGIziGU/DhChpwB01oAYUMnuEV3hzjvDjvzse8teQUM4fwB87nDzv0kdI=</latexit>

1
<latexit sha1_base64="uD/UnZaYjVgY0rPp07liTipYSfA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIsgHkpiRT0WvXisYD+gTctmM22XbjZhd6OU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbm+TFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsemPbqd+8xGlYpF40OMYvZAMBOszSrSRup1EBCh9ItPKpHvWK5acsjODvUzcjJQgQ61X/OoEEU1CFJpyolTbdWLtpURqRjlOCp1EYUzoiAywbaggISovnV09sU+MEtj9SJoS2p6pvydSEio1Dn3TGRI9VIveVPzPaye6f+2lTMSJRkHni/oJt3VkTyOwAyaRaj42hFDJzK02HRJJqDZBFUwI7uLLy6RxXnYvy5X7i1L1JosjD0dwDKfgwhVU4Q5qUAcKEp7hFd6sJ+vFerc+5q05K5s5hD+wPn8AYTWScA==</latexit>

3⇤

<latexit sha1_base64="5Q5wQN1/gAExYJROwPd9xo9SVr4=">AAAB83icbVDLSsNAFJ3UV62vqks3g0VwVRIr6rLoxmUF+4AmlMnkph06mYR5CCX0N9y4UMStP+POv3HaZqGtBy4czrmXe+8JM86Udt1vp7S2vrG5Vd6u7Ozu7R9UD486KjWSQpumPJW9kCjgTEBbM82hl0kgScihG47vZn73CaRiqXjUkwyChAwFixkl2kq+b0QEMiQyb0wH1Zpbd+fAq8QrSA0VaA2qX36UUpOA0JQTpfqem+kgJ1IzymFa8Y2CjNAxGULfUkESUEE+v3mKz6wS4TiVtoTGc/X3RE4SpSZJaDsTokdq2ZuJ/3l9o+ObIGciMxoEXSyKDcc6xbMAcMQkUM0nlhAqmb0V0xGRhGobU8WG4C2/vEo6F3Xvqt54uKw1b4s4yugEnaJz5KFr1ET3qIXaiKIMPaNX9OYY58V5dz4WrSWnmDlGf+B8/gA+/pHU</latexit>

3

<latexit sha1_base64="ZfosqMULrZ87JmXMCko/0hmIU1Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFawtNKJvNtF262YT9EEro3/DiQRGv/hlv/hu3bQ7a+mDg8d4MM/OijDOlPe/bKa2srq1vlDcrW9s7u3vV/YNHlRpJsUVTnspORBRyJrClmebYySSSJOLYjka3U7/9hFKxVDzocYZhQgaC9Rkl2kpBYESMMiIy9ye9as2rezO4y8QvSA0KNHvVryBOqUlQaMqJUl3fy3SYE6kZ5TipBEZhRuiIDLBrqSAJqjCf3TxxT6wSu/1U2hLanam/J3KSKDVOItuZED1Ui95U/M/rGt2/DnMmMqNR0PmivuGuTt1pAG7MJFLNx5YQKpm91aVDIgnVNqaKDcFffHmZPJ7V/cv6+f1FrXFTxFGGIziGU/DhChpwB01oAYUMnuEV3hzjvDjvzse8teQUM4fwB87nDzv0kdI=</latexit>

1 <latexit sha1_base64="ZfosqMULrZ87JmXMCko/0hmIU1Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFawtNKJvNtF262YT9EEro3/DiQRGv/hlv/hu3bQ7a+mDg8d4MM/OijDOlPe/bKa2srq1vlDcrW9s7u3vV/YNHlRpJsUVTnspORBRyJrClmebYySSSJOLYjka3U7/9hFKxVDzocYZhQgaC9Rkl2kpBYESMMiIy9ye9as2rezO4y8QvSA0KNHvVryBOqUlQaMqJUl3fy3SYE6kZ5TipBEZhRuiIDLBrqSAJqjCf3TxxT6wSu/1U2hLanam/J3KSKDVOItuZED1Ui95U/M/rGt2/DnMmMqNR0PmivuGuTt1pAG7MJFLNx5YQKpm91aVDIgnVNqaKDcFffHmZPJ7V/cv6+f1FrXFTxFGGIziGU/DhChpwB01oAYUMnuEV3hzjvDjvzse8teQUM4fwB87nDzv0kdI=</latexit>

1

<latexit sha1_base64="ZfosqMULrZ87JmXMCko/0hmIU1Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFawtNKJvNtF262YT9EEro3/DiQRGv/hlv/hu3bQ7a+mDg8d4MM/OijDOlPe/bKa2srq1vlDcrW9s7u3vV/YNHlRpJsUVTnspORBRyJrClmebYySSSJOLYjka3U7/9hFKxVDzocYZhQgaC9Rkl2kpBYESMMiIy9ye9as2rezO4y8QvSA0KNHvVryBOqUlQaMqJUl3fy3SYE6kZ5TipBEZhRuiIDLBrqSAJqjCf3TxxT6wSu/1U2hLanam/J3KSKDVOItuZED1Ui95U/M/rGt2/DnMmMqNR0PmivuGuTt1pAG7MJFLNx5YQKpm91aVDIgnVNqaKDcFffHmZPJ7V/cv6+f1FrXFTxFGGIziGU/DhChpwB01oAYUMnuEV3hzjvDjvzse8teQUM4fwB87nDzv0kdI=</latexit>

1
<latexit sha1_base64="5Q5wQN1/gAExYJROwPd9xo9SVr4=">AAAB83icbVDLSsNAFJ3UV62vqks3g0VwVRIr6rLoxmUF+4AmlMnkph06mYR5CCX0N9y4UMStP+POv3HaZqGtBy4czrmXe+8JM86Udt1vp7S2vrG5Vd6u7Ozu7R9UD486KjWSQpumPJW9kCjgTEBbM82hl0kgScihG47vZn73CaRiqXjUkwyChAwFixkl2kq+b0QEMiQyb0wH1Zpbd+fAq8QrSA0VaA2qX36UUpOA0JQTpfqem+kgJ1IzymFa8Y2CjNAxGULfUkESUEE+v3mKz6wS4TiVtoTGc/X3RE4SpSZJaDsTokdq2ZuJ/3l9o+ObIGciMxoEXSyKDcc6xbMAcMQkUM0nlhAqmb0V0xGRhGobU8WG4C2/vEo6F3Xvqt54uKw1b4s4yugEnaJz5KFr1ET3qIXaiKIMPaNX9OYY58V5dz4WrSWnmDlGf+B8/gA+/pHU</latexit>

3

<latexit sha1_base64="uD/UnZaYjVgY0rPp07liTipYSfA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIsgHkpiRT0WvXisYD+gTctmM22XbjZhd6OU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbm+TFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsemPbqd+8xGlYpF40OMYvZAMBOszSrSRup1EBCh9ItPKpHvWK5acsjODvUzcjJQgQ61X/OoEEU1CFJpyolTbdWLtpURqRjlOCp1EYUzoiAywbaggISovnV09sU+MEtj9SJoS2p6pvydSEio1Dn3TGRI9VIveVPzPaye6f+2lTMSJRkHni/oJt3VkTyOwAyaRaj42hFDJzK02HRJJqDZBFUwI7uLLy6RxXnYvy5X7i1L1JosjD0dwDKfgwhVU4Q5qUAcKEp7hFd6sJ+vFerc+5q05K5s5hD+wPn8AYTWScA==</latexit>

3⇤

<latexit sha1_base64="Aivtmjt+4lR8TXGK1c7+4Pde0vw=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexqUC9C0IsniWgekKxhdjKbDJmdXeYhhCW/4cWDIl79GW/+jZNkD5pY0HRR1c30VJBwprTrfju5peWV1bX8emFjc2t7p7i711CxkYTWScxj2QqwopwJWtdMc9pKJMVRwGkzGF5P/OYTlYrF4kGPEupHuC9YyAjWVurc3j8adIkEsr1bLLlldwq0SLyMlCBDrVv86vRiYiIqNOFYqbbnJtpPsdSMcDoudIyiCSZD3KdtSwWOqPLT6c1jdGSVHgpjaUtoNFV/b6Q4UmoUBXYywnqg5r2J+J/XNjq88FMmEqOpILOHQsORjtEkANRjkhLNR5ZgIpm9FZEBlphoG1PBhuDNf3mRNE7K3ln59K5Sql5lceThAA7hGDw4hyrcQA3qQCCBZ3iFN8c4L8678zEbzTnZzj78gfP5A2NEkJ8=</latexit>

NSu = nSu
<latexit sha1_base64="7TNSznNYcqo9kyXSqeLwl1mx8Nk=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBhZSkFXUjFN24rGAf0IQymU7boZNJmJkIJRT8FTcuFHHrd7jzb5ymWWjruQwczrmXe+cEMWdKO863tbS8srq2Xtgobm5t7+zae/tNFSWS0AaJeCTbAVaUM0EbmmlO27GkOAw4bQWj26nfeqRSsUg86HFM/RAPBOszgrWRuvahuPZS58zNqpJV1Zt07ZJTdjKgReLmpAQ56l37y+tFJAmp0IRjpTquE2s/xVIzwumk6CWKxpiM8IB2DBU4pMpPs/Mn6MQoPdSPpHlCo0z9PZHiUKlxGJjOEOuhmvem4n9eJ9H9Kz9lIk40FWS2qJ9wpCM0zQL1mKRE87EhmEhmbkVkiCUm2iRWNCG4819eJM1K2b0oV+/PS7WbPI4CHMExnIILl1CDO6hDAwik8Ayv8GY9WS/Wu/Uxa12y8pkD+APr8weBAZKg</latexit>

n = {0, 1, 1, 1, 2, 2, 2, 3}
<latexit sha1_base64="ta4NqMDo8H1Aa5rkHqcGb0jN4D8=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU921oh6LXjxJC/YDtkvJptk2NJusSbZQSn+GFw+KePXXePPfmLZ70OqDgcd7M8zMCxPOtHHdLye3srq2vpHfLGxt7+zuFfcPmlqmitAGkVyqdog15UzQhmGG03aiKI5DTlvh8Hbmt0ZUaSbFgxknNIhxX7CIEWys5Nc79DFlI3R/VukWS27ZnQP9JV5GSpCh1i1+dnqSpDEVhnCste+5iQkmWBlGOJ0WOqmmCSZD3Ke+pQLHVAeT+clTdGKVHoqksiUMmqs/JyY41noch7Yzxmagl72Z+J/npya6DiZMJKmhgiwWRSlHRqLZ/6jHFCWGjy3BRDF7KyIDrDAxNqWCDcFbfvkvaZ6XvctypX5Rqt5kceThCI7hFDy4gircQQ0aQEDCE7zAq2OcZ+fNeV+05pxs5hB+wfn4BkIvkJc=</latexit>

Q ⌘ N/3

<latexit sha1_base64="TpN6sRMdEhkCqnjWyIQJr5WE10I=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmoX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDe7WMvA==</latexit>

0
<latexit sha1_base64="DaGvI2169CWlmuAVCXi/QXDOvtQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxhLti1CPRi0eM8khgQ2aHASbMzm5mek3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGt1O/+cS1EZF6xHHM/ZAOlOgLRtFKD95ZpVssuWV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons1Ak5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/7qVBxglyx+aJ+IglGZPo36QnNGcqxJZRpYW8lbEg1ZWjTKdgQvMWXl0njvOxdliv3F6XqTRZHHo7gGE7Bgyuowh3UoA4MBvAMr/DmSOfFeXc+5q05J5s5hD9wPn8AXCuNMw==</latexit>

1/3

<latexit sha1_base64="AmvaZvLDXlil8ciMYkLWpKTtRtY=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw84S4Y9Uj04hGjPBLYkNmhFybMzm5mZk0I4RO8eNAYr36RN//GAfagYCWdVKq6090VJIJr47rfzsrq2vrGZm4rv72zu7dfODhs6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4O/WbT6g0j+WjGSXoR7QvecgZNVZ6KJ9XuoWiW3JnIMvEy0gRMtS6ha9OL2ZphNIwQbVue25i/DFVhjOBk3wn1ZhQNqR9bFsqaYTaH89OnZBTq/RIGCtb0pCZ+ntiTCOtR1FgOyNqBnrRm4r/ee3UhNf+mMskNSjZfFGYCmJiMv2b9LhCZsTIEsoUt7cSNqCKMmPTydsQvMWXl0mjXPIuS5X7i2L1JosjB8dwAmfgwRVU4Q5qUAcGfXiGV3hzhPPivDsf89YVJ5s5gj9wPn8AXbGNNA==</latexit>

