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Why a synthetic approach to Lorentzian geometry?

@ need for low regularity (of the metric): PDE point-of-view, physically
relevant models (matched spacetimes, shock waves, impulsive
gravitational waves, etc.)

@ separate main concepts and derived notions of the causal structure

e minimal framework for causality and (timelike/causal) curvature
bounds with continuous metrics

@ notion of (timelike/causal) curvature bounds without a Lorentzian
metric

@ possible applications to Quantum Gravity (no Lorentzian metric):
causal fermion systems, causal sets, etc.

Regularity class (of the metric) where causality theory is fine: C'1, i.e.,
first derivative is (locally) Lipschitz continuous
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Introduction (2/2)

Kronheimer and Penrose (1967): On the structure of causal spaces

@ abstract approach to causality theory

@ allow more general spaces than manifolds

@ develop causality conditions in GR and popularize Alexandrov
topology

@ reconstruction of causality relations from others

@ applications to causal boundary, certain approaches to Quantum
Gravity (causal sets, etc.)

going beyond causality: include (abstract) time-separation function (cf.
Busemann 1967)
~» synthetic approach to Lorentzian geometry
@ synthetic sectional curvature bounds via triangle comparison
(Kunzinger, S. 2018)
@ synthetic Ricci curvature bounds via optimal transport (Cavalletti,
Mondino 2020)
@ non-smooth spacetimes; inextendibility; singularity theorems
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v

Theorem (Alexander, Bishop 2008)

(smooth) semi-Riemannian manifold has Sec(g) > K (<) if V geodesic
Aabc (small enough), p, g on the sides of Aabe

dsigned (pu Q) > Czsigned (ﬁu 47) (dsigned (pa Q) < signed (]37 Q))
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(X,d) a metric space, 7: [a,b] — X a continuous curve (path)

Definition
the length of ~ is

—sup{Zd tH_l)):NEN,a§t0<t1<...<tN§b},

the length metric d associated to d is defined as

d(z,y) := inf{Lq()\) : X path connecting z and y} (z,y € X)

Definition

a metric space (X, d) is a length space if d = d, ie.,

d(z,y) = inf{L4(\) : X path connecting = and y}
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Curvature bounds for length spaces

k € R, M}em 2D (Riemannian) model space of constant curvature k
(X,d) a length space

Definition

(X,d) has curvature bounded from below by k / from above by k if
Vz € X Jnhd. U of X s.t. VA Aabc in U and any point p on the side ac

d(p,b) > d(p,b) / d(p,b) < d(p,b)

d metric of M,?iem, Aabé comparison triangle in M,fﬁem (i-e., with the
same side lengths)

no differential structure, curvature tensor etc.

~» Lorentzian setting? Causal relations and time separation function
Alexander, Bishop 2008: triangle comparison characterizes
semi-Riemannian sectional curvature bounds
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Definition

(M, g) Lorentzian manifold, M smooth, connected manifold, g Lorentzian

metric, i.e., a symmetric, non-degenerate (0, 2) tensor with signature
(—,+,+,+,...), usually g smooth

Definition
(M, g) spacetime, v € T,M is

timelike <0

null . =0andv#0
if gp(v,v)

causal <0and v #0

spacelike >0orv=0

analogously for curves into M of sufficient regularity
length of a curve v: Lg( f \/’97(3) ,Y(s))| ds
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Review of Lorentzian causality in spacetimes (2/2)

Clemens Samann, University of Vienna

Definition
(M, g) spacetime: (M, g) Lorentzian manifold,
time-oriented, i.e., 3 timelike vectorfield T'

Definition
v € T,M is future directed if g,(v,T(p)) <0

analogously for curves

Causal relations: p < q < 3 f.d. timelike curve
from p to q

p < q < 3 f.d. causal curve from p to q or p=¢q

Working Seminar "Mathematical Physics"
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Causal spaces

slight generalization of Kronheimer and Penrose (1967)

Definition
(X, <, <) is a causal space if X is a set, < preorder on X and <
transitive relation contained in <

no “causality conditions” implicit

forz,ye X
erx<y:=zx<yandz#y
o [T(z)={zeX:z<z2}tand [ (z):={z€ X2 < x}
o JT(z):={zeX:x<z}and J (2) ={2z€ X :2<1}

Alexandrov topology on X via subbase {IT(z) NI (y):z,y € X}
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Lorentzian pre-length spaces (1/2)

