
Multi-Time Version of the Landau-Peierls
Formulation of Quantum Electrodynamics

Roderich Tumulka

Colloquium “Mathematical Physics Regensburg–Munich”
5 February 2021

Joint work with Matthias Lienert

These slides are available at https://www.math.uni-tuebingen.de/de/forschung/

maphy/personen/roderichtumulka/tumulka-talks

Roderich Tumulka Multi-Time Landau-Peierls QED

https://www.math.uni-tuebingen.de/de/forschung/maphy/personen/roderichtumulka/tumulka-talks
https://www.math.uni-tuebingen.de/de/forschung/maphy/personen/roderichtumulka/tumulka-talks


In memory of Detlef Dürr

“Detlef Dürr’s world line began on March 4, 1951,
and ended on January 3, 2021.”
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Recent book (November 2020)
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An unusual approach to QFT:

Let’s use wave functions.

Specifically, a particle-position representation of the quantum state
vector.

This will have to do with

the 1930 model of Landau and Peierls for QED

multi-time wave functions

unusual delta functions

the problem of Born’s rule for photons

interior-boundary conditions.
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My motivation

to explore the possibility of a generaliza-
tion of Bohmian mechanics with world
lines for electrons and photons that can
begin and end.
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Landau and Peierls (LP)
188 

Quantenelektrodynamik im Konfigurationsraum. 
Von L. Landau und R. Peierls in Ziirich. 

(Eingegangen am 12. Februar 1930.) 

Das elektromagnetische Feld und seine Wechselwirkung.mit der Materie wird 
durch eine Schr6dingergleichung im Konfigurationsraum tier Lichtquanten 
beschrieben. Die Resultate sind identisch mit denen yon He i senbe rg  und 

Pauli .  

E i n l e i t u n g .  H e i s e n b e r g  und P a u l i *  haben eine Quantentheorie 
des elektromagnetisehen Feldes und seiner Weehselwirkung mit der 
Materie aufgestellt. Dabei benutzten sic die Methode der gequantelten 
Wellen, Es erscheint uns zweckm~il3ig, analog zur gewShnliehen Quanten- 
meehanik den Konfigurationsraum der Liehtquanten einzufiihren. Bei 
der Durchfiihrung zeigt sich, dab sieh die Form der Gleiehungen aus 
wenigen, physikalisch plausiblen Annahmen herleiten l~13t. Die Be- 
trachtungen yon D i r ac  u.a.** lassen vermuten, dal~ die Gleichungen 
einander ~iquivalent sind, was wir auch im vierten Absehnitt dureh direkte 
Rechnung best~tigen werden. 

Insbesondere ist auch bier die Schwierigkeit nicht behoben, dab die 
Wechselwirkung eines Teilehens mit sich selbst unendlich grol3 wird. Die 
Gleiehungen sind also sieher noch nieht die physikalisch richtigen, und wir 
glauben aueh nieht, dal3 sich dieser Ubelstand durch eine rein formale 
Ab~nderung beseitigen l~il3t. 

1. W e l l e n g l e i c h u n g  fiir e in L i e h t q u a n t .  Es wurde zuweilen 
die Meinung ge~ul3ert, dal~ es nicht mSglieh sei, eine Wellengleiehung 
fox Liehtquanten aufzustellen, well fiir sie keine Erhaltung der Anzahl 
gilt. P a u l i  und t i e i s e n b e r g * * *  haben zuerst ausgesproehen, dal~ man 
diese Sehwierigkeit leieht iiberwinden kann: Man mul3 ein System yon 
Funktionen im 0, 3, 6 . . . . .  dimensionalen Raum betraehten, von denen 
die N-re die Wahrscheinlichkeit dafiir liefert, dal3 N Teilchen vorhanden 
sind, und  dal~ die Konfiguration dieser Teilehen dureh den betraehteten 
Punkt im 8 N-dimensionalen Raum gegeben wird. Diese Funktionen 
sind dann dureh ein simultanes System von Gleichungen zu verkniipfen. 