2/3
<latexit sha1_base64="mINfg+aHheM79HZECEqXxvUGVvY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcF LsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmoX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfTmMvQ==</latexit>

1

<latexit sha1_base64="TpN6sRMdEhkCqnjWyIQJr5WE10I=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmoX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDe7WMvA==</latexit>

0

<latexit sha1_base64="1Jz4rPAuOOGa0BsZtlqY4pDCffU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi3XXinosevFYwX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+C7z209UaRbJRzOJqS/wULKQEWwy6cw7r/XLFbfqzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgpVoYRTqelXqJpjMkYD2nXUokF1X46u3WKTqwyQGGkbEmDZurviRQLrScisJ0Cm5Fe9DLxP6+bmPDGT5mME0MlmS8KE45MhLLH0YApSgyfWIKJYvZWREZYYWJsPCUbgrf48jJpXVS9q2rt4bJSv83jKMIRHMMpeHANdbiHBjSBwAie4RXeHOG8OO/Ox7y14OQzh/AHzucPxc6Nag==</latexit>

�1/3

<latexit sha1_base64="UgyqglHV4wobBQq3mPpF+6NSaNw=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4se62oh6LXjxWsB/QLiWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJf57SeqNIvko5nE1Bd4KFnICDaZdF69qPVLZbfizoCWiZeTMuRo9EtfvUFEEkGlIRxr3fXc2PgpVoYRTqfFXqJpjMkYD2nXUokF1X46u3WKTq0yQGGkbEmDZurviRQLrScisJ0Cm5Fe9DLxP6+bmPDGT5mME0MlmS8KE45MhLLH0YApSgyfWIKJYvZWREZYYWJsPEUbgrf48jJpVSveVaX2cFmu3+ZxFOAYTuAMPLiGOtxDA5pAYATP8ApvjnBenHfnY9664uQzR/AHzucPx1SNaw==</latexit>

�2/3
<latexit sha1_base64="k4pRQpe3usGJ4ql/zXemjo24WSs=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQq6rHoxWMV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4O/GbT6g0j+WjGSXoR7QvecgZNVZ6OPW6pbJbcacgi8TLSRly1Lqlr04vZmmE0jBBtW57bmL8jCrDmcBxsZNqTCgb0j62LZU0Qu1n00vH5NgqPRLGypY0ZKr+nshopPUoCmxnRM1Az3sT8T+vnZrw2s+4TFKDks0WhakgJiaTt0mPK2RGjCyhTHF7K2EDqigzNpyiDcGbf3mRNM4q3mXl/P6iXL3J4yjAIRzBCXhwBVW4gxrUgUEIz/AKb87QeXHenY9Z65KTzxzAHzifP+Z+jPQ=</latexit>�1

19/45
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<latexit sha1_base64="onhgh+i6rYxNVAQRCr7VX70J+Qo=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5CoVDdCsRt3VrRpoYlhMp20QycPZiZCCf0LN/6KGxeKuNWdf+OkraCtBy4czrmXe+/xE0aFNM0vrbCwuLS8Ulwtra1vbG7p2zu2iFOOSRPHLOZtHwnCaESakkpG2gknKPQZafmDeu637gkXNI5u5TAhboh6EQ0oRlJJnm7c3KXwHFacEMm+78M6dGJJQyLgj3J1CG3VUWdeFdqeXjYNcww4T6wpKYMpGp7+6XRjnIYkkpghITqWmUg3Q1xSzMio5KSCJAgPUI90FI2QWu1m479G8EApXRjEXFUk4Vj9PZGhUIhh6KvO/Fgx6+Xif14nlcGZm9EoSSWJ8GRRkDIoY5iHBLuUEyzZUBGEOVW3QtxHHGGpoiypEKzZl+eJfWRYVeP4+qRcu5jGUQR7YB9UgAVOQQ1cggZoAgwewBN4Aa/ao/asvWnvk9aCNp3ZBX+gfXwDBrecsw==</latexit>

Su = (C⌦O)V = Cl6V
<latexit sha1_base64="L4mNDtV/LA86mwriyhQWQgM+4Pw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVm71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHtU2M4g==</latexit>

V
<latexit sha1_base64="ofh4okYOSQ3qumzby9NAhhHal/4=">AAACL3icdZDLSsNAFIYnXmu9RV26GSyCq5K0oi6LgrisYC/Q1HIymbRDJ5fOTIQS+kZufJVuRBRx61s4bQNqqwcGfv7vHM6c3405k8qyXoyl5ZXVtfXcRn5za3tn19zbr8soEYTWSMQj0XRBUs5CWlNMcdqMBYXA5bTh9q8mvPFAhWRReKeGMW0H0A2ZzwgobXXMawd43IOOfe940O1SgevYGQwS8HBGSv+S8jfpmAWraE0LLwo7EwWUVbVjjh0vIklAQ0U4SNmyrVi1UxCKEU5HeSeRNAbShy5taRlCQGU7nd47wsfa8bAfCf1Chafuz4kUAimHgas7A1A9Oc8m5l+slSj/op2yME4UDclskZ9wrCI8CQ97TFCi+FALIILpv2LSAwFE6YjzOgR7/uRFUS8V7bNi+fa0ULnM4sihQ3SETpCNzlEF3aAqqiGCHtEYvaI348l4Nt6Nj1nrkpHNHKBfZXx+ASXeqIY=</latexit>

↵†
1V ↵†

2V ↵†
3V

<latexit sha1_base64="hJBJtLYkhEiP1jsTYkXZk2Osv0o=">AAACX3icdVHLTgIxFO2MDxAQR10ZN43ExBWZAaMuiW5cYiKPhEFyp1OgofOg7ZAQwk+6M3Hjn1hgjDroTZqce865ue2pF3MmlW2/GebO7t5+Ln9QKJYOy0fW8UlbRokgtEUiHomuB5JyFtKWYorTbiwoBB6nHW/ysNI7Myoki8JnNY9pP4BRyIaMgNLUwJq5wOMxDOovrg+jERVpX/vqcRu702kCPk4VJ+Os/+usZZzOt3NgVeyqvS68DZwUVFBazYH16voRSQIaKsJByp5jx6q/AKEY4XRZcBNJYyATGNGehiEEVPYX63yW+FIzPh5GQp9Q4TX7c2IBgZTzwNPOANRYZrUV+ZfWS9Twrr9gYZwoGpLNomHCsYrwKmzsM0GJ4nMNgAim74rJGAQQpb+koENwsk/eBu1a1bmp1p+uK437NI48OkcX6Ao56BY10CNqohYi6N0wjaJRMj7MnFk2rY3VNNKZU/SrzLNPjzO1sg==</latexit>

↵†
3↵

†
2V ↵†

1↵
†
3V ↵†

2↵
†
1V

<latexit sha1_base64="sMuDlDE/CCxjtit7GCTKLb62eHI=">AAACHHicbVBLS8NAEN7UV62vqEcvi0XwVJJW1GPRi8cKthWaGCabTbp082B3I5TSH+LFv+LFgyJePAj+G7dtBG0dWPgeM8zO52ecSWVZX0ZpaXllda28XtnY3NreMXf3OjLNBaFtkvJU3PogKWcJbSumOL3NBIXY57TrDy4nfveeCsnS5EYNM+rGECUsZASUljyz4QDP+uA17pwAooiKgtfnuP3DcQd7ZtWqWdPCi8AuQBUV1fLMDydISR7TRBEOUvZsK1PuCIRihNNxxcklzYAMIKI9DROIqXRH0+PG+EgrAQ5ToV+i8FT9PTGCWMph7OvOGFRfznsT8T+vl6vw3B2xJMsVTchsUZhzrFI8SQoHTFCi+FADIILpv2LSBwFE6TwrOgR7/uRF0KnX7NNa4/qk2rwo4iijA3SIjpGNzlATXaEWaiOCHtATekGvxqPxbLwZ77PWklHM7KM/ZXx+A2auoYw=</latexit>

↵†
3↵

†
2↵

†
1V

<latexit sha1_base64="UgDOZLnzhne/7vq0TWMlDgXeuj8=">AAACG3icbVDLSsNAFJ34rPUVdelmsAjVRUmqVDdCsRt3VrQPaNIwmUzboZMHMxOhhP6HG3/FjQtFXAku/BsnbQRtPXDhcM693HuPGzEqpGF8aQuLS8srq7m1/PrG5ta2vrPbFGHMMWngkIW87SJBGA1IQ1LJSDviBPkuIy13WEv91j3hgobBnRxFxPZRP6A9ipFUkqOXb7sevIBFy0dy4LqwBq1QUp8I+KNcH8Fm91j11JhTSamjF4ySMQGcJ2ZGCiBD3dE/LC/EsU8CiRkSomMakbQTxCXFjIzzVixIhPAQ9UlH0QCp9XYy+W0MD5XiwV7IVQUSTtTfEwnyhRj5rupMDxazXir+53Vi2Tu3ExpEsSQBni7qxQzKEKZBQY9ygiUbKYIwp+pWiAeIIyxVnHkVgjn78jxplktmpXRyc1qoXmZx5MA+OABFYIIzUAVXoA4aAIMH8ARewKv2qD1rb9r7tHVBy2b2wB9on99WqJ3a</latexit>

Sd = (C⌦O)V ⇤ = Cl6V
⇤

<latexit sha1_base64="QVj54FJorObQcM4NNVG23KJub0Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsKuinoMevEY0TwgWcPspDcZMju7zMwKYcknePGgiFe/yJt/4+Rx0MSChqKqm+6uIBFcG9f9dnJLyyura/n1wsbm1vZOcXevruNUMayxWMSqGVCNgkusGW4ENhOFNAoENoLBzdhvPKHSPJYPZpigH9Ge5CFn1Fjpvv540imW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE175GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6adm7KJ/dnZcq17M48nAAh3AMHlxCBW6hCjVg0INneIU3RzgvzrvzMW3NObOZffgD5/MHzlCNfg==</latexit>

V ⇤

<latexit sha1_base64="TJ2N4C8ALUA1+Qa7GpYyQhTzOyk=">AAACHXicbZDLSgMxFIYzXmu9VV26CRZBXJSZtqjLohuXFewF2jqcSdM2NJOZJhmhDH0RN76KGxeKuHAjvo2Zdhba9ofAz3fO4eT8XsiZ0rb9Y62srq1vbGa2sts7u3v7uYPDugoiSWiNBDyQTQ8U5UzQmmaa02YoKfgepw1veJPUG49UKhaIez0OaceHvmA9RkAb5ObKbeDhAFwH1x/OcXs0iqCLU1ZcwkoJc3N5u2BPhReNk5o8SlV1c1/tbkAinwpNOCjVcuxQd2KQmhFOJ9l2pGgIZAh92jJWgE9VJ55eN8GnhnRxL5DmCY2n9O9EDL5SY98znT7ogZqvJXBZrRXp3lUnZiKMNBVktqgXcawDnESFu0xSovnYGCCSmb9iMgAJRJtAsyYEZ/7kRVMvFpyLQumunK9cp3Fk0DE6QWfIQZeogm5RFdUQQU/oBb2hd+vZerU+rM9Z64qVzhyhf7K+fwH9v5/+</latexit>

↵1V
⇤ ↵2V

⇤ ↵3V
⇤

<latexit sha1_base64="0vx2JPuDscfo/dCckZWn37eRNBs=">AAACNXicbVC7SgNBFJ31GeMramkzGASxCLuJqGXQxsIignlAdl3uTibJkNlHZmaFEPJTNv6HlRYWitj6C84mG9AkF4Z7OOce7tzjRZxJZZpvxtLyyuraemYju7m1vbOb29uvyTAWhFZJyEPR8EBSzgJaVUxx2ogEBd/jtO71rhO9/kiFZGFwrwYRdXzoBKzNCChNublbG3jUBbeY9hKuPZxiu9+PoYWnXNqtBZo19Seam8ubBXNceB5YKcijtCpu7sVuhST2aaAIBymblhkpZwhCMcLpKGvHkkZAetChTQ0D8Kl0huOrR/hYMy3cDoV+gcJj9q9jCL6UA9/Tkz6orpzVEnKR1oxV+9IZsiCKFQ3IZFE75liFOIkQt5igRPGBBkAE03/FpAsCiNJBZ3UI1uzJ86BWLFjnhdLdWb58lcaRQYfoCJ0gC12gMrpBFVRFBD2hV/SBPo1n4934Mr4no0tG6jlA/8r4+QUO7KnH</latexit>