(X, <, <) a causal space, d metricon X, 7: X x X — [0, 00| lower
semicontinuous (with respect to d)

Definition
(X,d, <, <,7) is a Lorentzian pre-length space if

m(x,2) 2 7(z,y) +7(y, 2) (z<y<2z),

and 7(z,y) =0ifz £y and 7(z,y) > 0 & z < y;
7 is called time separation function

examples
@ smooth spacetimes (M, g) with usual time separation function
7(p, q) :=sup{Lgy(7) : v f.d. causal from p to ¢}
o finite directed graphs
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Lorentzian pre-length spaces (2/2)

Properties of Lorentzian pre length spaces
(X,d, <, <, 1) Lorentzian pre length space, then
o I*(x) open for all z € X
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Lorentzian pre-length spaces (2/2)

Properties of Lorentzian pre length spaces
(X,d, <, <,7) Lorentzian pre length space, then
o I*(x) open for all z € X
@ < openin X x X
o for every € X either 7(z,2) =0 or 7(z,z) = 00

@ the metric topology of d is finer than the Alexandrov topology

Next step: causal curves and their length
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Causal curves (1/2)

Definition

I C Rinterval, v: I — X non-constant is future directed causal (timelike)
if v locally Lipschitz continuous (wrt. d) and for t1,ts € I, t; < to:

v(t1) < v(t2) (v(t1) < y(t2)); analogously for null (y(t1) < 7(t2) and
v(t1) & (t2)) and past directed curves
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Causal curves (1/2)

Definition
I C Rinterval, v: I — X non-constant is future directed causal (timelike)
if v locally Lipschitz continuous (wrt. d) and for t1,ty € I, t1 < to:

v(t1) < (t2) (v(t1) < y(t2)); analogously for null (v(t1) < ~(t2) and
v(t1) & (t2)) and past directed curves

@ Lorentz cylinder Si x R: every non-constant locally Lipschitz curve is
timelike and causal ~» need causality conditions

e Minkowski spacetime R$: t + (¢, cos(t),sin(t)) has null tangent but
is timelike
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Causal curves (1/2)

Definition
I C Rinterval, v: I — X non-constant is future directed causal (timelike)
if v locally Lipschitz continuous (wrt. d) and for t1,ty € I, t1 < to:

v(t1) < v(t2) (v(t1) < y(t2)); analogously for null (y(t1) < 7(t2) and
v(t1) & (t2)) and past directed curves

@ Lorentz cylinder Si x R: every non-constant locally Lipschitz curve is
timelike and causal ~» need causality conditions

e Minkowski spacetime R$: t + (¢, cos(t),sin(t)) has null tangent but
is timelike
Proposition (M. Kunzinger, C.S. 2018)

continuous, strongly causal spacetimes: different notions of causal curves
agree
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Causal curves (2/2)

Definition
v: a, b] — X f.d. causal T-/ength defined by
L ( mf{z Y(tiv1)) ta=ty <t1 <...<ty=b}
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Causal curves (2/2)

Definition
v: a, b] — X fd. causal T-length defined by
L( 1nf{z Y(tiz1)) ta=ty<t; <...<ty=b}

e L, additive and invariant under continuous and strictly increasing
reparametrizations
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Causal curves (2/2)

Definition
v: [a, b] — X fd. causal T—/ength defined by
L( 1nf{z Y(tiz1)) ta=ty<t; <...<ty=b}

e L, additive and invariant under continuous and strictly increasing
reparametrizations

© v: [a,b] = X f.d. causal is rectifiable if L (7|, ,)) > 0 for all
a<t;<tys<b

@ a rectifiable causal curve is timelike

@ ¢+ (t,cos(t),sin(t)) timelike but 7-length zero = non-rectifiable

Proposition (M. Kunzinger, C.S. 2018)

(M,d", <, <,7) the Lorentzian pre-length space induced by a smooth and
strongly causal spacetime (M, g), then L-(v) = Ly(7)
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Maximal causal curves

intrinsic notion of geodesics? ~» maximal causal curves
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intrinsic notion of geodesics? ~» maximal causal curves

(X,d, <, <,7) Lorentzian pre-length space

Definition

v: [a,b] = X f.d. causal is maximal if L;(v) = 7(v(a),~(b)) J
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(X,d, <, <,7) Lorentzian pre-length space

Definition

v: [a,b] = X f.d. causal is maximal if L;(v) = 7(v(a),~(b)) J
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Clemens Samann, University of Vienna Working Seminar "Mathematical Physics" 14 /29



