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Quantum spacetime

quantum + gravity ⇒

Quantized geometry: apply the principles of QM to spacetime itself

I intrinsic length scale, spacetime coarse-graining

I microscopic non-commutative/non-associative spacetime structures

I natural regularization, non-locality



Quantum fields on noncommutative spaces

I novel interactions, controlled Lorentz violation, UV/IR mixing

I NC Standard Model, NC GUTs, etc.

I Gravity on noncommutative spaces
twisted tensor calculus, deformed Einstein equations

I space-time coarse graining ⇒ higher structures

I beyond non-commutative geometry ⇒ generalized geometry



Outline

I interaction via deformation ( gauge theory, monopoles)

I aspects of quantization

I graded spacetime mechanics ( general relativity)

I generalized geometry and gravity

I summary and outlook



Interaction via deformation

“Beyond gauge theory”

I gravity = free fall in curved spacetime
→ extend this idea to all forces!

I free Hamiltonian, interaction via deformation:

deformed symplectic structure (or operator algebra)

I gauge theory recovered via Moser’s lemma:
deformation maps are not unique ⇒ gauge symmetry

I more general than gauge theory, but just as simple to use as the
good old gauge principle



Interaction via deformation

Analytical mechanics “warm-up” . . .

Hamiltonian (first order) action “SH =
∫ ∑

pdq − H(p, q)dt” :

SH =

∫
α− H(X )dτ + dλ vary with δX = 0 at boundary

LδX (α− Hdτ) = iδXdα + d(iδXα)− (iδXdH)dτ

→ ω(−, Ẋ ) = dH where ω = dα

↔ Ẋ = θ(−, dH) → ḟ = {f ,H} where θ = ω−1

interaction, coupling to gauge field:

I either deform H (“minimal substitution”): H ′ = H(p − A, q)

I or deform ω and hence { , }: α′ =
∑

pdq + A → ω′ = ω + dA



Interaction via deformation

example: relativistic particle in einbein formalism

S =

∫
dτ

(
1

2e
gµν(x)ẋµẋν − 1

2
em2 + Aµ(x)ẋµ

)
 pµ =

1

e
gµν ẋ

ν+Aµ

SH =

∫
pµdx

µ−1

2
e
(
(pµ − Aµ)2 + m2

)
dτ ← pµ: canonical momentum

SH =

∫
(pµ + Aµ) dxµ − 1

2
e
(
p2
µ + m2

)
dτ ← pµ: physical momentum

ω′ = d
(
pµ + Aµ

)
∧ dxµ  

{pµ, pν}′ = Fµν , {xµ, pν}′ = δµν , {xµ, xν}′ = 0

{pλ, {pµ, pν}′}′ + cycl. = (dF )λµν = (∗jm)λµν ← magnetic 4-current

magnetic sources ⇔ non-associativity



Interaction via deformation

Quantization

I path integral X

I deformation quantization X(→ details later)

I canonical? depends. . . (X) :

Deformed CCR:

[pµ, pν ] = i~Fµν , [xµ, pν ] = i~δµν , [xµ, xν ] = 0, [γµ, γν ]+ = 2gµν

Let p = γµpµ and H = 1
2 p2  correct coupling of fields to spin

H = 1
8

(
[γµ, γν ]+[pµ, pν ]+ + [γµ, γν ][pµ, pν ]

)
= 1

2p
2 − i~

2 S
µνFµν

Lorentz-Heisenberg equations of motion (ignoring spin)

ṗµ = i
~ [H, pµ] = 1

2 (Fµν ẋ
ν + ẋνFµν) with ẋν = i

~ [H, xν ] = pν

this formalism allows dF 6= 0: magnetic sources, non-associativity



Interaction via deformation: monopoles

local non-associativity: 1
3 [pλ, [pµ, pν ]] dxλdxµdxν = ~2dF = ~2 ∗jm

jm 6= 0 ⇔ no operator representation of the pµ!

spacetime translations are still generated by pµ, but magnetic flux Φm

leads to path-dependence with phase e iφ; where φ = iqeΦm/~
globally:

Φm =

∫

S

F =

∫

∂S

A ↔ non-commutativity
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Φm =

∫

∂V

F =

∫

V

dF =

∫

V

∗jm = qm ↔ non-associativity

global associativity requires φ ∈ 2πZ ⇒ qeqm
2π~

∈ Z Dirac quantization

non-relativistic version of this: Jackiw 1985, 2002



Magnetic monopoles in the lab

spin ice pyrochlore and Dirac monopoles

Castelnovo, Moessner, Sondhi (2008)

Fennell; Morris; Hall, . . . (2009)

frustrated spin system ↔ huge degeneracy of classical ground state
Lieb, PS (1999), (2000); PS (2001)



Aspects of quantization  ?

The operator-state formulation of QM cannot handle non-associative
structures. . .

Phase-space formulation of QM

I Observables and states are (real) functions on phase space.

I Algebraic structure introduced by a star product,
traces by integration.

I State function (think: “density matrix”): Sρ ≥ 0,
∫
Sρ = 1.1

I Expectation values 〈O〉 =
∫
O ? Sρ.

I Schrödinger equation H ? Sρ − Sρ ? H = i~
∂Sρ
∂t

I “Stargenvalue” equation: H ? Sρ = Sρ ? H = E Sρ.

1Wick-Voros formulation yields non-negative state function; Moyal-Weyl leads
instead to Wigner quasi-probability function that can be negative in small regions.



Aspects of quantization  ?

Popular choices of star products

I Moyal-Weyl (symmetric ordering, Wigner quasi-probability function)
Weyl quantization associates operators to polynomial functions via

symmetric ordering: xµ  x̂µ, xµxν  1
2 (x̂µx̂ν + xν x̂µ), etc.

extend to functions, define star product f̂1 ? f2 := f̂1 f̂2 .

I Wick-Voros (normal ordering, coherent state quantization)

QHO states in Wick-Voros formulation:

I xp-ordered star product: ?-exponential ≡ ordinary path integral



Aspects of quantization  ?

Deformation quantization of the point-wise product in the direction of a

Poisson bracket {f , g} = θij∂i f · ∂jg :

f ? g = fg +
i~
2
{f , g}+ ~2B2(f , g) + ~3B3(f , g) + . . . ,

with suitable bi-differential operators Bn.

There is a natural (local) gauge symmetry: “equivalent star products”

? 7→ ?′ , Df ? Dg = D(f ?′ g) ,

with Df = f + ~D1f + ~2D2f + . . .

Dynamical non-associative star product:

f ?p g = ·
[
e

i ~
2 R ijk pk ∂i⊗∂j e

i ~
2

(
∂i⊗∂̃ i−∂̃ i⊗∂i

)
(f ⊗ g)

]



Aspects of quantization θ(x) ?

Kontsevich formality and star product
Un maps n ki -multivector fields to a (2 − 2n +

∑
ki )-differential operator

Un(X1, . . . ,Xn) =
∑

Γ∈Gn

wΓ DΓ(X1, . . . ,Xn) .

The star product for a given bivector θ is:

Deformation quantization

Example constant θ:
The graphs and hence the integrals factorize. The basic graph

θ1

ψ1
p1

yields the weight

wΓ1 =
1

(2π)2

∫ 2π

0

dψ1

∫ ψ1

0

dφ1 =
1

(2π)2

[
1

2
(ψ1)2

]2π

0

=
1

2

and the star product turns out to be the Moyal-Weyl one:

f ? g =
∑ (i~)n

n!

(
1

2

)n

θµ1ν1 . . . θµnνn(∂µ1 . . . ∂µn f )(∂ν1 . . . ∂νng)

f ? g =
∞∑

n=0

( i ~)n

n!
Un(Θ, . . . ,Θ)(f , g)

=f · g +
i

2

∑
θij ∂i f · ∂jg −

~2

4

∑
θijθkl ∂i∂k f · ∂j∂lg

− ~2

6

(∑
θij∂jθ

kl (∂i∂k f · ∂lg − ∂k f · ∂i∂lg)
)

+ . . .