↵2↵3V
⇤ ↵3↵1V

⇤ ↵1↵2V
⇤

<latexit sha1_base64="nv0sAAXD6lviN7MenmPmzXRvxbI=">AAACBnicbVDLSgMxFM3UV62vUZciBIsgLspMK+qy6MZlBfuAdhzupJk2NJMZkoxQSldu/BU3LhRx6ze4829M21lo64FwD+fcy809QcKZ0o7zbeWWlldW1/LrhY3Nre0de3evoeJUElonMY9lKwBFORO0rpnmtJVIClHAaTMYXE/85gOVisXiTg8T6kXQEyxkBLSRfPuwAzzpg+9mtZzVCm7cn2LfLjolZwq8SNyMFFGGmm9/dboxSSMqNOGgVNt1Eu2NQGpGOB0XOqmiCZAB9GjbUAERVd5oesYYHxuli8NYmic0nqq/J0YQKTWMAtMZge6reW8i/ue1Ux1eeiMmklRTQWaLwpRjHeNJJrjLJCWaDw0BIpn5KyZ9kEC0Sa5gQnDnT14kjXLJPS9Vbs+K1assjjw6QEfoBLnoAlXRDaqhOiLoET2jV/RmPVkv1rv1MWvNWdnMPvoD6/MHaiKXzA==</latexit>

↵1↵2↵3V
⇤

<latexit sha1_base64="ZfosqMULrZ87JmXMCko/0hmIU1Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFawtNKJvNtF262YT9EEro3/DiQRGv/hlv/hu3bQ7a+mDg8d4MM/OijDOlPe/bKa2srq1vlDcrW9s7u3vV/YNHlRpJsUVTnspORBRyJrClmebYySSSJOLYjka3U7/9hFKxVDzocYZhQgaC9Rkl2kpBYESMMiIy9ye9as2rezO4y8QvSA0KNHvVryBOqUlQaMqJUl3fy3SYE6kZ5TipBEZhRuiIDLBrqSAJqjCf3TxxT6wSu/1U2hLanam/J3KSKDVOItuZED1Ui95U/M/rGt2/DnMmMqNR0PmivuGuTt1pAG7MJFLNx5YQKpm91aVDIgnVNqaKDcFffHmZPJ7V/cv6+f1FrXFTxFGGIziGU/DhChpwB01oAYUMnuEV3hzjvDjvzse8teQUM4fwB87nDzv0kdI=</latexit>

1
<latexit sha1_base64="uD/UnZaYjVgY0rPp07liTipYSfA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIsgHkpiRT0WvXisYD+gTctmM22XbjZhd6OU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbm+TFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsemPbqd+8xGlYpF40OMYvZAMBOszSrSRup1EBCh9ItPKpHvWK5acsjODvUzcjJQgQ61X/OoEEU1CFJpyolTbdWLtpURqRjlOCp1EYUzoiAywbaggISovnV09sU+MEtj9SJoS2p6pvydSEio1Dn3TGRI9VIveVPzPaye6f+2lTMSJRkHni/oJt3VkTyOwAyaRaj42hFDJzK02HRJJqDZBFUwI7uLLy6RxXnYvy5X7i1L1JosjD0dwDKfgwhVU4Q5qUAcKEp7hFd6sJ+vFerc+5q05K5s5hD+wPn8AYTWScA==</latexit>

3⇤

<latexit sha1_base64="5Q5wQN1/gAExYJROwPd9xo9SVr4=">AAAB83icbVDLSsNAFJ3UV62vqks3g0VwVRIr6rLoxmUF+4AmlMnkph06mYR5CCX0N9y4UMStP+POv3HaZqGtBy4czrmXe+8JM86Udt1vp7S2vrG5Vd6u7Ozu7R9UD486KjWSQpumPJW9kCjgTEBbM82hl0kgScihG47vZn73CaRiqXjUkwyChAwFixkl2kq+b0QEMiQyb0wH1Zpbd+fAq8QrSA0VaA2qX36UUpOA0JQTpfqem+kgJ1IzymFa8Y2CjNAxGULfUkESUEE+v3mKz6wS4TiVtoTGc/X3RE4SpSZJaDsTokdq2ZuJ/3l9o+ObIGciMxoEXSyKDcc6xbMAcMQkUM0nlhAqmb0V0xGRhGobU8WG4C2/vEo6F3Xvqt54uKw1b4s4yugEnaJz5KFr1ET3qIXaiKIMPaNX9OYY58V5dz4WrSWnmDlGf+B8/gA+/pHU</latexit>

3

<latexit sha1_base64="ZfosqMULrZ87JmXMCko/0hmIU1Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFawtNKJvNtF262YT9EEro3/DiQRGv/hlv/hu3bQ7a+mDg8d4MM/OijDOlPe/bKa2srq1vlDcrW9s7u3vV/YNHlRpJsUVTnspORBRyJrClmebYySSSJOLYjka3U7/9hFKxVDzocYZhQgaC9Rkl2kpBYESMMiIy9ye9as2rezO4y8QvSA0KNHvVryBOqUlQaMqJUl3fy3SYE6kZ5TipBEZhRuiIDLBrqSAJqjCf3TxxT6wSu/1U2hLanam/J3KSKDVOItuZED1Ui95U/M/rGt2/DnMmMqNR0PmivuGuTt1pAG7MJFLNx5YQKpm91aVDIgnVNqaKDcFffHmZPJ7V/cv6+f1FrXFTxFGGIziGU/DhChpwB01oAYUMnuEV3hzjvDjvzse8teQUM4fwB87nDzv0kdI=</latexit>

1 <latexit sha1_base64="ZfosqMULrZ87JmXMCko/0hmIU1Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFawtNKJvNtF262YT9EEro3/DiQRGv/hlv/hu3bQ7a+mDg8d4MM/OijDOlPe/bKa2srq1vlDcrW9s7u3vV/YNHlRpJsUVTnspORBRyJrClmebYySSSJOLYjka3U7/9hFKxVDzocYZhQgaC9Rkl2kpBYESMMiIy9ye9as2rezO4y8QvSA0KNHvVryBOqUlQaMqJUl3fy3SYE6kZ5TipBEZhRuiIDLBrqSAJqjCf3TxxT6wSu/1U2hLanam/J3KSKDVOItuZED1Ui95U/M/rGt2/DnMmMqNR0PmivuGuTt1pAG7MJFLNx5YQKpm91aVDIgnVNqaKDcFffHmZPJ7V/cv6+f1FrXFTxFGGIziGU/DhChpwB01oAYUMnuEV3hzjvDjvzse8teQUM4fwB87nDzv0kdI=</latexit>

1

<latexit sha1_base64="ZfosqMULrZ87JmXMCko/0hmIU1Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFawtNKJvNtF262YT9EEro3/DiQRGv/hlv/hu3bQ7a+mDg8d4MM/OijDOlPe/bKa2srq1vlDcrW9s7u3vV/YNHlRpJsUVTnspORBRyJrClmebYySSSJOLYjka3U7/9hFKxVDzocYZhQgaC9Rkl2kpBYESMMiIy9ye9as2rezO4y8QvSA0KNHvVryBOqUlQaMqJUl3fy3SYE6kZ5TipBEZhRuiIDLBrqSAJqjCf3TxxT6wSu/1U2hLanam/J3KSKDVOItuZED1Ui95U/M/rGt2/DnMmMqNR0PmivuGuTt1pAG7MJFLNx5YQKpm91aVDIgnVNqaKDcFffHmZPJ7V/cv6+f1FrXFTxFGGIziGU/DhChpwB01oAYUMnuEV3hzjvDjvzse8teQUM4fwB87nDzv0kdI=</latexit>

1
<latexit sha1_base64="5Q5wQN1/gAExYJROwPd9xo9SVr4=">AAAB83icbVDLSsNAFJ3UV62vqks3g0VwVRIr6rLoxmUF+4AmlMnkph06mYR5CCX0N9y4UMStP+POv3HaZqGtBy4czrmXe+8JM86Udt1vp7S2vrG5Vd6u7Ozu7R9UD486KjWSQpumPJW9kCjgTEBbM82hl0kgScihG47vZn73CaRiqXjUkwyChAwFixkl2kq+b0QEMiQyb0wH1Zpbd+fAq8QrSA0VaA2qX36UUpOA0JQTpfqem+kgJ1IzymFa8Y2CjNAxGULfUkESUEE+v3mKz6wS4TiVtoTGc/X3RE4SpSZJaDsTokdq2ZuJ/3l9o+ObIGciMxoEXSyKDcc6xbMAcMQkUM0nlhAqmb0V0xGRhGobU8WG4C2/vEo6F3Xvqt54uKw1b4s4yugEnaJz5KFr1ET3qIXaiKIMPaNX9OYY58V5dz4WrSWnmDlGf+B8/gA+/pHU</latexit>

3

<latexit sha1_base64="uD/UnZaYjVgY0rPp07liTipYSfA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIsgHkpiRT0WvXisYD+gTctmM22XbjZhd6OU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbm+TFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsemPbqd+8xGlYpF40OMYvZAMBOszSrSRup1EBCh9ItPKpHvWK5acsjODvUzcjJQgQ61X/OoEEU1CFJpyolTbdWLtpURqRjlOCp1EYUzoiAywbaggISovnV09sU+MEtj9SJoS2p6pvydSEio1Dn3TGRI9VIveVPzPaye6f+2lTMSJRkHni/oJt3VkTyOwAyaRaj42hFDJzK02HRJJqDZBFUwI7uLLy6RxXnYvy5X7i1L1JosjD0dwDKfgwhVU4Q5qUAcKEp7hFd6sJ+vFerc+5q05K5s5hD+wPn8AYTWScA==</latexit>

3⇤

<latexit sha1_base64="ta4NqMDo8H1Aa5rkHqcGb0jN4D8=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU921oh6LXjxJC/YDtkvJptk2NJusSbZQSn+GFw+KePXXePPfmLZ70OqDgcd7M8zMCxPOtHHdLye3srq2vpHfLGxt7+zuFfcPmlqmitAGkVyqdog15UzQhmGG03aiKI5DTlvh8Hbmt0ZUaSbFgxknNIhxX7CIEWys5Nc79DFlI3R/VukWS27ZnQP9JV5GSpCh1i1+dnqSpDEVhnCste+5iQkmWBlGOJ0WOqmmCSZD3Ke+pQLHVAeT+clTdGKVHoqksiUMmqs/JyY41noch7Yzxmagl72Z+J/npya6DiZMJKmhgiwWRSlHRqLZ/6jHFCWGjy3BRDF7KyIDrDAxNqWCDcFbfvkvaZ6XvctypX5Rqt5kceThCI7hFDy4gircQQ0aQEDCE7zAq2OcZ+fNeV+05pxs5hB+wfn4BkIvkJc=</latexit>

Q ⌘ N/3

<latexit sha1_base64="TpN6sRMdEhkCqnjWyIQJr5WE10I=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmoX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDe7WMvA==</latexit>

0
<latexit sha1_base64="DaGvI2169CWlmuAVCXi/QXDOvtQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxhLti1CPRi0eM8khgQ2aHASbMzm5mek3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGt1O/+cS1EZF6xHHM/ZAOlOgLRtFKD95ZpVssuWV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons1Ak5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/7qVBxglyx+aJ+IglGZPo36QnNGcqxJZRpYW8lbEg1ZWjTKdgQvMWXl0njvOxdliv3F6XqTRZHHo7gGE7Bgyuowh3UoA4MBvAMr/DmSOfFeXc+5q05J5s5hD9wPn8AXCuNMw==</latexit>

1/3

<latexit sha1_base64="AmvaZvLDXlil8ciMYkLWpKTtRtY=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw84S4Y9Uj04hGjPBLYkNmhFybMzm5mZk0I4RO8eNAYr36RN//GAfagYCWdVKq6090VJIJr47rfzsrq2vrGZm4rv72zu7dfODhs6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4O/WbT6g0j+WjGSXoR7QvecgZNVZ6KJ9XuoWiW3JnIMvEy0gRMtS6ha9OL2ZphNIwQbVue25i/DFVhjOBk3wn1ZhQNqR9bFsqaYTaH89OnZBTq/RIGCtb0pCZ+ntiTCOtR1FgOyNqBnrRm4r/ee3UhNf+mMskNSjZfFGYCmJiMv2b9LhCZsTIEsoUt7cSNqCKMmPTydsQvMWXl0mjXPIuS5X7i2L1JosjB8dwAmfgwRVU4Q5qUAcGfXiGV3hzhPPivDsf89YVJ5s5gj9wPn8AXbGNNA==</latexit>