Maximal causal curves

intrinsic notion of geodesics? ~» maximal causal curves

(X,d, <, <,7) Lorentzian pre-length space
Definition
v: [a,b] = X f.d. causal is maximal if L;(v) = 7(v(a),~(b)) J

@ null curves are maximal
@ maximal curves are maximal on any subinterval

@ maximal and timelike implies rectifiable

geodesic: locally maximizing curve (precise notion uses localizability)
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Causal character of maximal curves

Minkowski space R}, A f.d. causal connecting p, g¢;
X =J (p) UJ"(q) UX~» Lorentzian pre-length space
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Causal character of maximal curves

Minkowski space R}, A f.d. causal connecting p, g¢;
X = J (p) UJt(q) U~ Lorentzian pre-length space

J(p) x
A null, z < p, ¢ <y = maximal curve from x to y changes causal
character

Clemens Samann, University of Vienna Working Seminar "Mathematical Physics"

15 / 29



Causality conditions (1/2)

Definition
causal space (X, <, <) is
@ chronological if < is irreflexive, i.e., x € x for all x € X
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Causality conditions (1/2)

Definition
causal space (X, <, <) is
@ chronological if < is irreflexive, i.e., z & x for all x € X

@ causal if < is a partial order, i.e., x <y and y < x implies z =y
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Causality conditions (1/2)

Definition
causal space (X, <, <) is
@ chronological if < is irreflexive, i.e., x &€ x for all z € X

@ causal if < is a partial order, i.e., x <y and y < x implies z =y

Definition
Lorentzian pre-length space (X,d, <, <,7) is

@ non-totally imprisoning if for every compact set K C X 4C > 0 s.t.
the d-arclength of all causal curves contained in K is bounded by C
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o strongly causal if the Alexandrov topology agrees with the metric
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Causality conditions (1/2)

Definition
causal space (X, <, <) is
@ chronological if < is irreflexive, i.e., x &€ x for all z € X

@ causal if < is a partial order, i.e., x <y and y < x implies z =y

Definition
Lorentzian pre-length space (X,d, <, <,7) is
@ non-totally imprisoning if for every compact set K C X 4C > 0 s.t.
the d-arclength of all causal curves contained in K is bounded by C

o strongly causal if the Alexandrov topology agrees with the metric
topology

@ globally hyperbolic if X is non-totally imprisoning and for every
z,y € X the set J*(x) N J (y) is compact in X
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Causality conditions (2/2)

Definition
causal space (X, <, <) is interpolativeif s K y = Iz € X: 2 < 2Ky
and x # z # y
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Causality conditions (2/2)

Definition

causal space (X, <, <) is interpolativeif s K y = Iz € X: 2 < 2Ky
and x # 2z #y

Lemma
(X,d,<,<,7) a Lorentzian pre-length space

@ X causal and interpolative then chronological
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Causality conditions (2/2)

Definition

causal space (X, <, <) is interpolativeif r K y = Iz € X: 2 < 2 K y
and x # 2z #y

Lemma
(X,d,<,<,7) a Lorentzian pre-length space
@ X causal and interpolative then chronological

@ X chronological then 7 is zero on the diagonal, i.e., 7(z,x) = 0 for
alz € X
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Causality conditions (2/2)

Definition

causal space (X, <, <) is interpolativeif r K y = Iz € X: 2 < 2 K y
and x # 2z #y

Lemma
(X,d,<,<,7) a Lorentzian pre-length space
@ X causal and interpolative then chronological

@ X chronological then 7 is zero on the diagonal, i.e., 7(z,x) = 0 for
all x € X

@ X strongly causal, then Vx € X, for every nhd. U of z, 3V C U nhd.
of = s.t. every causal curve with endpoints in V is contained in U
(i.e., the usual definition of strong causality)
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Causal connectedness

Definition

Lorentzian pre-length space (X, d, <, <,7) is causally path connected if
for x < y 3 f.d. timelike curve from x to y and for x < y 3 f.d. causal
curve from z to y
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Causal connectedness

Definition
Lorentzian pre-length space (X, d, <, <, ) is causally path connected if

for x < y 3 f.d. timelike curve from z to y and for x < y 3 f.d. causal
curve from z to y

Lemma

(X,d, <, <,7) a causally path connected Lorentzian pre-length space
@ X interpolative

@ causal if and only if there are no closed causal curves
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Causal connectedness