* W. He i senberg  und W. Paul i ,  ZS. f. Phys. 56, 1, 1929; 59, 168, 1930 
(zitiert als 1. c. I und II). 

** P. A. M. Dirac,  Proc. Roy. Soc. London (A) 114, 243, 1927; P. Jo rdan ,  
ZS. f. Phys. 45, 766, 1927; O. Klein und P. Jo rdan ,  ebenda 45, 751, 1927; 
P. J o r d a n  und E. Wigner ,  ebenda 47, 631, 1928. 

*** W. Heisenberg  und W. Paul i ,  1. c. II, S. 190. 

wrote down a Schrödinger equation for the particle-position
representation of the state vector, describing a simplified version of QED,
in which

electrons (x) can emit and absorb photons (y), x � x + y

positrons are not considered

negative energies are not excluded

Φ = Φ(x1...xm, y 1...yn) on Q =
∞⋃

m,n=0

Q(m,n) =
∞⋃

m,n=0

(R3)m × (R3)n
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Free part of LP model

The free electron equation is the Dirac equation

(iγµ∂µ −m)ψ = 0.

The free photon equation is the (complexified) Maxwell equation

2∂µ∂[µAν] = 0,

where [µν] means anti-symmetrization in the index pair as in
S[µν] = 1

2 (Sµν − Sνµ). That is,

∂µFµν = 4πJν

with field tensor Fµν = 2∂[µAν] (so ∂[λFµν] = 0) and source term Jν .

E.g., Φ(1,1) = Φ
(1,1)
s,µ (x , y) with x , y ∈ R3, s ∈ {1...4}, µ ∈ {0...3}.

E.g., disentangled Φ
(1,1)
s,µ (x , y) = ψs(x)Aµ(y).
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Multi-time wave function

In contrast to the Pauli-Fierz [1938] model, the Landau-Peierls
model is relativistic in content, but not written in a Lorentz invariant
way: LP used single-time wave fcts.

single-time Φ = Φ(x1...xn, t) with x j ∈ R3

multi-time Ψ = Ψ(x1...xn) with each xj ∈ R4

[Eddington 1929, Dirac 1932, Dirac-Fock-Podolsky 1932, Bloch 1934]

on the set of spacelike space-time configurations

Sx =
∞⋃

m=0

{
(x1...xm) ∈ (M4)m : xj = xk or xj xk for all j , k

}
means spacelike separated

For us, Ψ on Sxy ,

Ψ(m,n)
s1...sm,µ1...µn

(x1...xm, y1...yn) .
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Multi-time LP equations
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3d Dirac delta distribution

ordinary δ3(x) = δ(x1) δ(x2) δ(x3),

∫
R3

d3x δ3(x) f (x) = f (0)

introduce D = δ3
µ on

S 4
0 = {x ∈M4 : x = 0 or x 0} that can be

integrated over any (smooth) Cauchy surface
0 ∈ Σ ⊂M4 against (smooth) f : Σ→ C,∫

Σ

D f =

∫
Σ

V (d3x) nρ(x)Dρ(x) f (x) = f (0) (∗)

S 4
0 Σ

Proof that such a D exists: On M4 define
D̃ρ(x0, x) =

(
δ3(x), 0, 0, 0

)
and set D = D̃

∣∣
S 4

0
. A calculation

confirms (*). Likewise for any Lorentz transform of D̃.

Alternative proof: Consider the free Dirac propagator S on M4,

ψ(x) =

∫
R3

d3y S(x − (0, y)) γ0 ψ0(y) .