2/3
<latexit sha1_base64="mINfg+aHheM79HZECEqXxvUGVvY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcF LsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmoX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfTmMvQ==</latexit>

1

<latexit sha1_base64="1Jz4rPAuOOGa0BsZtlqY4pDCffU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi3XXinosevFYwX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+C7z209UaRbJRzOJqS/wULKQEWwy6cw7r/XLFbfqzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgpVoYRTqelXqJpjMkYD2nXUokF1X46u3WKTqwyQGGkbEmDZurviRQLrScisJ0Cm5Fe9DLxP6+bmPDGT5mME0MlmS8KE45MhLLH0YApSgyfWIKJYvZWREZYYWJsPCUbgrf48jJpXVS9q2rt4bJSv83jKMIRHMMpeHANdbiHBjSBwAie4RXeHOG8OO/Ox7y14OQzh/AHzucPxc6Nag==</latexit>

�1/3

<latexit sha1_base64="UgyqglHV4wobBQq3mPpF+6NSaNw=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4se62oh6LXjxWsB/QLiWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJf57SeqNIvko5nE1Bd4KFnICDaZdF69qPVLZbfizoCWiZeTMuRo9EtfvUFEEkGlIRxr3fXc2PgpVoYRTqfFXqJpjMkYD2nXUokF1X46u3WKTq0yQGGkbEmDZurviRQLrScisJ0Cm5Fe9DLxP6+bmPDGT5mME0MlmS8KE45MhLLH0YApSgyfWIKJYvZWREZYYWJsPEUbgrf48jJpVSveVaX2cFmu3+ZxFOAYTuAMPLiGOtxDA5pAYATP8ApvjnBenHfnY9664uQzR/AHzucPx1SNaw==</latexit>

�2/3
<latexit sha1_base64="k4pRQpe3usGJ4ql/zXemjo24WSs=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQq6rHoxWMV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4O/GbT6g0j+WjGSXoR7QvecgZNVZ6OPW6pbJbcacgi8TLSRly1Lqlr04vZmmE0jBBtW57bmL8jCrDmcBxsZNqTCgb0j62LZU0Qu1n00vH5NgqPRLGypY0ZKr+nshopPUoCmxnRM1Az3sT8T+vnZrw2s+4TFKDks0WhakgJiaTt0mPK2RGjCyhTHF7K2EDqigzNpyiDcGbf3mRNM4q3mXl/P6iXL3J4yjAIRzBCXhwBVW4gxrUgUEIz/AKb87QeXHenY9Z65KTzxzAHzifP+Z+jPQ=</latexit>�1

<latexit sha1_base64="TpN6sRMdEhkCqnjWyIQJr5WE10I=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmoX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDe7WMvA==</latexit>

0

<latexit sha1_base64="XG2+WwsPkyJuoNIYtSh59rF095A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ1elvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1Wz+8vKrWbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBhf43f</latexit>⌫
<latexit sha1_base64="8PE+msOQgwgHPlphGhsKMJs4I+M=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cVrC10hpJJM21oJhnyEErpb7hxoYhbf8adf2OmnYW2HggczrmHe3PijDNtfP/bK62srq1vlDcrW9s7u3vV/YNHLa0itEUkl6oTY005E7RlmOG0kymK05jTdjy6zf32E1WaSfFgxhmNUjwQLGEEGyeFoXRmng2F7VVrft2fAS2ToCA1KNDsVb/CviQ2pcIQjrXuBn5moglWhhFOp5XQapphMsID2nVU4JTqaDK7eYpOnNJHiVTuCYNm6u/EBKdaj9PYTabYDPWil4v/eV1rkutowkRmDRVkviixHBmJ8gJQnylKDB87goli7lZEhlhhYlxNFVdCsPjlZfJ4Vg8u6+f3F7XGTVFHGY7gGE4hgCtowB00oQUEMniGV3jzrPfivXsf89GSV2QO4Q+8zx93ipH5</latexit>

⌫
<latexit sha1_base64="7dQXQD9gOt6zxXnTqlfh25T3AEI=">AAAB8nicbVBNSwMxFHxbv2r9qnr0EiyCp7Kroh6LXjxWsLawXUo2m21Ds8mSZIWy9Gd48aCIV3+NN/+N2XYP2joQGGbekPcmTDnTxnW/ncrK6tr6RnWztrW9s7tX3z941DJThHaI5FL1QqwpZ4J2DDOc9lJFcRJy2g3Ht4XffaJKMykezCSlQYKHgsWMYGMlvy+tWWRRNKg33KY7A1omXkkaUKI9qH/1I0myhApDONba99zUBDlWhhFOp7V+pmmKyRgPqW+pwAnVQT5beYpOrBKhWCr7hEEz9Xcix4nWkyS0kwk2I73oFeJ/np+Z+DrImUgzQwWZfxRnHBmJivtRxBQlhk8swUQxuysiI6wwMbalmi3BWzx5mTyeNb3L5vn9RaN1U9ZRhSM4hlPw4ApacAdt6AABCc/wCm+OcV6cd+djPlpxyswh/IHz+QMyUZE0</latexit>

d
<latexit sha1_base64="XGeTDTvfANGjGKE7idEOAqZJti8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV016p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmoX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD5EmNAQ==</latexit>u

<latexit sha1_base64="YW0zx8SUa6/2I6EaJ5yJFCKhI3Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXRT0GvXiMaB6QrGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cfI4aGJBQ1HVTXdXkAiujet+O7ml5ZXVtfx6YWNza3unuLtX13GqGNZYLGLVDKhGwSXWDDcCm4lCGgUCG8HgZuw3nlBpHssHM0zQj2hP8pAzaqx0j48nnWLJLbsTkEXizUgJZqh2il/tbszSCKVhgmrd8tzE+BlVhjOBo0I71ZhQNqA9bFkqaYTazyanjsiRVbokjJUtachE/T2R0UjrYRTYzoiavp73xuJ/Xis14ZWfcZmkBiWbLgpTQUxMxn+TLlfIjBhaQpni9lbC+lRRZmw6BRuCN//yIqmflr2L8tndealyPYsjDwdwCMfgwSVU4BaqUAMGPXiGV3hzhPPivDsf09acM5vZhz9wPn8A5q6Njg==</latexit>

e+

<latexit sha1_base64="O5YX0O2FZsDJGnz1DrTYkBi0OcA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM1m0q7dbMLuRiilv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1A6pRcIkNw43AdqqQxoHAVjC8m/qtJ1SaJ/LBjFL0Y9qXPOKMGivVw16p7FbcGcgy8XJShhy1XumrGyYsi1EaJqjWHc9NjT+mynAmcFLsZhpTyoa0jx1LJY1R++PZoRNyapWQRImyJQ2Zqb8nxjTWehQHtjOmZqAXvan4n9fJTHTjj7lMM4OSzRdFmSAmIdOvScgVMiNGllCmuL2VsAFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHyoWM8A==</latexit>

d
<latexit sha1_base64="FvpqkU+GF4V6Uvt6J6hyYmtyzFs=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KoqMeiF48VrC2koWy2m3bpJht2X4RS+jO8eFDEq7/Gm//GTZuDtg4sDDNv2PcmTKUw6LrfTmlldW19o7xZ2dre2d2r7h88GpVpxltMSaU7ITVcioS3UKDknVRzGoeSt8PRbe63n7g2QiUPOE55ENNBIiLBKFrJ7ypr5lmS9ao1t+7OQJaJV5AaFGj2ql/dvmJZzBNkkhrje26KwYRqFEzyaaWbGZ5SNqID7lua0JibYDJbeUpOrNInkdL2JUhm6u/EhMbGjOPQTsYUh2bRy8X/PD/D6DqYiCTNkCds/lGUSYKK5PeTvtCcoRxbQpkWdlfChlRThralii3BWzx5mTye1b3L+vn9Ra1xU9RRhiM4hlPw4AoacAdNaAEDBc/wCm8OOi/Ou/MxHy05ReYQ/sD5/AFMFZFF</latexit>

u
<latexit sha1_base64="OIESqR1hPJge9456HNrvq/byyEk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbCroh6DXjxGNA9I1jA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOHkcNLGgoajqprsrSATXxnW/ndzS8srqWn69sLG5tb1T3N2r6zhVDGssFrFqBlSj4BJrhhuBzUQhjQKBjWBwM/YbT6g0j+WDGSboR7QnecgZNVa6x8eTTrHklt0JyCLxZqQEM1Q7xa92N2ZphNIwQbVueW5i/Iwqw5nAUaGdakwoG9AetiyVNELtZ5NTR+TIKl0SxsqWNGSi/p7IaKT1MApsZ0RNX897Y/E/r5Wa8MrPuExSg5JNF4WpICYm479JlytkRgwtoUxxeythfaooMzadgg3Bm395kdRPy95F+ezuvFS5nsWRhwM4hGPw4BIqcAtVqAGDHjzDK7w5wnlx3p2PaWvOmc3swx84nz/pto2Q</latexit>

e�

<latexit sha1_base64="NTnykRnu1SVrptIb06xenHCe62I=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBRakzragboejGZQX7gHYomTRtQzOZIckUytA/ceNCEbf+iTv/xkw7C209cC+Hc+4lN8ePOFPacb6t3Nr6xuZWfruws7u3f2AfHjVVGEtCGyTkoWz7WFHOBG1opjltR5LiwOe05Y/vU781oVKxUDzpaUS9AA8FGzCCtZF6tn2LnBJyL6olVEmb27OLTtmZA60SNyNFyFDv2V/dfkjigApNOFaq4zqR9hIsNSOczgrdWNEIkzEe0o6hAgdUecn88hk6M0ofDUJpSmg0V39vJDhQahr4ZjLAeqSWvVT8z+vEenDjJUxEsaaCLB4axBzpEKUxoD6TlGg+NQQTycytiIywxESbsAomBHf5y6ukWSm7V+Xq42WxdpfFkYcTOIVzcOEaavAAdWgAgQk8wyu8WYn1Yr1bH4vRnJXtHMMfWJ8/IxuQHA==</latexit>

= 0, 1/3, 2/3, 1
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Thus far :


• Start with complex octonions.


• Have them act on themselves.


• That generates the Clifford algebra Cl(6)


• Spinors constructed to obtain states,


• which transform as one generation of standard model 
particles under the unbroken SU(3)c x U(1)em


Ratios of electric charge are a consequence of 

symmetries of the octonion algebra.


Do mass ratios also result from some symmetry

of the octonion algebra?

21/45



Division Algebras and the Weak Symmetry

 Cl(4) and right minimum ideals used to demonstrate correct

     action of SU(2)L on one generation of leptons.


     - Furey (2018)

 Two copies of Cl(6): one for electro-color and one for the

  Weak-Lorentz symmetry: one generation of quarks and leptons.


   - Stoica (2018) 

  However, the Cl(4) of weak symmetry can be made from the Cl(6)

  of the electro-colour symmetry !