Kontsevich (1997)



Aspects of quantization θ(x) ?

Formality condition
The Un define a quasi-isomorphisms of L∞-DGL algebras and satisfy

d·Un(X1, . . . ,Xn) +
1

2

∑

ItJ=(1,...,n)
I,J 6=∅

εX (I,J )
[
U|I|(XI) , U|J |(XJ )

]
G

=
∑

i<j

(−1)αij Un−1

(
[Xi ,Xj ]S,X1, . . . , X̂i , . . . , X̂j , . . . ,Xn

)
,

relating Schouten brackets to Gerstenhaber brackets.

This implies in particular Φ(dΘΘ) = 1
i ~d?Φ(Θ), i.e.

θ (non-)Poisson ⇔ ? (non-)associative



Aspects of quantization θ(x) ?

Poisson sigma model
2-dimensional topological field theory, E = T ∗M

S
(1)
AKSZ =

∫

Σ2

(
ξi ∧ dX i +

1

2
Θij(X ) ξi ∧ ξj

)
,

with Θ = 1
2 Θij(x) ∂i ∧ ∂j , ξ = (ξi ) ∈ Ω1(Σ2,X

∗T ∗M)

perturbative expansion ⇒ Kontsevich formality maps

valid on-shell ([Θ,Θ]S = 0) as well as off-shell, e.g. twisted Poisson

Kontsevich (1997)

Cattaneo, Felder (2000)



Graded spacetime mechanics

Now try to do the same for gravity! Deformation maybe fine for
curvature Rµν , however, the metric gµν is symmetric but {, } is not.

I use graded geometry, i.e. odd variables and/or odd brackets

I or consider derived brackets

gµν ∼ {{xµ,H}, xν} , {H,H} = 0

I  algebraic approach to the geodesic equation, connections,
curvature, etc. Properties like metricity follow from associativity.
Local inertial coordinates are reinterpreted as Darboux charts

I the classical formulation requires graded variables (∼ differentials),
quantization leads to γ-matrices and Clifford algebras

classical ↔ quantum

θµ ↔ γµ

θµθν = −θνθµ ↔ 1
2 [γµ, γν ]−

1
2{θ

µ, θν} = gµν ↔ 1
2 [γµ, γν ]+ = gµν



Graded spacetime mechanics

Graded Poisson algebra

{θ
a

µ, θ
a

ν} = 2gµν
0

(x) {p
c
µ, x

0

ν} = δ
0

ν
µ {pµ, f (x)} = ∂µf (x)

Since gµν(x) has degree 0, the Poisson bracket must have degree
b = −2a for θµ of degree a, i.e. it is an even bracket.

Since gµν(x) is symmetric, we must have −(−1)b+a2 !
= +1, i.e. a is odd.

wlog: {, } is of degree b = −2, θµ are Grassmann variables of degree 1,
θµθν = −θνθµ, and the momenta pµ have degree c = −b = 2

⇔ a metric structur on TM and natural symplectic structure on T ∗M,
shifted in degree and combined into a graded Poisson structure on

T ∗[2]
pµ

⊕ T [1]
θµ

M
xµ



Graded spacetime mechanics

Graded Poisson algebra

{θ
1

µ, θ
1

ν} = 2gµν
0

(x) {p
2
µ, x

0

ν} = δ
0

ν
µ {pµ, f (x)} = ∂µf (x)

Jacobi identity (i.e. associativity) ⇔ metric connection

{p
2
µ, θ

1

α} = Γαµβθ
1

β =: ∇µθα

{pµ, {θα, θβ}} = 2∂µg
αβ = {{pµ, θα}, θβ}+ {θα, {pµ, θβ}}

and curvature

{{pµ, pν}, θα} = [∇µ,∇ν ]θα = θβRβ
α
µν

⇒ {p
2
µ, p

2
ν} = 1

4θ1
βθ

1

αRβαµν



Graded spacetime mechanics

symmetries = canonical transformations

I generator of degree 2 (degree-preserving):

vα(x)pα + 1
2 Ωαβ(x)θαθβ  local Poincare algebra

I generators of degree 1:

V = Vα(x)θα  {V ,W } = 2g(V ,W ) Clifford algebra

I generators of degree 3:

Θ = θαpα (+ 1
6Cαβγθ

αθβθγ)

I generators of degree 4:

H = 1
2g

µν(x)pµpν + 1
2 Γβµν(x)θµθνpβ + 1

16Rαβµν(x)θαθβθµθν

 SUSY algebra 1
4{Θ,Θ} = H



Graded spacetime mechanics

Graded Poisson algebra on T ∗[2]M ⊕ T [1]M: {pµ, xν} = δνµ

{θµ, θν} = 2gµν(x) {pµ, θα} = Γαµβθ
β {pµ, pν} = 1

2θ
βθαRβαµν

Equations of motion with Hamiltonian (Dirac op.) Θ = θµpµ

dA

dτ
= 1

2{Θ, {Θ,A}} = 1
2{{Θ,Θ},A} −

1
2{Θ, {Θ,A}} =: {H,A}

and derived Hamiltonian

H = 1
4{Θ,Θ} = 1

2g
µνpµpν + 1

2θ
µθνΓβµνpβ + 1

16θ
αθβθµθνRαβµν

For a torsion-less connection, only the first term is non-zero.

Derived anchor map applied to V = Vα(x)θα:

h(V )f = {{V ,Θ}, f } = Vα(x)gαβ∂βf



Graded spacetime mechanics

Equations of motion (cont’d)

dxµ

dτ
= 1

2{Θ, {Θ, x
µ}} = { 1

2g
αβpαpβ , x

µ} = gµνpν

dpν
dτ

= { 1
2g

αβpαpβ , pν} = 1
2 (∂µg

αβ)pαpβ = gΓµ
αβpαpβ

with any metric-compatible connection gΓ; pick a WB connection. . .

Geodesic equation:

d2xµ

dτ 2
= { 1

2g
αβpαpβ , g

µνpν} = −dxα

dτ
LCΓαβ

µ dx
β

dτ

nice. . . supergravity and string effective actions? . . .→ double up . . .



Geometric ladder to generalized geometry

hierarchie of actions, brackets, extended objects and algebras

AKSZ-model: Poisson-sigma Courant-sigma . . .
(open string) (open membrane)

T ∗[1]M T ∗[2]T [1]M

derived bracket: Poisson Dorfman . . .
T ∗M TM ⊕ T ∗M

•

object: point particle closed string . . .

algebraic structure: non-commutative non-associative . . .

AKSZ construction: action functionals in BV formalism of sigma model
QFT’s in n + 1 dimensions for symplectic Lie n-algebroids E

Alexandrov, Kontsevich, Schwarz, Zaboronsky (1995/97)



Graded geometry

Graded Poisson manifold T ∗[2]T [1]M

I degree 0: x i “coordinates”

I degree 1: ξα = (θi , χi )

I degree 2: pi “momenta”

symplectic 2-form

ω = dpi ∧ dx i +
1

2
Gαβdξ

α ∧ dξβ = dpi ∧ dx i + dχi ∧ dθi

even (degree -2) Poisson bracket on functions f (x , ξ, p)

{x i , x j} = 0, {pi , x j} = δji , {ξα, ξβ} = Gαβ

metric Gαβ : natural pairing of TM, T ∗M:

{χi , θ
j} = δji , {χi , χj} = 0 , {θi , θj} = 0



Graded geometry

degree-preserving canonical transformations

I infinitesimal, generators of degree 2:

vα(x)pα + 1
2M

αβ(x)ξαξβ  diffeos and o(d , d)

I finite, idempotent (“coordinate flip”): (χ̃, θ̃) = τ(χ, θ) with τ 2 = id

 generating function F of type 1 with F (θ, θ̃) = −F (θ̃, θ):