Definition
Lorentzian pre-length space (X, d, <, <, ) is causally path connected if

for x < y 3 f.d. timelike curve from z to y and for x < y 3 f.d. causal
curve from z to y

Lemma

(X,d, <, <,7) a causally path connected Lorentzian pre-length space
@ X interpolative
@ causal if and only if there are no closed causal curves

@ chronological if and only if there are no closed timelike curves
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Limit curves

(X,d, <, <,7) Lorentzian pre-length space, z € X
Definition

nhd. U of z is causally closed if < is closed in U x U, i.e., pn,qn € U with

Pn < qnand p, = p €U, o — q €U, then p < q; X is locally causally
closed if every point has a causally closed nhd.
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Example: strongly causal spacetimes with continuous metrics
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Limit curves

(X,d, <, <,7) Lorentzian pre-length space, z € X

Definition

nhd. U of z is causally closed if < is closed in U x U, i.e., pn,qn € U with
Pn < qnand p, = peU, q, = qcU, then p < gq; X is locally causally
closed if every point has a causally closed nhd.

Example: strongly causal spacetimes with continuous metrics

Theorem

("Yn)n sequence of uniformly Lipschitz continuous, f.d. causal curves

Yn: |a,b] = X; if d is proper and (v;), accumulating at some point or
T ([a,b]) € K, K C X compact, then 3 subsequence (7, )r and a curve
v: [a,b] = X s.t. 7y, — 7 uniformly, which is f.d. causal if non-constant
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Limit curves

(X,d, <, <,7) Lorentzian pre-length space, z € X

Definition
nhd. U of z is causally closed if < is closed in U x U, i.e., pn,qn € U with

Pn < qnand p, = p €U, o — q €U, then p < q; X is locally causally
closed if every point has a causally closed nhd.

Example: strongly causal spacetimes with continuous metrics

Theorem

("Yn)n sequence of uniformly Lipschitz continuous, f.d. causal curves

Yn: |a,b] = X; if d is proper and (v;), accumulating at some point or
T ([a,b]) € K, K C X compact, then 3 subsequence (7, )r and a curve
v: [a,b] = X s.t. 7y, — 7 uniformly, which is f.d. causal if non-constant

analogous results for inextendible causal curves
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Localizability (1/2)

Definition

Lorentzian pre-length space (X, d, <, <, 7) is localizable if Vo € X 3 open
nhd. (localizing nhd.) €, of z with the following properties:
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@ 3C > 0s.t. L(y) < C for all causal curves y in Q,
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Localizability (1/2)

Definition
Lorentzian pre-length space (X, d, <, <, 7) is localizable if Vo € X 3 open
nhd. (localizing nhd.) €, of z with the following properties:

@ 3C > 0s.t. L(y) < C for all causal curves y in Q,

Q@ Jw,: Q, x Q; — [0,00) continuous s.t.

(s d| 0, %0 s K |00 x0s < Q. x0,,ws) is @ Lorentzian pre-length
space with 1T (y) N Q, # 0 Vy € Q,
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Localizability (1/2)

Definition
Lorentzian pre-length space (X, d, <, <, 7) is localizable if Vo € X 3 open
nhd. (localizing nhd.) €, of z with the following properties:

@ 3C > 0s.t. L(y) < C for all causal curves y in Q,

Q@ Jw,: Q, x Q; — [0,00) continuous s.t.

(s, d| 0y 500 s K |00 x0s < |0uxQ, Wz ) is @ Lorentzian pre-length
space with 1T (y) N Q, # 0 Vy € Q,

@ Vp,q € Q, with p < ¢q 3 Qz-maximal f.d. causal curve v, , from p to
q with

L:(Vpq) = we(p, @) < 7(p,q)
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Localizability (1/2)

Definition
Lorentzian pre-length space (X, d, <, <, 7) is localizable if Vo € X 3 open
nhd. (localizing nhd.) €, of z with the following properties:
@ 3C > 0s.t. L(y) < C for all causal curves y in Q,
Q@ Jw,: Q, x Q; — [0,00) continuous s.t.
(s, d| 0y 500 s K |00 x0s < |0uxQ, Wz ) is @ Lorentzian pre-length
space with 1T (y) N Q, # 0 Vy € Q,
@ Vp,q € Q, with p < ¢q 3 Qz-maximal f.d. causal curve v, , from p to
q with
Lr(p,q) = wz(py @) < 7(p: q)