  How to describe three fermion generations using division 

     algebras? Need to consider the next two exceptional Lie groups

      F4 and E6. 22/45



Left-Right symmetric fermions and sterile neutrinos

from complex split biquaternions and bioctonions

<latexit sha1_base64="8vlSwxtuFelY9qvCD07LL9jRgsI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpRdLeqx2IvHCvYD2qVk02wbmk2WJCuUpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvBuD7z209UaSbFo5nE1I/wULCQEWys1K7zsntxdd4vltyKOwdaJV5GSpCh0S9+9QaSJBEVhnCsdddzY+OnWBlGOJ0WeommMSZjPKRdSwWOqPbT+blTdGaVAQqlsiUMmqu/J1IcaT2JAtsZYTPSy95M/M/rJia89VMm4sRQQRaLwoQjI9HsdzRgihLDJ5Zgopi9FZERVpgYm1DBhuAtv7xKWpcV77pSfaiWandZHHk4gVMogwc3UIN7aEATCIzhGV7hzYmdF+fd+Vi05pxs5hj+wPn8AXMPjlg=</latexit>

Cl(0, 3)
<latexit sha1_base64="/SuHWOm8gMEutaQPi/odDdL65h0=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBbBg5SkLdZj0YvHCvYDmhA22027dLMJuxuhhP4UL/4VLx4U0Zv+GjdpDto6sMObN2+YnefHjEplWV9GaW19Y3OrvF3Z2d3bPzAPj3oySgQmXRyxSAx8JAmjnHQVVYwMYkFQ6DPS96c3Wb//QISkEb9Xs5i4IRpzGlCMlKY8s+Wk9gUkXp7qWWrkZVHUi7pRKOwF5cw9s2rVrDzgKrALUAVFdDzz0xlFOAkJV5ghKYe2FSs3RUJRzMi84iSSxAhP0ZgMNeQoJNJN8wPn8EwzIxhEQj+uYM7+nkhRKOUs9LUyRGoil3sZ+V9vmKjgyk0pjxNFOF4sChIGVQQzt+CICoIVm2mAsKD6rxBPkEBYaU8r2gR7+eRV0KvX7Mta865ZbV8XdpTBCTgF58AGLdAGt6ADugCDR/AMXsGb8WS8GO/Gx0JaMoqZY/AnjO8fkVCeVw==</latexit>

{1, e1, e2, e3, e1e2, e2e3, e3e1, e1e2e3}
<latexit sha1_base64="H2VSbCjxExRnKw4SF+5daEwvJ60=">AAACJnicbVDLSgMxFM34rPU16tJNsAgtlDLTFnUjFN24rGAf0JYhk962oZmHSUYopV/jxl9x46Ii4s5PMTOdhbZeSO7JOfdyc48bciaVZX0Za+sbm1vbmZ3s7t7+waF5dNyUQSQoNGjAA9F2iQTOfGgopji0QwHEczm03PFtrLeeQEgW+A9qEkLPI0OfDRglSlOOeZ23ixic5ConSOdCEXcfI9LPL57gVBI5zZW0vFLIOmbOKllJ4FVgpyCH0qg75rzbD2jkga8oJ1J2bCtUvSkRilEOs2w3khASOiZD6GjoEw9kb5qsOcPnmunjQSD08RVO2N8dU+JJOfFcXekRNZLLWkz+p3UiNbjqTZkfRgp8uhg0iDhWAY49w30mgCo+0YBQwfRfMR0RQajSzsYm2Msrr4JmuWRflKr31VztJrUjg07RGcojG12iGrpDddRAFD2jVzRH78aL8WZ8GJ+L0jUj7TlBf8L4/gFUq5+W</latexit>

(1, e1, e2, e1e2), (e1e2e3, e2e3, e3e1, e3)
<latexit sha1_base64="cEkT+MEKIiaJ25AwAzgy7d4Efuw=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJWkFnVZdOOygn1AE8JketMOnTycmRRK7MJfceNCEbf+hjv/xmmbhbYeuHA4517uvcdPOJPKsr6Nwsrq2vpGcbO0tb2zu2fuH7RknAoKTRrzWHR8IoGzCJqKKQ6dRAAJfQ5tf3gz9dsjEJLF0b0aJ+CGpB+xgFGitOSZR04cQp848JCyEQbPBq8K3rlnlq2KNQNeJnZOyihHwzO/nF5M0xAiRTmRsmtbiXIzIhSjHCYlJ5WQEDokfehqGpEQpJvN7p/gU630cBALXZHCM/X3REZCKcehrztDogZy0ZuK/3ndVAVXbsaiJFUQ0fmiIOVYxXgaBu4xAVTxsSaECqZvxXRABKFKR1bSIdiLLy+TVrViX1Rqd7Vy/TqPo4iO0Qk6Qza6RHV0ixqoiSh6RM/oFb0ZT8aL8W58zFsLRj5ziP7A+PwBER6VfQ==</latexit>! ⌘ e1e2e3 Split complex number 

<latexit sha1_base64="pVQ3nHbhZfrbj39PE2F4XSJpYe0=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyWol6EohePFewHdNeSTWfb0GSzJFmhLP0bXjwo4tU/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVRRaVHKpuiHRwFkMLcMMh26igIiQQycc3878zhMozWT8YCYJBIIMYxYxSoyVfF8KGJLHGr7GXr9ccavuHHiVeDmpoBzNfvnLH0iaCogN5UTrnucmJsiIMoxymJb8VENC6JgMoWdpTAToIJvfPMVnVhngSCpbscFz9fdERoTWExHaTkHMSC97M/E/r5ea6CrIWJykBmK6WBSlHBuJZwHgAVNADZ9YQqhi9lZMR0QRamxMJRuCt/zyKmnXqt5FtX5frzRu8jiK6ASdonPkoUvUQHeoiVqIogQ9o1f05qTOi/PufCxaC04+c4z+wPn8AWTskJ4=</latexit>

!2 = 1
<latexit sha1_base64="QOm6uATNCyS4grVopykoVf+4N84=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBDeWRIq6EYpuXFawF2hCmUxO2qGTTJiZCCV046u4caGIWx/DnW/jtM1CW38Y+PjPOZw5f5ByprTjfFtLyyura+uljfLm1vbOrr2331IikxSaVHAhOwFRwFkCTc00h04qgcQBh3YwvJ3U248gFRPJgx6l4Mekn7CIUaKN1bMPPc14CNgTMfQJvsZnM+rZFafqTIUXwS2gggo1evaXFwqaxZBoyolSXddJtZ8TqRnlMC57mYKU0CHpQ9dgQmJQfj49YIxPjBPiSEjzEo2n7u+JnMRKjeLAdMZED9R8bWL+V+tmOrryc5akmYaEzhZFGcda4EkaOGQSqOYjA4RKZv6K6YBIQrXJrGxCcOdPXoTWedW9qNbua5X6TRFHCR2hY3SKXHSJ6ugONVATUTRGz+gVvVlP1ov1bn3MWpesYuYA/ZH1+QNXm5Wc</latexit>

!̃ = �!
<latexit sha1_base64="xGuYHOqOQE/uzGMuhHk1+X3N65I=">AAACJHicbVDLSgMxFM3UV62vUZdugkWo0JaZUlRwU3TjsoJ9QFtKJnPbhmYeJhmhDP0YN/6KGxc+cOHGbzGdzkJbDyT3cO65JPc4IWdSWdaXkVlZXVvfyG7mtrZ3dvfM/YOmDCJBoUEDHoi2QyRw5kNDMcWhHQognsOh5YyvZ/3WAwjJAv9OTULoeWToswGjRGmpb14W7CKGfnJVEqbraRF37yPi4m7gwZDMLKXEU0pMpdTVN/NW2UqAl4mdkjxKUe+b7103oJEHvqKcSNmxrVD1YiIUoxymuW4kISR0TIbQ0dQnHshenCw5xSdacfEgEPr4Cifq74mYeFJOPEc7PaJGcrE3E//rdSI1uOjFzA8jBT6dPzSIOFYBniWGXSaAKj7RhFDB9F8xHRFBqNK55nQI9uLKy6RZKdtn5eptNV+7SuPIoiN0jArIRueohm5QHTUQRY/oGb2iN+PJeDE+jM+5NWOkM4foD4zvH+QPntk=</latexit>

(1, e1, e2, e1e2), !(1,�e1,�e2,�e1e2)

Complex Split Biquaternions
<latexit sha1_base64="082VhAxqcmAG1g89tdFo0zXXArw="></latexit>

C⌦D⌦H D ⌘ (1,!)

<latexit sha1_base64="ggxrB6pUIn+tIieOHsiAP9Aoa6M=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQEWpSiroRim5cVrAPaEOYTG/aoZNJmJkIJRT8FTcuFHHrd7jzb5w+Ftp64MLhnHu5954g4Uxpx/m2lpZXVtfWcxv5za3tnV17b7+h4lRSqNOYx7IVEAWcCahrpjm0EgkkCjg0g8Ht2G8+glQsFg96mIAXkZ5gIaNEG8m3DzuEJ31yXQTfxWeYgV8+PS/7dsEpORPgReLOSAHNUPPtr043pmkEQlNOlGq7TqK9jEjNKIdRvpMqSAgdkB60DRUkAuVlk/NH+MQoXRzG0pTQeKL+nshIpNQwCkxnRHRfzXtj8T+vnerwysuYSFINgk4XhSnHOsbjLHCXSaCaDw0hVDJzK6Z9IgnVJrG8CcGdf3mRNMol96JUua8UqjezOHLoCB2jInLRJaqiO1RDdURRhp7RK3qznqwX6936mLYuWbOZA/QH1ucPBBKTlg==</latexit>

↵ = (e1 + ie2)/2
RH Leptons

<latexit sha1_base64="doxCNLxU2DsheOFvFg2d+dIx7vs=">AAACBXicbVDJSgNBEO2JW4zbqEc9NAYhHhJnQlAvQtCLxwhmgSQMNZ1K0qRnobtHCCEXL/6KFw+KePUfvPk3dpaDRh8UPN6roqqeHwuutON8Waml5ZXVtfR6ZmNza3vH3t2rqSiRDKssEpFs+KBQ8BCrmmuBjVgiBL7Auj+4nvj1e5SKR+GdHsbYDqAX8i5noI3k2YctEHEfLltRgD3I5dFzaZ5y9Ionp0XPzjoFZwr6l7hzkiVzVDz7s9WJWBJgqJkApZquE+v2CKTmTOA400oUxsAG0MOmoSEEqNqj6RdjemyUDu1G0lSo6VT9OTGCQKlh4JvOAHRfLXoT8T+vmejuRXvEwzjRGLLZom4iqI7oJBLa4RKZFkNDgElubqWsDxKYNsFlTAju4st/Sa1YcM8KpdtStnw1jyNNDsgRyRGXnJMyuSEVUiWMPJAn8kJerUfr2Xqz3metKWs+s09+wfr4Bi/JlnA=</latexit>

↵ = !(�e1 � ie2)/2
LH Leptons

<latexit sha1_base64="qECFWomsQ0WG0WMG5DIQk9ifO+Q=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokUtSNUHTjsgX7gCaWm8kkHTp5MDMRSujGX3HjQhG3foY7/8Zpm4W2Hrhw5px7mXuPl3ImlWV9G6WV1bX1jfJmZWt7Z3fP3D/oyCQThLZJwhPR80BSzmLaVkxx2ksFhcjjtOuNbqd+95EKyZL4Xo1T6kYQxixgBJSWBuZR69oBng7hwfEhDKnA8+fArFo1awa8TOyCVFGB5sD8cvyEZBGNFeEgZd+2UuXmIBQjnE4qTiZpCmQEIe1rGkNEpZvPDpjgU634OEiErljhmfp7IodIynHk6c4I1FAuelPxP6+fqeDKzVmcZorGZP5RkHGsEjxNA/tMUKL4WBMgguldMRmCAKJ0ZhUdgr148jLpnNfsi1q9Va82boo4yugYnaAzZKNL1EB3qInaiKAJekav6M14Ml6Md+Nj3loyiplD9AfG5w86dJYw</latexit>

Q = ↵†↵

<latexit sha1_base64="OF0MAkM/j4M6nmfmgqzrkyTUtvE=">AAACHHicbVDLSgMxFM3UV62vUZdugkWomzKjRV0Wu+mygn1AZyiZNG1DM8mQZIQy9EPc+CtuXCjixoXg35hpR9HWA4HDOfeSc08QMaq043xauZXVtfWN/GZha3tnd8/eP2gpEUtMmlgwITsBUoRRTpqaakY6kSQoDBhpB+Na6rfviFRU8Fs9iYgfoiGnA4qRNlLPPvdCpEdBAGue0DQkCpa+lTr0RMRiBX+EU+hhwYc9u+iUnRngMnEzUgQZGj373esLHIeEa8yQUl3XibSfIKkpZmRa8GJFIoTHaEi6hnJkcvjJ7LgpPDFKHw6ENI9rOFN/byQoVGoSBmYyzakWvVT8z+vGenDlJ5RHsSYczz8axAxqAdOmYJ9KgjWbGIKwpCYrxCMkEdamz4IpwV08eZm0zsruRblyUylWr7M68uAIHIMScMElqII6aIAmwOAePIJn8GI9WE/Wq/U2H81Z2c4h+APr4wvPmqCT</latexit>

C⌦ (H�H) ⇠=

<latexit sha1_base64="PowZJ4P6AB3rc9xFFQCs/GqFlWw=">AAAB7HicbVBNTwIxEJ36ifiFevTSSEzwQnaVqEciF4+YuEACG9ItXWjodjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzgkRwbRznG62tb2xubRd2irt7+weHpaPjlo5TRZlHYxGrTkA0E1wyz3AjWCdRjESBYO1g3Jj57SemNI/lo5kkzI/IUPKQU2Ks5DVE5eqiXyo7VWcOvErcnJQhR7Nf+uoNYppGTBoqiNZd10mMnxFlOBVsWuylmiWEjsmQdS2VJGLaz+bHTvG5VQY4jJUtafBc/T2RkUjrSRTYzoiYkV72ZuJ/Xjc14a2fcZmkhkm6WBSmApsYzz7HA64YNWJiCaGK21sxHRFFqLH5FG0I7vLLq6R1WXWvq7WHWrl+l8dRgFM4gwq4cAN1uIcmeECBwzO8whuS6AW9o49F6xrKZ07gD9DnD5sgjeg=</latexit>

Cl(3)
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Gravitation:



Complex split bioctonions and Cl(7) & L-R symmetric model

Writing Cl(7) as a sum of two copies of C X O with opposite parity.