S is Lorentz inv., so
∫

Σ
Sγµf =

∫
Σ′ Sγ

µf ′ = I4f (0). Thus,
Sγµ = I4 D

µ.
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Multi-time LP equations [Lienert, Tumulka 2020]

(iγµj ∂xj ,µ −mx)Ψ(m,n)(x1...xm, y1...yn) =

e
√
n + 1 γρj Ψ(m,n+1)

µn+1=ρ (x1...xm, y1...yn, xj) (1)

2∂µyk∂yk ,[µΨ
(m,n)
µk=ν](x1...xm, y1...yn) =

4πe√
n

m∑
j=1

δ3
µ(yk − xj) γ

µ
j γjν Ψ

(m,n−1)
µ̂k

(x1...xm, y1...yk−1, yk+1...yn) (2)

3∑
µk=1

∂µk
yk Ψ(m,n)

µk
(x1...xm, y1...yn) = 0 (3)
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Multi-time LP equation (1)

(iγµj ∂xj ,µ −mx)Ψ(m,n)(x1...xm, y1...yn) =

e
√
n + 1 γρj Ψ(m,n+1)

µn+1=ρ (x1...xm, y1...yn, xj) (1)

Compare to the Dirac equation in an external electromagnetic field with
vector potential Aµ(x),

(iγµ∂µ −mx)ψ(x) = e γρAρ(x) ψ(x) .

For multi-time wave fct of non-interacting particles, that would give

(iγµj ∂xj ,µ−mx)Ψ(m,n)(x1...xm, y1...yn) = e γρj Aρ(xj)Ψ(m,n)(x1...xm, y1...yn) .

The factor
√
n + 1 in (1) is due to our normalization convention (use of

ordered configurations). The role of the vector potential Aµ is played
by the wave fct of the next photon.
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Multi-time LP equation (2)

2∂µyk∂yk ,[µΨ
(m,n)
µk=ν](x1...xm, y1...yn) =

4πe√
n

m∑
j=1

δ3
µ(yk − xj) γ

µ
j γjν Ψ

(m,n−1)
µ̂k

(x1...xm, y1...yk−1, yk+1...yn) (2)

Compare to the Maxwell eq

2∂µ∂[µAν](y) = 4πJν(y).

For multi-time wave fct of non-interacting particles and “Aµ = Ψµ,”

2∂µyk∂yk ,[µΨ
(m,n)
µk=ν](x1...xm, y1...yn) = 4πJk,ν .

In (2),

Jk,ν =
e√
n

m∑
j=1

δ3
µ(yk − xj) γ

µ
j γjν Ψ

(m,n−1)
µ̂k

(x1...xm, y1...yk−1, yk+1...yn).
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Multi-time LP equation (3)

3∑
µk=1

∂µk
yk Ψ(m,n)

µk
(x1...xm, y1...yn) = 0 (3)

Compare to the Coulomb gauge condition

3∑
µ=1

∂µAµ = 0.

in view of “Aµ = Ψµ.”
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Field operators ψ̂, Âµ

Ψ(m,n)
s1...sm,µ1...µn

(x1...xm, y1...yn) =

1√
m!n!

〈
∅
∣∣∣ψ̂s1 (x1) · · · ψ̂sm(xm)Âµ1 (y1) · · · Âµn(yn)

∣∣∣ϕ〉
Proposition [Lienert, Tumulka 2020]

(1), (2), (3) on Sxy follow from ψ̂s(x)|∅〉 = 0,∑
s′

(
iγµs

′

s

[
∂µ + ieÂµ(x)

]
−mx

)
ψ̂s′(x) = 0

2∂µ∂[µÂν](x) = 4πe ψ̂(x) γν ψ̂(x)

3∑
µ=1

∂µÂµ(x) = 0

and canonical comm. relations
{
ψ̂(x)s , ψ̂s′(x

′)
}

= γµss′ δ
3
µ(x − x ′) etc.
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The multi-time approach allows for dealing with gauge more clearly.

A particular choice of gauge was built into LP’s formula for the
Hamiltonian.

In the multi-time approach, the gauge condition (3) is a separate
equation from (1) and (2).