F = θ · g · θ̃ − 1
2 θ · B · θ + 1

2 θ̃ · B · θ̃

χ =
∂F

∂θ
= θ̃ · g + θ · B , χ̃ = −∂F

∂θ̃
= θ · g + θ̃ · B

⇒ τ(χ, θ) = (χ, θ) ·
(

g−1B g−1

g − Bg−1B −Bg−1

)

 generalized metric



Generalized Geometry

Generalized tangent bundle E : 0→ T ∗M → E → TM → 0
e.g. E = TM ⊕ T ∗M, i.e. “vector fields plus differential forms”

Courant algebroid: vector bundle E
π−→ M, anchor h : E → TM,

bracket [−,−] , pairing 〈−,−〉, s.t. for e, e′, e′′ ∈ ΓE :

2〈[e, e′], e′〉 (1)
= h(e)〈e′, e′〉 (2)

= 2〈[e′, e′], e〉

[e, [e′, e′′]] = [[e, e′], e′′] + [e′, [e, e′′]] (3)

Consequences:

[e, fe′] = h(e).f e′ + f [e, e′] (L)

h([e, e′]) = [h(e), h(e′)]Lie

axioms 1, 2 can be polarized, axiom 3 and (L) define a Leibniz algebroid



Generalized geometry

Generalized geometry as a derived structure

Cartan’s magic identy:

LX = [iX , d ] ≡ iXd + d iX

Lie bracket [X ,Y ]Lie of vector fields as a derived bracket:

[[iX , d ], iY ] = [LX , iY ] = i[X ,Y ]Lie
with [d , d ] = d2 = 0



Generalized geometry

Generalized geometry as a derived structure

degree 3 “Hamiltonian”: Dirac operator

Θ = ξαhiα(x)pi + 1
6Cαβγξ

αξβξγ︸ ︷︷ ︸
twisting/flux terms

For e = eα(x)ξα ∈ Γ(TM ⊕ T ∗M) (degree 1, odd):

I pairing: 〈e, e′〉 = {e, e′}
I anchor: h(e)f = {{e,Θ}, f }
I bracket: [e, e′]D = {{e,Θ}, e′}



Generalized geometry

Generalized geometry as a derived structure
Courant algebroid axioms from associativity and {Θ,Θ} = 0:

h(ξ1) 〈ξ2, ξ2〉 = {{Θ, ξ1}, {ξ2, ξ2}}
= 2{{{Θ, ξ1}, ξ2}, ξ2} = 2 〈[ξ1, ξ2] , ξ2〉 (axiom 1)

= 2{ξ1, {{Θ, ξ2}, ξ2}} = 2 〈ξ1, [ξ2, ξ2]〉 (axiom 2)

[ξ1, [ξ2, ξ3]] = {{Θ, ξ1}, {{Θ, ξ2}, ξ3}}

= [[ξ1, ξ2], ξ3] + [ξ2, [ξ1, ξ3]] +
1

2
{{{{Θ,Θ}, ξ1}, ξ2}, ξ3}.

{Θ,Θ} = 0 ⇔ [ , ]-Jacobi identity (in 1st slot) (axiom 3)



Deformation

general (deformed) Poisson structure

{v , f } = v .f

{V ,W } = G (V ,W ) ≡ 〈V ,W 〉
{v ,V } = ∇vV ← connection metric wrt. G

{v ,w} = [v .w ]Lie + R(v ,w) ← curvature of ∇

with

I degree 0: f (x)

I degree 1: V = V α(x)ξα “generalized vectors”

I degree 2: v = v i (x)pi “vector fields”

general Hamiltonian

Θ = ξ̃αh(ξα) +
1

6
Cαβγ ξ̃

αξ̃β ξ̃γ ← general flux (H,f,Q,R)



Deformation

derived bracket

{{{V ,Θ},W },X} = 〈∇VW ,X 〉−〈∇WV ,X 〉+〈∇XV ,W 〉+C (V ,W ,X )

{{{ξα,Θ}, ξβ}, ξγ} = Γαβγ − Γβαγ︸ ︷︷ ︸
torsion

+Γγαβ + Cαβγ =: Γnew
γαβ

“mother of all brackets”

[V ,W ] = ∇VW −∇WV + 〈∇V ,W 〉+ C (V ,W ,−)

= [[V ,W ]] + T (V ,W ) + 〈∇V ,W 〉+ C (V ,W ,−)

In order to obtain a regular Courant algebroid, impose

{Θ,Θ} = 0 ⇔ ∇C +
1

2
{C ,C} = 0 , G−1|h = 0 , . . .