<latexit sha1_base64="lheiF+w8pHUxBR0Q/xqPFkvY8VM=">AAACF3icbVDLSgMxFM34rPVVdekmWARXZUZr60YounFZwT6gU0ImvVODmcmQZJQy9C/c+CtuXCjiVnf+jWk7C18HAodzzuXmniARXBvX/XTm5hcWl5YLK8XVtfWNzdLWdlvLVDFoMSmk6gZUg+AxtAw3ArqJAhoFAjrBzfnE79yC0lzGV2aUQD+iw5iHnFFjJVKq+DKCIcWn2Jc2JyA0VCl5lwHxgBwCOQJSBXIMpAakPialsltxp8B/iZeTMsrRJKUPfyBZGkFsmKBa9zw3Mf2MKsOZgHHRTzUklN3QIfQsjWkEup9N7xrjfasMcCiVfbHBU/X7REYjrUdRYJMRNdf6tzcR//N6qQlP+hmPk9RAzGaLwlRgI/GkJDzgCpgRI0soU9z+FbNrqigztsqiLcH7ffJf0j6seLVK9bJabpzldRTQLtpDB8hDddRAF6iJWoihe/SIntGL8+A8Oa/O2yw65+QzO+gHnPcvy3+fEA==</latexit>

! = ����������e1e2e3e4e5e6e7
<latexit sha1_base64="oKjhIKnonrwIIyBG9ouzN9f2/EY=">AAACD3icbVC7SgNBFJ31GeNr1dJmMShWYTfGmEYI2lhGMA9IwjA7uZsMmd1ZZmaVsOQPbPwVGwtFbG3t/Bsnj0ITDwwczjmXO/f4MWdKu+63tbS8srq2ntnIbm5t7+zae/t1JRJJoUYFF7LpEwWcRVDTTHNoxhJI6HNo+IPrsd+4B6mYiO70MIZOSHoRCxgl2kjYPgFcvmwLE+EQaCKleEgBe4ALgM8AFwGfAy6NsJ1z8+4EziLxZiSHZqhi+6vdFTQJIdKUE6VanhvrTkqkZpTDKNtOFMSEDkgPWoZGJATVSSf3jJxjo3SdQEjzIu1M1N8TKQmVGoa+SYZE99W8Nxb/81qJDsqdlEVxoiGi00VBwh0tnHE5TpdJoJoPDSFUMvNXh/aJJFSbCrOmBG/+5EVSL+S9Ur54W8xVrmZ1ZNAhOkKnyEMXqIJuUBXVEEWP6Bm9ojfryXqx3q2PaXTJms0coD+wPn8ALJ+cHA==</latexit>

e8 = ���������e1e2e3e4e5e6

<latexit sha1_base64="IGmSADLFrFGPjNygm9cIPkNGfgU="></latexit>

Cl(0, 7) from (1, e1, e2, e3, e4, e5, e6, e8)� !(1,�e1,�e2,�e3,�e4,�e5,�e6,�e8)

<latexit sha1_base64="RtsOWmahykkpwEtDhQ12A8RJcDA=">AAACHHicbVDLSgMxFM3UV62vUZdugkWomzKjRV0Wu3FnBfuAzlAyadqGZpIhyQhl6Ie48VfcuFDEjQvBvzHTjqKtBwKHc+4l554gYlRpx/m0ckvLK6tr+fXCxubW9o69u9dUIpaYNLBgQrYDpAijnDQ01Yy0I0lQGDDSCka11G/dEamo4Ld6HBE/RANO+xQjbaSufeqFSA+DANY8oWlIFCx9K9fQExGLFfwRjqGHBR907aJTdqaAi8TNSBFkqHftd68ncBwSrjFDSnVcJ9J+gqSmmJFJwYsViRAeoQHpGMqRyeEn0+Mm8MgoPdgX0jyu4VT9vZGgUKlxGJjJNKea91LxP68T6/6Fn1AexZpwPPuoHzOoBUybgj0qCdZsbAjCkpqsEA+RRFibPgumBHf+5EXSPCm7Z+XKTaVYvczqyIMDcAhKwAXnoAquQB00AAb34BE8gxfrwXqyXq232WjOynb2wR9YH1/lq6Ch</latexit>

C⌦ (O�O) ⇠=
<latexit sha1_base64="h6taVctAesrLoZmmVNCyaNL6Wks="></latexit>

C⌦D⌦O D ⌘ (1,!)
<latexit sha1_base64="j9EEZ1Y+T3/uyscrGp0a26z+mns=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZjghewaIh6JXDxi4gIJbEi3dKGh227argnZ8Bu8eNAYr/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut7OxubW9s1vYK+4fHB4dl05O21qmilCfSC5VN8Saciaob5jhtJsoiuOQ0044ac79zhNVmknxaKYJDWI8EixiBBsr+U1eqV8NSmW36i6A1omXkzLkaA1KX/2hJGlMhSEca93z3MQEGVaGEU5nxX6qaYLJBI9oz1KBY6qDbHHsDF1aZYgiqWwJgxbq74kMx1pP49B2xtiM9ao3F//zeqmJboOMiSQ1VJDloijlyEg0/xwNmaLE8KklmChmb0VkjBUmxuZTtCF4qy+vk/Z11bup1h5q5cZdHkcBzuECKuBBHRpwDy3wgQCDZ3iFN0c4L86787Fs3XDymTP4A+fzB6E0jew=</latexit>

Cl(7)

One generation of L-R symmetric fermions
<latexit sha1_base64="Y1m7RT0eS5JuTsTkiUp5qBgPPxs="></latexit>

↵1 =
�e5 + ie4

2
, ↵2 =

�e3 + ie1
2

, ↵3 =
�e6 + ie2

2
<latexit sha1_base64="bT5wL6U0p0rwxzbY21Rjl3PPUIA=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiS1qBuh6MadFewDmhBuppN26OTBzEQooXs3/oobF4q49Qfc+TdO2yy09cBwD+fcy517/IQzqSzr2yisrK6tbxQ3S1vbO7t75v5BW8apILRFYh6Lrg+SchbRlmKK024iKIQ+px1/dD31Ow9USBZH92qcUDeEQcQCRkBpyTPL2LkN6QDwJXaAJ0Pw7LzW8nrqmRWras2Al4mdkwrK0fTML6cfkzSkkSIcpOzZVqLcDIRihNNJyUklTYCMYEB7mkYQUulms1sm+FgrfRzEQr9I4Zn6eyKDUMpx6OvOENRQLnpT8T+vl6rgws1YlKSKRmS+KEg5VjGeBoP7TFCi+FgTIILpv2IyBAFE6fhKOgR78eRl0q5V7bNq/a5eaVzlcRTRESqjE2Sjc9RAN6iJWoigR/SMXtGb8WS8GO/Gx7y1YOQzh+gPjM8f9mOZww==</latexit>

⌦ = ↵1↵2↵3

<latexit sha1_base64="FqxPaRCkQCzLCuGlAOjcHFi/fOI=">AAACUXicbVHLSgMxFL0d3/VVdekmWARXZUaLuhFEN+5UsCp0armT3k6DmQdJRihDf9GFrvwPNy4U03bER72QnMO555LkJEil0MZ1X0rO1PTM7Nz8QnlxaXlltbK2fq2TTHFq8EQm6jZATVLE1DDCSLpNFWEUSLoJ7k+H/ZsHUlok8ZXpp9SKMIxFV3A0VmpXesw/jyjE8X6X+x0MQ1IDdsR8lGkP216BuwXufeG3+csxoXjfSrtSdWvuqNgk8QpShaIu2pUnv5PwLKLYcIlaNz03Na0clRFc0qDsZ5pS5PcYUtPSGCPSrXyUyIBtW6XDuomyKzZspP6cyDHSuh8F1hmh6em/vaH4X6+Zme5hKxdxmhmK+figbiaZSdgwXtYRiriRfUuQK2HvyngPFXJjP6FsQ/D+PnmSXO/WvP1a/bJePT4p4piHTdiCHfDgAI7hDC6gARwe4RXe4aP0XHpzwHHGVqdUzGzAr3IWPwG7TrUQ</latexit>

⌦⌦† = ↵1↵2↵3↵
†
3↵

†
2↵

†
1

<latexit sha1_base64="cdrmuEGKQqqPzkYRP6rAV1CX+QU="></latexit>

↵1 = �!
�e5 + ie4

2
,↵2 = �!

�e3 + ie1
2

,↵3 = �!
�e6 + ie2

2

Constructing the L-R basis states in Cl(7) :
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Left-handed Particles Right-handed Particles

•  Cl(7) gives one generation of L-R symmetric fermions


•   Each set has SU(3) x U(1) symmetry.


• SU(2)L and SU(2)R act only on left (right) handed particles.


• This is the L-R symmetric extension of SM: SU(3)c x SU(2)L x SU(2)R x U(1) 

U(1)em U(1)grav



Why is the square-root-mass ratio for down / up / electron


(1 : 2/3 : 1/3)


in reverse order of their electric charge ratio 


(1/3 : 2/3 : 1) 


?


E6 as a symmetry group for unification of standard model

with `would-be-gravity’     [Complexified exceptional Jordan Algebra]

<latexit sha1_base64="+BIRyESbKkQ3nX7hqB2eZLeDdvs="></latexit>

H̃1 = [SU(3)⇥ SU(3)⇥ SU(3)]/Z3, H̃2 = Spin(10) Intersection :SU(3)⇥ SU(2)R ⇥ SU(2)L ⇥ U(1)

Outside the intersection: SU(3) X SU(3) and Spin(6) ~ SO(1,5) ~ SL(2,H)
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Why three fermion generations?
• Automorphism group of sedenions:

S3  is isomorphic to SO(8): Triality
<latexit sha1_base64="E0WGxSjTZalW1DcpRqP6sSqxhAc="></latexit>

Aut(S) = Aut(O)⇥ S3

E6

E6

E6

E6



L-R Symmetry and its Breaking

 Before: U(1) charge is :   Qgem = 
<latexit sha1_base64="+w4/25iqv5/ny3sz0q8DY+7/wsI=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahQqkztajLohuXFewD2qFk0kwbzGSGJFMoQ//EjQtF3Pon7vwb03YW2nrgXg7n3Etujh9zprTjfFu5tfWNza38dmFnd2//wD48aqkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbf7qb+e0xlYpF4lFPYuqFeChYwAjWRurbdskpI/fisoyqs+ae9+2iU3HmQKvEzUgRMjT69ldvEJEkpEITjpXquk6svRRLzQin00IvUTTG5AkPaddQgUOqvHR++RSdGWWAgkiaEhrN1d8bKQ6VmoS+mQyxHqllbyb+53UTHdx4KRNxoqkgi4eChCMdoVkMaMAkJZpPDMFEMnMrIiMsMdEmrIIJwV3+8ippVSvuVaX2UCvWb7M48nACp1ACF66hDvfQgCYQGMMzvMKblVov1rv1sRjNWdnOMfyB9fkDEK6QEQ==</latexit>

(0, 1/3, 2/3, 1)

 After: Two DIFFERENT U(1) charges:  

 Before: Unification of standard model with gravity


    Idempotent is Dirac neutrino 
<latexit sha1_base64="+PUDpsxQxyIrgKSTgumjqQh4Gg8=">AAAB+nicbVDLTgIxFL2DL8QX6NJNIzHBmOAMIeqS6MaFCzTySGAy6ZQCDZ3OpO1oCPIpblxojFu/xJ1/YwdmoehJbu7JOfemt8ePOFPatr+szNLyyupadj23sbm1vZMv7DZVGEtCGyTkoWz7WFHOBG1opjltR5LiwOe05Y8uE791T6ViobjT44i6AR4I1mcEayN5+UKpK2LvGh2jpN8enVS8fNEu2zOgv8RJSRFS1L38Z7cXkjigQhOOleo4dqTdCZaaEU6nuW6saITJCA9ox1CBA6rcyez0KTo0Sg/1Q2lKaDRTf25McKDUOPDNZID1UC16ifif14l1/9ydMBHFmgoyf6gfc6RDlOSAekxSovnYEEwkM7ciMsQSE23SypkQnMUv/yXNStk5LVdvqsXaRRpHFvbhAErgwBnU4Arq0AACD/AEL/BqPVrP1pv1Ph/NWOnOHvyC9fENqwSSVQ==</latexit>