Q if additionally p,q € Q;, p < ¢q implies 7, , timelike and strictly
longer than any f.d. causal curve from p to ¢ with null segment, then
X is regularly localizable
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Localizability (2/2)

Proposition

(X,d, <, <,7) strongly causal, localizable Lorentzian pre-length space,
then L, is upper semicontinuous, i.e., (7,)n sequence of f.d. causal curves
on [a,b] converging uniformly to a f.d. causal curve v: [a,b] — X, then

Ly () 2 limsup Ly ()
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Localizability (2/2)

Proposition

(X,d, <, <,7) strongly causal, localizable Lorentzian pre-length space,
then L, is upper semicontinuous, i.e., (7,)n sequence of f.d. causal curves
on [a,b] converging uniformly to a f.d. causal curve v: [a,b] — X, then

Ly () 2 limsup Ly ()

Theorem

(X,d, <, <,7) regularly localizable Lorentzian pre-length space, then
maximal causal curves have a causal character and (length increasing)
push-up holds
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Lorentzian length spaces
Definition

(X,d, <, <,7) locally causally closed, causally path connected, localizable
Lorentzian pre-length space; for z,y € X define

T (z,y) := sup{L(y) : v f.d. causal from z to y},

if the set is not empty, otherwise 7 (z,y) := 0
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Lorentzian length spaces

Definition
(X,d, <, <,7) locally causally closed, causally path connected, localizable
Lorentzian pre-length space; for z,y € X define

T (z,y) := sup{L(y) : v f.d. causal from z to y},

if the set is not empty, otherwise 7 (z,y) := 0

X is a Lorentzian length space if T = 7; if, in addition X is regularly
localizing, then X is a regular Lorentzian length space
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Lorentzian pre-length space; for z,y € X define
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Lorentzian length spaces

Definition
(X,d, <, <,7) locally causally closed, causally path connected, localizable
Lorentzian pre-length space; for z,y € X define

T (z,y) := sup{L(y) : v f.d. causal from z to y},

if the set is not empty, otherwise 7 (z,y) := 0
X is a Lorentzian length space if T = 7; if, in addition X is regularly
localizing, then X is a regular Lorentzian length space

(M, d", <, <,T) the Lorentzian pre-length space induced by a smooth and
strongly causal spacetime (M, g) (since L, = L) is a regular LLS

Theorem (M. Kunzinger, C.S. 2018)

(M, g) continuous, strongly causal and causally plain (no causal bubbles)
spacetime, then the induced (M, d", <, <,T) Lorentzian pre-length space
is a Lorentzian length space
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Timelike triangles

Definition

timelike geodesic triangle in Lorentzian pre-length space (X, d, <, <, 1) is
triple (z,7,2) € X3 with 2 < y < 2, 7(x,2) < 0o and s.t. sides are
realized by f.d. causal curves
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Timelike triangles

Definition

timelike geodesic triangle in Lorentzian pre-length space (X, d, <, <, 1) is
triple (z,7,2) € X3 with 2 < y < 2, 7(x,2) < 0o and s.t. sides are
realized by f.d. causal curves

i.e., 3 f.d. causal curves o, 5,7 s.t. Lr(a) = 7(x,y), L:(8) = 7(y,2) and
Lr(7) = 7(2, 2)
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i.e., 3 f.d. causal curves o, 5,7 s.t. Lr(a) = 7(x,y), L:(8) = 7(y,2) and
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Lorentzian model spaces of constant curvature

KelR
) K=
Mxk={ R} K=0
A3r) K=-%
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Lorentzian model spaces of constant curvature

KeR
S0) K=

Mg =1 Rj K=0
Hi(r) K=-3

5‘%(1") simply connected covering manifold of 2D Lorentzian pseudosphere
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Lorentzian model spaces of constant curvature

KeR
S K=3%
Mg =1 Rj K=0
A3r) K=-%

S'f(r) simply connected covering manifold of 2D Lorentzian pseudosphere

]@% 2D Minkowski space
H?(r) simply connected covering manifold of 2D Lorentzian
pseudohyperbolic space
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Lorentzian model

KeR

spaces of constant curvature

S2(r) K= %2
Mg =1 Rj K=0
) K =%

S'f(r) simply connected covering manifold of 2D Lorentzian pseudosphere
R? 2D Minkowski space

H?(r) simply connected covering manifold of 2D Lorentzian
pseudohyperbolic space

Harris, Alexander and Bishop: for small timelike triangles there is a unique
(up to isometry) timelike triangle in My