Generalized differential geometry

generalized Lie-bracket (involves anchor h : E → TM)

[[V ,W ]] = −[[W ,V ]] , [[V , fW ]] = (h(V )f )W + f [[V ,W ]]

generalized connection “type I” and miraculous triple identity

Γ(V ; fW ,U) = (h(V )f )〈W ,U〉+ f Γ(V ;W ,U) ,

〈V , [W ,Z ]〉 = 〈V , [[W ,Z ]]〉+ Γ(V ;W ,Z )

〈∇VW ,U〉 := Γ(V ;W ,U)

generalized curvature and torsion

R(V ,W ) = ∇V∇W −∇W∇V −∇[[V ,W ]]

T (V ,W ) = ∇VW −∇WV − [[V ,W ]]

Boffo, PS (2019/2020)



Graded/generalized geometry and gravity

cookbook recipe

I deform graded Poisson structure

I pick Hamiltonian Θ (e.g. canonical), compute derived brackets

I choose generalized Lie bracket [[ , ]] (e.g. canonical)

I determine connection Γ from triple identity

I project (or rather embed) via non-isotropic splitting (e.g. canonical)

s : Γ(TM)→ Γ(E ) ρ◦ s = id 〈X ,Y 〉TM := 〈s(X ), s(Y )〉

〈∇ZX ,Y 〉TM := Γ(s(Z ); s(X ), s(Y ))

I compute Riemann and Ricci tensors, take trace with g + B, write
action in terms of resulting Ricci scalar



Graded/generalized geometry and gravity

deformation by generalized vielbein E

Ω = dx i ∧ dpi + dθi ∧ dχi

deformation by change of coordinates in the odd (degree 1) sector
two choices:

(
θ
χ

)
7→
(

1 0
g + B 1

)
·
(
θ
χ

)
and

(
1 Π + G

−g + B 1

)
·
(
θ
χ

)

Boffo, PS 1903.09112 and in preparation

now crank the “machine” (deformed derived bracket, connection, project,
Riemann, Ricci)  (effective) gravity actions . . .



Graded/generalized geometry and gravity

generalized Koszul formula for nonsymmetric G = g + B

2g(∇ZX ,Y ) = 〈Z , [X ,Y ]′〉′

= XG(Y ,Z )− YG(X ,Z ) + ZG(X ,Y )

−G(Y , [X ,Z ]Lie)− G([X ,Y ]Lie,Z ) + G(X , [Y ,Z ]Lie)

= 2g(∇LC
X Y ,Z ) + H(X ,Y ,Z )

⇒ non-symmetric Ricci tensor

Rjl = RLC
jl −

1

2
∇LC

i H i
jl −

1

4
H i

lm H m
ij R = Gijg ikg jlRkl

⇒ gravity action (closed string effective action) after partial integration:

SG =
1

16πGN

∫
ddx
√
−g
(
RLC − 1

12
HijkH

ijk

)

Khoo, Vysoky, Jurco, Boffo, PS



Graded/generalized geometry and gravity

This formulation consistently combines all approaches of Einstein:
Non-symmetric metric, Weitzenböck and Levi-Civita connections,
without any of the usual drawbacks.