(⌫L + ⌫R)/2

Theory is L-R Symmetric !! 8D Octonionic Space-time

Dirac Neutrino 

LH(anti-down-quark)-RH(positron)  Qgem = 1/3 

LH(up-quark)-RH(up-quark) Qgem = 2/3 

LH(positron)-RH(anti-down-quark) Qgem = 1 

SU(3)_c X SU(3)_g   Cl(7)

<latexit sha1_base64="AN2XDFLXEI84bg1D1NqXiTrG9eE=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBFclkaIui25ctmAv0IQwmUzboTOTMDMplBA3voobF4q49S3c+TZO2yy09YeBj/+cw5nzhwmjSjvOt1VaW9/Y3CpvV3Z29/YP7MOjjopTiUkbxyyWvRApwqggbU01I71EEsRDRrrh+G5W706IVDQWD3qaEJ+joaADipE2VmCftKAHM09yiESUG24F2VCiSR7YVafmzAVXwS2gCgo1A/vLi2KcciI0Zkipvusk2s+Q1BQzkle8VJEE4TEakr5BgThRfja/IIfnxongIJbmCQ3n7u+JDHGlpjw0nRzpkVquzcz/av1UD278jIok1UTgxaJByqCO4SwOGFFJsGZTAwhLav4K8QhJhLUJrWJCcJdPXoXOZc29qtVb9WrjtoijDE7BGbgALrgGDXAPmqANMHgEz+AVvFlP1ov1bn0sWktWMXMM/sj6/AEVA5YL</latexit>

Q and Qgrav
<latexit sha1_base64="cwrCFFl7au3F7HDxyEG1hn2XY1E="></latexit>

ln↵unif / 2 lnQgem ⌘ ln(↵�) = ln↵+ ln� / Q+Qgrav
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Square-root mass



After L-R symmetry breaking (same as EW symmetry breaking)

U(1) is electric charge                      U(1) is square-root mass


LH Majorana Neutrino                      RH Majorana Neutrino


LH anti-down quark 1/3                   RH positron 1/3


LH up quark 2/3                               RH up quark 2/3


LH positron 1                                    RH anti-down quark 1 
<latexit sha1_base64="lu+l9+LZ300hWB/5ID5rp6N3X/M=">AAACEHicbVDLTgIxFO34RHyNunTTSIywITNI1CXRjUuMDpDAZNIpBRrazqTtmJAJn+DGX3HjQmPcunTn31hgTBQ8SZNzz7k3t/eEMaNKO86XtbS8srq2ntvIb25t7+zae/sNFSUSEw9HLJKtECnCqCCeppqRViwJ4iEjzXB4NfGb90QqGok7PYqJz1Ff0B7FSBspsE9uveJpKcCwoyknCpqyUgqaP6VXdEtBSvg4sAtO2ZkCLh I3IwWQoR7Yn51uhBNOhMYMKdV2nVj7KZKaYkbG+U6iSIzwEPVJ21CBzDo/nR40hsdG6cJeJM0TGk7V3xMp4kqNeGg6OdIDNe9NxP+8dqJ7F35KRZxoIvBsUS9hUEdwkg7sUkmwZiNDEJbU/BXiAZIIa5Nh3oTgzp+8SBqVsntWrt5UC7XLLI4cOARHoAhccA5q4BrUgQcweABP4AW8Wo/Ws/Vmvc9al6xs5gD8gfXxDbBSmoU=</latexit>

SU(3)c ⇥ SU(2)W ⇥ U(1)em
<latexit sha1_base64="WD7neP6xvAG8Lw6I3JUnVGHT1vM=">AAACD3icbVDLTsJAFJ3iC/FVdelmItHAhrRI1CXRjUt8FEigaabDFCZMp83M1IQ0/IEbf8WNC41x69adf+MANVHwJJOce869uXOPHzMqlWV9Gbml5ZXVtfx6YWNza3vH3N1ryigRmDg4YpFo+0gSRjlxFFWMtGNBUOgz0vKHlxO/dU+EpBG/U6OYuCHqcxpQjJSWPPP41imdlL0+7CoaEgl1WS17Nz+lU7LLXtofe2bRqlhTwEViZ6QIMjQ887Pbi3ASEq4wQ1J2bCtWboqEopiRcaGbSBIjPER90tGUI73NTaf3jOGRVnowiIR+XMGp+nsiRaGUo9DXnSFSAznvTcT/vE6ignM3pTxOFOF4tihIGFQRnIQDe1QQrNhIE4QF1X+FeIAEwkpHWNAh2PMnL5JmtWKfVmrXtWL9IosjDw7AISgBG5yBOrgCDeAADB7AE3gBr8aj8Wy8Ge+z1pyRzeyDPzA+vgHbppoP</latexit>

SU(3)g ⇥ SU(2)R ⇥ U(1)g

LH Fermions RH Fermions



<latexit sha1_base64="KEvQexeMZN2K/9pFfnMRSTBnYGQ=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUcCGzI79MLI7M46M0tCCP/gxYPGePV/vPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooWWqGNaZFFK1AqpR8BjrhhuBrUQhjQKBzWB4O/ObI1Say/jBjBP0I9qPecgZNVZqdPAp5aNuseSW3TnIKvEyUoIMtW7xq9OTLI0wNkxQrduemxh/Qp XhTOC00Ek1JpQNaR/blsY0Qu1P5tdOyZlVeiSUylZsyFz9PTGhkdbjKLCdETUDvezNxP+8dmrCa3/C4yQ1GLPFojAVxEgye530uEJmxNgSyhS3txI2oIoyYwMq2BC85ZdXSeOi7F2WK/eVUvUmiyMPJ3AK5+DBFVThDmpQBwaP8Ayv8OZI58V5dz4WrTknmzmGP3A+fwDFKY9F</latexit>⌘ <latexit sha1_base64="RJFtFeWh2y0GWeC3vOKZ3/FZpNo=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIQkmkqMuiG5ct2AekIUymk3bo5MHMpBhC/RU3LhRx64e482+ctllo64ELh3Pu5d57/IQzqSzr21hb39jc2i7tlHf39g8OzaPjjoxTQWibxDwWPR9LyllE24opTnuJoDj0Oe3647uZ351QIVkcPagsoW6IhxELGMFKS55Z6dPHBDktdIFaXj4UeDJ1PbNq1aw50CqxC1KFAk3P/OoPYpKGNFKEYykd20qUm2OhGOF0Wu6nkiaYjPGQOppGOKTSzefHT9GZVgYoiIWuSKG5+nsix6GUWejrzhCrkVz2ZuJ/npOq4MbNWZSkikZksShIOVIxmiWBBkxQonimCSaC6VsRGWGBidJ5lXUI9vLLq6RzWbOvavVWvdq4LeIowQmcwjnYcA0NuIcmtIFABs/wCm/Gk/FivBsfi9Y1o5ipwB8Ynz93OZQH</latexit>

exp[Q+Qgrav] Weak-Lorentz

Weak-Lorentz

Weak-Lorentz



The free particle Lagrangian
<latexit sha1_base64="ZeouTQ7vrYQCcUM3JOro8nzKAdA="></latexit>

ėQB =
1

L
(i↵qB + Lq̇B); ėQF =

1

L
(i↵qF + Lq̇F );

<latexit sha1_base64="DUl2MtEnX7lqA0w98tf7vAlM4SU="></latexit>

L = Tr


L2
p

L2

✓
ėQ
†
B +

L2
p

L2
�1

ėQ
†
F

◆✓
ėQB +

L2
p

L2
�2

ėQF

◆�

<latexit sha1_base64="TCMDj+W6iFMrekZ757FQ3kScGr8="></latexit>

L = Tr


L2
p

L2

⇢
ėQ
†
B
ėQB +

L2
p

L2

✓
�1

ėQ
†
F
ėQB + ėQ

†
B�2

ėQF

◆
+

L4
p

L4
�1

ėQ
†
F�2

ėQF

��

<latexit sha1_base64="veQy9iMuX2O9MZ7G/WkeA/em4Ms="></latexit>

L = Tr


L2
p

L2
ėQ
†
1sed

ėQ2sed

�

<latexit sha1_base64="TawCq15rlKR2IUitDO+oBovn5DI="></latexit>

ėQ
†
1sed = ėQ

†
B +

L2
p

L2
�1

ėQ
†
F ; ėQ2sed = ėQB +

L2
p

L2
�2

ėQF

<latexit sha1_base64="I4mr0AA47b2sWzak8ls8S5vuG7k="></latexit>

S

~ =
1

2

Z
d⌧

⌧Pl
Tr


L2
p

L2
ėQ
†
1sed

ėQ2sed

�
Atoms of 


Space-time-matter

Define:

=

Define:
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Mass Ratios & FSC from the Exceptional Jordan Algebra

 This is the algebra of 3 x 3 Hermitian matrices with octonionic entries 
<latexit sha1_base64="Q9TAokoS//d7tMf2RlQLXt70wDQ="></latexit>

X(⇠, x) =

2

4
⇠1 x3 x̃2

x̃3 ⇠2 x1

x2 x̃1 ⇠3

3

5

<latexit sha1_base64="JEQmoh5FEteHomqE34T1cEC6Bug=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGi7osuhE3VrAPaMeSSTNtaCYzJBmlDP0PNy4Uceu/uPNvzLSz0NYDgcM593JPjhdxprRtf1u5peWV1bX8emFjc2t7p7i711RhLAltkJCHsu1hRTkTtKGZ5rQdSYoDj9OWN7pK/dYjlYqF4l6PI+oGeCCYzwjWRnq46Z2WuwHWQ89Dt8e9Ysmu2FOgReJkpAQZ6r3iV7cfkjigQhOOleo4dqTdBEvNCKeTQjdWNMJkhAe0Y6jAAVVuMk09QUdG6SM/lOYJjabq740EB0qNA89MpgnVvJeK/3mdWPsXbsJEFGsqyOyQH3OkQ5RWgPpMUqL52BBMJDNZERliiYk2RRVMCc78lxdJ86TinFWqd9VS7TKrIw8HcAhlcOAcanANdWgAAQnP8Apv1pP1Yr1bH7PRnJXt7MMfWJ8/28aRdQ==</latexit>

J3(O)

 Characteristic equation:
<latexit sha1_base64="3dDvx9SJkYtC/GkLzkYws+SBTcg=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoSMtMLepGKOrCZcW+oB1LJpO2oZnMkGSEMvQr3Pgrblwo4lbc+Tem7YhaPRA459x7ubnHDRmVyrI+jNTc/MLiUno5s7K6tr5hbm7VZRAJTGo4YIFoukgSRjmpKaoYaYaCIN9lpOEOzsf1xi0Rkga8qoYhcXzU47RLMVLa6pj5NtPNHro5zFdFrrn/JYsH198qf0GUVqdWx8xaBWsC+JfYCcmCBJWO+d72Ahz5hCvMkJQt2wqVEyOhKGZklGlHkoQID1CPtDTlyCfSiSdnjeCedjzYDYR+XMGJ+3MiRr6UQ9/VnT5SfTlbG5v/1VqR6p44MeVhpAjH00XdiEEVwHFG0KOCYMWGmiAsqP4rxH0kEFY6yYwOwZ49+S+pFwv2UaF0VcqWz5I40mAH7IIcsMExKINLUAE1gMEdeABP4Nm4Nx6NF+N12poykplt8AvG2ydN9Jzx</latexit>

�3 � Tr(X)�2 + S(X)��Det(X) = 0
<latexit sha1_base64="VhN5MMnsRLo1kIDDOFeqaH/zOc4="></latexit>

Tr(X) = ⇠1 + ⇠2 + ⇠3 , Det(X) = ⇠1⇠2⇠3 + 2 Re(x1x2x3)�
3X

i=1

⇠ixix̃i

<latexit sha1_base64="4H5kbkPhSg315QQZcKPLx7sYnBc="></latexit>

S(x) = ⇠1⇠2 + ⇠2⇠3 + ⇠3⇠1 � x1x̃1 � x̃2x2 � x3x̃3

• Automorphism group is F4

• For complexified EJA: E6 

 We will determine mass ratios from roots of this cubic equation.

• Octonionic entries: States representing fermions.


• Diagonal entries: Electric charge.