Clemens Samann, University of Vienna

Working Seminar "Mathematical Physics" 24 /29



Timelike curvature bounds

Definition
Lorentzian pre-length space X has timelike curvature bounded below
(above) by K € R if all points in X have nhd. U s.t.:

@ T7|yxy finite and continuous
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Timelike curvature bounds

Definition
Lorentzian pre-length space X has timelike curvature bounded below
(above) by K € R if all points in X have nhd. U s.t.:

@ T7|yxy finite and continuous

Q x,y € U with x < y = 3 f.d. maximal causal curve in U from z to y
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Timelike curvature bounds

Definition
Lorentzian pre-length space X has timelike curvature bounded below
(above) by K € R if all points in X have nhd. U s.t.:
@ T7|yxy finite and continuous
Q z,y € U with z < y = 3 f.d. maximal causal curve in U from z to y
@ (z,y, z) small timelike geodesic triangle in U, (z,y,z) comparison
triangle of (z,y, z) in M, then for p, q points on the sides of
(z,y,2) and p, q corresponding points (Z,y, z):

7(p,q) < 7(p,q) (respectively 7(p,q) > 7(p,q))
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Timelike curvature bounds

Definition
Lorentzian pre-length space X has timelike curvature bounded below
(above) by K € R if all points in X have nhd. U s.t.:
@ T7|yxy finite and continuous
Q z,y € U with z < y = 3 f.d. maximal causal curve in U from z to y
@ (z,y, z) small timelike geodesic triangle in U, (z,y,z) comparison
triangle of (z,y, z) in M, then for p, q points on the sides of
(z,y,2) and p, q corresponding points (Z,y, z):

7(p,q) < 7(p,q) (respectively 7(p,q) > 7(p,q))

Alexander, Bishop: smooth Lorentzian manifold with sectional curvature
bounds
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Branching of maximal curves

Alexandrov spaces with curvature bounded below: geodesics do not branch

Clemens Samann, University of Vienna Working Seminar "Mathematical Physics" 26 / 29



Branching of maximal curves

Alexandrov spaces with curvature bounded below: geodesics do not branch
Definition
X Lorentzian pre-length space, 7v: [a,b] — X maximal curve; x := 7(¢),

t € (a,b) is branching point of ~ if 3 maximal curves «, 3: [a,c] — X with
¢>band aligy = Bliag = Vag. a(lt,d) NB([L,c]) = {=}
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Branching of maximal curves

Alexandrov spaces with curvature bounded below: geodesics do not branch
Definition
X Lorentzian pre-length space, 7v: [a,b] — X maximal curve; x := 7(¢),

t € (a,b) is branching point of ~ if 3 maximal curves «, 8: [a, c] — X with
¢ > b and a’[a,t] = /8|[a,t} = 7‘[a,t]v a([t,c]) N 6([t? C]) = {$}

causal funnel: every maximal causal curve from J~(p) to J*(q) has q as
branching point
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Branching of maximal curves

Alexandrov spaces with curvature bounded below: geodesics do not branch

Definition

X Lorentzian pre-length space, 7v: [a,b] — X maximal curve; x := 7(¢),

t € (a,b) is branching point of ~ if 3 maximal curves «, 8: [a, c] — X with
c>band aligyg = Blag = Vg alt, c]) NB([t, c]) = {=}

causal funnel: every maximal causal curve from J~(p) to J*(q) has q as
branching point

Theorem (M. Kunzinger, C.S. 2018)

X strongly causal Lorentzian pre-length space with timelike curvature
bounded below by some K € R s.t. X regular or timelike locally uniquely
geodesic, then maximal timelike curves do not have timelike branching
points
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Curvature singularities

Definition

Lorentzian pre-length space X has timelike (respectively causal) curvature
unbounded below/above if Vp € X 3 nhd. U s.t. T finite and continuous
on U and maximal timelike/causal curves exist in U but triangle
comparison fails for every K € R ~» X has curvature singularity
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Curvature singularities

Definition

Lorentzian pre-length space X has timelike (respectively causal) curvature
unbounded below/above if Vp € X 3 nhd. U s.t. T finite and continuous

on U and maximal timelike/causal curves

exist in U but triangle

comparison fails for every K € R ~» X has curvature singularity
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Figure: Schwarzschild has timelike c
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urvature unbounded below
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To be continued

To be continued tomorrow...
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