The dilaton φ(x) rescales the generalized tangent bundle. The
deformation can be formulated in terms of vielbeins

E = e−
φ
3

(
1 0

g + B 1

)
E−1∂iE =

(
− 1

3∂iφ 0
∂i (g + B) − 1

3∂iφ

)

Going through the same steps as before we find in d = 10

S =
1

2κ

∫
d10x e−2φ√−g

(
RLC − 1

12H
2 + 4(∇φ)2

)

Boffo, PS



Graded Geometry and Gravity

Quantization

x i , pi , θ
i , χi  differential ops on ψ(x , θ) ∈ Λ•T ∗M (spinors):

p  ∂x χ ∂θ = iχ x  x · θ  θ∧

θ, χ: finite dimensional representation by γ-matrices:

V  γV = V α(x)γα , [γV , γW ]+ = G (V ,W ) etc.

Symmetry Lie algebra generators: Mα
βξαξ̃

β

M i
j picks up trM “anomaly” after quantization

Λ•T ∗M  Λ•T ∗M ⊗ det
1
2 TM

requiring the introduction of the dilaton field φ for covariance.



Interaction via deformation

Interaction via deformation as an alternative (slight generalization) of
minimal coupling, covariant derivatives, gauge theory.

I classical: deformed Poisson structure

I quantum: deformed operator algebra (CCR)
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[φ(x), φ(z)] = 0, [φ(x), φ(y)] 6= 0

(non-)commutativity ↔ causality

equal time CRs: [φ(x), φ̇(x ′)] ∼ iδ(x − x ′)
single particle QM version: [xi , pj ] ∼ iδij

→ deform these CCRs to introduce interactions

I gauge fields: recovered via Moser’s lemma

I U(1) case: closed expression for SW map, global NC line bundle

I here: adapt the approach to gravity



Link to gauge theory

deformation of symplectic form Ω′  gauge field A:

Moser’s lemma

Let Ωt = Ω + tF , with Ωt symplectic for t ∈ [0, 1].

dΩt = 0 ⇒ dF = 0 ⇒ locally F = dA

Ω′ ≡ Ω1 and Ω are related by a change of phase space coordinates
generated by the flow of a vector field Vt defined up to gauge
transformations by the gauge field iVt Ωs = A, i.e. Vt = θs(A,−).

Proof: LVt Ωt = iVtdΩt + d iVt Ωt = 0 + dA = d
dt Ωt . Moser 1965

Quantum and Poisson versions of the lemma exist based on equivalence
of star products and formality maps: Jurco, PS, Wess 2000-2002



More deformation

our initial example:

deformation by a gauge field A

Ω′ = dx i ∧ dpi + 1
2Fij(x)dx i ∧ dx j , dF = 0, locally F = dA

Ωt = Ω + t dA , A = Ai (x)dx i

Vt = Ai (x)
∂

∂pi
, LVt  ρ[A](p) = p + A

{pi , x j}t = δji

{pi , pj}t = t Fij(x)

gauge transformation δA = dλ ↔ δρ[A]: canonical transformation

non-abelian versions: Aαi (x)`αdx
i and Ab

ia(x)θaχbdx
i

 Abelian and non-abelian gauge theory



More deformation

deformation by a spin connection ω

Ω = dx i ∧ dpi + 1
2ηabdθ

a ∧ dθb θa = eai θ
i , gij = eai e

b
j ηab

Ωt = Ω + t dω , ω = ωi (x , θ)dx i = 1
2ωiab(x)θaθbdx i

Vt = ωi∂pi , LVt  ρ[ω](p) = p + ω

{pi , x j}t = δji {θa, θb}t = ηab

{pi , θa} = t ηabωibc(x) θc ωibc = −ωicb

{pi , pj}t = t Rij R = dω + tω ∧ ω

gauge transformation δω = dλ ↔ δρ[ω]: canonical transformation

 Einstein-Cartan gravity



More deformation

deformation by a general connection Γ

Ω = dx i ∧ dpi + dθi ∧ dχi

Ωt = Ω + t dΓ , Γ = Γidx
i = Γij

k(x)θjχkdx
i

Vt = Γi∂pi , LVt  ρ[Γ](p) = p + Γ

{pi , x j}t = δji {χi , θ
j}t = δji

{pi , θj} = t Γj
ikθ

k {pi , χj} = −t Γk
ijχk

{pi , pj}t = t Rk
l
ijθ

kχl Rk
l
ij = ∂iΓ

l
jk − ∂jΓl

ik + Γm
ikΓl

jm − Γm
jkΓl

im

gauge transformation δΓ = dΛ ↔ δρ[Γ]: canonical transformation

 General relativity and alternative gravity theories



Non-associativity, non-metricity, gravitipoles . . .