<latexit sha1_base64="1n+C3I9jhQTarB+YiVxQ857TXto=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahgpSkFPVY9OKxgm0DbSib7aZdutnE3Y20hP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzz485U9q2v63c2vrG5lZ+u7Czu7d/UDw8aqkokYQ2ScQj6fpYUc4EbWqmOXVjSXHoc9r2R7czv/1EpWKReNCTmHohHggWMIK1kVy33B2zi/F5r1iyK/YcaJU4GSlBhkav+NXtRyQJqdCEY6U6jh1rL8VSM8LptNBNFI0xGeEB7RgqcEiVl87vnaIzo/RREElTQqO5+nsixaFSk9A3nSHWQ7XszcT/vE6ig2svZSJONBVksShIONIRmj2P+kxSovnEEEwkM7ciMsQSE20iKpgQnOWXV0mrWnEuK7X7Wql+k8WRhxM4hTI4cAV1uIMGNIEAh2d4hTfr0Xqx3q2PRWvOymaO4Q+szx8YL49d</latexit>

X(⇠, x)
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Octonionic representation for three generations
 Choose f=1, choose one color, and map states to real octonions:

Gen I (assuming Majorana neutrino)
• Obtain second and

third generation states by

rotation in the respective

fermionic plane, respectively

by angles


<latexit sha1_base64="/uSqOGBD5QSjq+7RQWpkgOND8n8=">AAACBnicbVDLSgMxFM34rPU16lKEYBFc1Zla1GXRjcsK9gGdoWQymTY0yQxJRihDV278FTcuFHHrN7jzb8y0s9DWAxdOzrmX3HuChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdACnCqCAtTTUj3UQSxANGOsHoJvc7D0QqGot7PU6Iz9FA0IhipI3Ut49qXkLPzj0IYeZJDpEIJ/mjPpX7dsWpOlPAReIWpAIKNPv2lxfGOOVEaMyQUj3XSbSfIakpZmRS9lJFEoRHaEB6hgrEifKz6RkTeGKUEEaxNCU0nKq/JzLElRrzwHRypIdq3svF/7xeqqMrP6MiSTURePZRlDKoY5hnAkMqCdZsbAjCkppdIR4iibA2yZVNCO78yYukXau6F9X6Xb3SuC7iKIFDcAxOgQsuQQPcgiZoAQwewTN4BW/Wk/VivVsfs9Ylq5g5AH9gff4AMAOWaA==</latexit>

2⇡/3 and 4⇡/3

Gen II

Gen III
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Jordan matrices and Jordan eigenvalues
<latexit sha1_base64="4QGuTwEe/1UnbTkfw53RfsCo8fA="></latexit>

X⌫ =

2

4
0 V⌧ Ṽµ

Ṽ⌧ 0 V⌫

Vµ Ṽ⌫ 0

3

5 Xe+ =

2

4
1 Va⌧

˜Vaµ
˜Va⌧ 1 Ve+

Vaµ
˜Ve+ 1

3

5 Xu =

2

4
2
3 Vt Ṽc

Ṽt
2
3 Vu

Vc Ṽu
2
3

3

5 Xad =

2

4
1
3 Vab Ṽas

Ṽab
1
3 Vad

Vas Ṽad
1
3

3

5

Charge eigenstates are NOT mass eigenstates

• Anti-neutrino has

  same eigenvalues

  as the neutrino!

\
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Mass ratios for charged fermions

These have the same fundamental status as electric charge ratios

[Casimir of SO(1,5), along with spin]



Theory vs Experiment [assuming Majorana neutrino]
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Mass ratios: Majorana neutrino vs. Dirac neutrino

<latexit sha1_base64="k8rqFHJMTayAY9LP5s0Q/MDDbMA=">AAACHHicbVBLSwMxGMzWV62vVY9egkWoCO1uLdaLUNSDF6GCfUBbl2yatqHZ7DbJCqX0h3jxr3jxoIgXD4L/xmy7grYOhAwz85F84waMSmVZX0ZiYXFpeSW5mlpb39jcMrd3qtIPBSYV7DNf1F0kCaOcVBRVjNQDQZDnMlJz+xeRX7snQlKf36phQFoe6nLaoRgpLTnmcdVp8vDuGp5BSpxiLg+bg0GI2j/X1L7UdsY+ihKHubxjpq2sNQGcJ3ZM0iBG2TE/mm0fhx7hCjMkZcO2AtUaIaEoZmScaoaSBAj3UZc0NOXII7I1miw3hgdaacOOL/ThCk7U3xMj5Ek59Fyd9JDqyVkvEv/zGqHqnLZGlAehIhxPH+qEDCofRk3BNhUEKzbUBGFB9V8h7iGBsNJ9pnQJ9uzK86Saz9on2cJNIV06j+tIgj2wDzLABkVQAlegDCoAgwfwBF7Aq/FoPBtvxvs0mjDimV3wB8bnN1u6nmg=</latexit>

V M
⌫ = ie7/2 V D

⌫ = (1 + ie7)/2
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Fine structure constant

<latexit sha1_base64="+eiT04W9r2HVwuHssrp9ZkaSdgM="></latexit>

↵fsc =
9

1024
exp

h
(1/3�

p
3/8)⇥ 2/3

i
⇠ 0.00729714 =

1

137.04006

Experiment

Spinor spacetime vs. Minkowski spacetime 

The Karolyhazy correction

<latexit sha1_base64="Ckyk6Q24zZlH21lry4brNos79Lw="></latexit>

↵fsc =
L4
P

L4
↵2 ;

LP

L
=

1

2

r
3

8
; ln↵ =

1

3
⇥
 
1

3
�
r

3

8

!
<latexit sha1_base64="zeqV937PqRmmWgEOL73y5yvoj5s=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUlKUZdFNy4r2Ac0sUymN+3QycOZSaGEgBt/xY0LRdz6E+78G6dtFtp64MLhnHu59x4v5kwqy/o2Ciura+sbxc3S1vbO7p65f9CSUSIoNGnEI9HxiATOQmgqpjh0YgEk8Di0vdH11G+PQUgWhXdqEoMbkEHIfEaJ0lLPPHJ8QWgK99UsdYYeEZhm2IGHhI17ZtmqWDPgZWLnpIxyNHrml9OPaBJAqCgnUnZtK1ZuSoRilENWchIJMaEjMoCupiEJQLrp7IcMn2qlj/1I6AoVnqm/J1ISSDkJPN0ZEDWUi95U/M/rJsq/dFMWxomCkM4X+QnHKsLTQHCfCaCKTzQhVDB9K6ZDokNROraSDsFefHmZtKoV+7xSu62V61d5HEV0jE7QGbLRBaqjG9RATUTRI3pGr+jNeDJejHfjY95aMPKZQ/QHxucP7cOXtw==</latexit>

e2

~c ⌘
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The Koide formula
• Koide observed for the charged leptons that:

<latexit sha1_base64="bSTJ1f+8SyEIejGk3cnxQkcuCGk="></latexit>

me +mµ +m⌧

(
p
me +

p
mµ +

p
m⌧ )2

= 0.666661(7) ⇡ 2

3

• Using the mass-ratios we have found [assuming Majorana neutrino]
<latexit sha1_base64="LtgyHXD348UKIEMRz59A9wxtbeM="></latexit>

me +mµ +m⌧

(
p
me +

p
mµ +

p
m⌧ )2

= 0.669163 ⇡ 2

3

• Remarkably, assuming Dirac neutrino, the Koide ratio we get is
<latexit sha1_base64="l3Onx0QACP0lvsgzqVOAY2wgGXY="></latexit>

(1 +
p

3/2)2 + (1)2 + (1�
p

3/2)2

32
=

2

3

• Strongly supports: Quantum systems are L-R symmetric and live in

    spinor space-time, prior to a quantum measurement.
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The Cabibbo angle

• Koide proposed the following relation for the Cabibbo angle 
<latexit sha1_base64="4Lo6P7m0wABx8/kKsSzPdw9ZcII="></latexit>

tan ✓c =
p
3

p
mµ �p

me

2
p
m⌧ �p

mµ �p
me

= 0.225

• Our theoretical mass ratios (assuming Majorana neutrino) give 0.222

• Assuming Dirac neutrino, the answer is  0.09


• Can the other angles be predicted?


• What about the other dimensionless constants of the standard 

  model?
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Can we understand neutrino masses?

• Jordan eigenvalues assuming Majorana neutrino


Jordan eigenvalues assuming Dirac  neutrino

<latexit sha1_base64="I/J4HpbjemWY6TTvSkuPSyzHuJI=">AAACA3icbVC7TgJBFJ3FF+Jr1U6bicTEAmEXiVoSbSwxkUcCGzI7zMKE2Yczd03IhsTGX7Gx0Bhbf8LOv3GALRQ8yU3OnHNv5t7jRoIrsKxvI7O0vLK6ll3PbWxube+Yu3sNFcaSsjoNRShbLlFM8IDVgYNgrUgy4ruCNd3h9cRvPjCpeBjcwShijk/6Afc4JaClrnmATzvqXgI+K5UL2Crg9IVL5a6Zt4rWFHiR2CnJoxS1rvnV6YU09lkAVBCl2rYVgZMQCZwKNs51YsUiQoekz9qaBsRnykmmN4zxsVZ62AulrgDwVP09kRBfqZHv6k6fwEDNexPxP68dg3fpJDyIYmABnX3kxQJDiCeB4B6XjIIYaUKo5HpXTAdEEgo6tpwOwZ4/eZE0ykX7vFi5reSrV2kcWXSIjtAJstEFqqIbVEN1RNEjekav6M14Ml6Md+Nj1pox0pl99AfG5w8ciZSh</latexit>

�
p
3/2, 0,

p
3/2

<latexit sha1_base64="Sd166E7QuL3erYommzMPHiq+OwE=">AAACG3icbVBLSwMxGMzWV62vVY9egkUQ1HZ3Leqx6MVjBfuA7lKy2Wwbmn00yQpl6f/w4l/x4kERT4IH/43pdgWtDiQMM/ORfOPGjAppGJ9aYWFxaXmluFpaW9/Y3NK3d1oiSjgmTRyxiHdcJAijIWlKKhnpxJygwGWk7Q6vpn77jnBBo/BWjmPiBKgfUp9iJJXU0y14YlbVZYsRl/C0ah1De5QgD5rfJPOPYB6AVaunl42KkQH+JWZOyiBHo6e/216Ek4CEEjMkRNc0YumkiEuKGZmU7ESQGOEh6pOuoiEKiHDSbLcJPFCKB/2IqxNKmKk/J1IUCDEOXJUMkByIeW8q/ud1E+lfOCkN40SSEM8e8hMGZQSnRUGPcoIlGyuCMKfqrxAPEEdYqjpLqgRzfuW/pGVVzLNK7aZWrl/mdRTBHtgHh8AE56AOrkEDNAEG9+ARPIMX7UF70l61t1m0oOUzu+AXtI8vIq+b6Q==</latexit>
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Sterile neutrinos

• Interact only via gravity.


•  This cannot be classical gravity.


•  When we introduce sterile neutrinos, we bring quantum

   gravity on par with the standard model interactions.


• Introducing sterile neutrinos requires unification of standard

model interactions with gravitation.


•Only after this is done, can one make reliable predictions

  for experimental signatures of sterile neutrinos.
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What causes Left-Right symmetry breaking?

•Critical entanglement amongst fermions, leading to the

  quantum - classical transition, and emergence of

  4D classical curved space-time. SU(2)L X SU(2)R  breaks.


•  Only classical systems live in 4D spacetime 

   [compactification without  compactification].


• Quantum systems obey L-R symmetry (group E6 ).


• The mechanism in the early universe is the same as

    is in the laboratory today: quantum entanglement.


•  Does this theory give the theoretical basis for MOND?
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Summary
 There must exist a reformulation of quantum field theory without classical time. 

 Such a formulation has been developed as a matrix-valued Lagrangian dynamics. 

 Elementary particles live in the non-commutative octonionic space-time. 

 This space-time determines the standard model, properties of elementary particles, 
     and dimensionless constants of the standard model. 

 The Left-Right symmetric extension of the standard model unifies it with gravitation. 

 We predict that the neutrino is a Majorana particle. 

 We predict three right-handed sterile neutrinos, a dark photon, and two spin-one        
    Lorentz bosons. 
  

 Prior to measurement, a quantum system obeys L-R symmetry. 

  Only classical systems live in 4D classical spacetime. Quantum systems live in an 
   octonionic space-time. 

 Unification of standard model with gravitation is required at all energy scales, not just 
just at the Planck energy scale. 45/45