Non-associativity
The Jacobi identity playes a pivotal role; its violation has drastic effects:

I {pµ, θα, θβ} 6= 0 ⇒ non-metricity of connection ∇
I {pα, pβ , pγ} 6= 0 ⇒ gravito-magnetic sources, mass quantization

Shifted orbit in the presence of a gravitipol:



mixed symmetry tensors, higher spin actions

Graded geometry is also a useful tool for mixed symmetry tensor theories:
Consider e.g. a bi-partite tensor

ωp,q =
1

p!q!
ω
j1...jq
i1...ip

(x) θi1 ...θipχj1 ...χjq

and the natural θ-χ duality transformation

ωp,q 7→ ω̃q,p via θi ↔ χi ≡ ηijχj .

Introduce two differentials

d = θi∂i and d̃ = χi∂i

and a generalized Hodge dual

(?ω)D−p,D−q =
1

(D − p − q)!
ηD−p−q ω̃q,p where η = θiχi .

Chatzistavrakidis, Khoo, Roest, PS (JHEP 2017)



spin ≤ 2 kinetic terms

 natural and concise formalism for mixed symmetry tensor actions:

general kinetic term Lkin(ωp,q) =

∫

θ,χ

dω ? dω ⇒

Lscalar(φ0,0) = − 1

2(D − 1)!

∫

θ,χ

ηD−1 φdd̃φ =
1

2
φ�φ

LMaxwell(A1,0) =
1

2(D − 2)!

∫

θ,χ

ηD−2 Add̃ Ã = −1

4
FijF

ij

LLEH(h[1,1]) = −1

4

(
hi i � hjj − 2hkk∂i∂jh

ij + 2hij∂
j∂kh

ik − hij � hij
)

LCurtright(ω[2,1]) =
1

2

(
∂iωjk|l∂

iωjk|l − 2∂iω
ij|k∂ lωlj|k − ∂iωjk|i∂ lωjk|l −

− 4ωi
j|i∂k∂ lωkj|l − 2∂iωj

k|j∂ iωl
k|l + 2∂iωj

i|j∂kωl
k|l

)

Chatzistavrakidis, Karagiannis, PS (CMP 2020)



spin ≤ 2 interaction and mass terms, higher spin

general interaction term with up to second order field equations:

LGal(ωp,q) =
nmax∑

n=1

1

(D − kn)!

∫

θ,χ

ηD−kn ω (dd̃ω)n−1(dd̃ ω̃)n

higher gauge symmetry via higher Poincaré lemma: dd̃(δω) = 0 implies

δωp,q = dκp−1,q + d̃κp,q−1 + ci1...ipk0k1...kqθ
i1 . . . θipxk0χk1 . . . χkq

(locally, i.e. on a contractible patch)

mass term Lmass(ωp,q) = m2

∫

θ,χ

ω ? ω  Proca, Fierz-Pauli, etc.

application: standard and exotic dualizations “[p, q]↔ [D − p − 2, q]”

for higher spin ≥ 2: simply add further copies of θχ-pairs. . .
Chatzistavrakidis, Karagiannis, PS (CMP 2020)



Conclusion

I deformation: combines best aspects of Lagrange and Hamilton

I graded/generalized geometry provides a perfect setting for the
formulation of theories of gravity

I approach is based on deformed graded geometry is algebraic in
nature: almost everything follows from associativity as unifying
principle (which can be generalized)

I more traditional approaches are based on the generalized metric
(with occasional covariance and uniqueness issues)

I non-associativity ⇒ non-metricity, gravitipoles, mass quantization

I graded geometry provides a powerful formalism for higher spins

Thanks for listening!