What is more, in the multi-time approach, we can switch between
the Aµ-representation and the Fµν-representation:

Let dρµν = δρν∂µ − δρµ∂ν . Then Fµν = dρµνAρ, and d = dρµν can be applied
to a single yk .
For example, consider a quantum state of 1 electron and 1 photon that
are not entangled, and drop interaction (creation/annihilation) terms:

Ψ
(1,1)
sµ (x , y) = ψs(x)Aµ(y).

Then dyΨ(1,1)(x , y) = ψs(x)Fµν(y). Nothing like that is possible in the
single-time approach, as any time derivative would also affect x (and ψ).

More on gauge later.
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Agreement with LP

LP assumed for every photon only positive frequencies.

LP considered the Fµν-representation instead of the
Aµ-representation and called it F . In the multi-time framework,

F (m,n)
s1...sm,µ1ν1...µnνn(x1...xm, y1...yn) := dy1 · · · dynΨ(m,n)(x1...xm, y1...yn) .

Using Coulomb gauge, positive frequency and square-integrability,
one can reconstruct Aµ = (A0,A) from Fµν via pseudo-differential
operators

A0 = −div ∆−1E , A = −curl ∆−1B.

Use this for closing (1) for F .

Restrict to equal times, t = x0
1 = x0

2 = . . . = x0
m = y0

1 = . . . = y0
n .

Then one obtains from (1), (2), (3) the LP (1-time) Hamiltonian
and the LP constraint up to

factors of
√
n that they seem to have forgotten

a factor of 2 in one place that I think is mistaken.
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Interior-boundary conditions
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Interior-boundary conditions (IBCs) (i)

Another advantage of the particle-position representation:

In non-relativistic models of x � x + y , the δ3 in the creation term
makes the Hamiltonian UV divergent. The divergence disappears if we
demand a certain condition on the wave function Φ(m,n)(x1...xm, y 1...yn)
at configurations with x j = y k , the IBC.
[Teufel, Tumulka 2015; Lampart, Schmidt, Teufel, Tumulka 2017; Lampart 2018]

In the simplified case of a single x-particle fixed at 0 ∈ R3, the IBC
reads, for all unit vectors ω ∈ S2,

lim
r↘0

(
rΦ(n+1)(y 1...yn, rω)

)
= − e my

2π
√
n + 1

Φ(n)(y 1...yn) .

[Moshinsky 1951; Teufel, Tumulka 2015]
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Interior-boundary conditions (IBCs) (ii)

Known: the 8 Maxwell eqs are 6 time evolution eqs and 2 constraints,
div B = 0 and div E = 4πJ0. For J0(y) = e

∑m
j=1 δ

3(y − x j), we obtain
for small r > 0 that

4πe =

∫
Br (x j )

d3y div E (y) = r2

∫
S2

d2ω ω · E (x j + rω)

by the Ostrogradski-Gauss integral theorem. Now let r → 0.

The same consideration applied to (2) leads to an IBC:

lim
r→0

∫
S2

d2ω r2
3∑

i=1

ωi∂yn+1,[i
Ψ

(m,n+1)
µn+1=0] (x1...xm, y1...yn, (x

0
j , x j + rω)) =

4πe√
n

Ψ(m,n)(x1...xm, y1...yn).

Whether that helps with any UV problem remains to be seen.
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Questions of gauge
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Status of choice of gauge (i)

LP thought the gauge condition was a matter of “convenience.”
This sounds as if any gauge condition could be easily replaced with
any other gauge condition, like a choice of basis or of coordinates.

Likewise, we initially expected that any we could drop all gauge
conditions. We expected we could drop (3), and that the solution
would be unique up to a gauge transformation. Alas, how wrong!
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Status of choice of gauge (ii)

Consider, e.g., at t = 0 a disentangled state with 1 electron, 1 photon,

Ψ(1,1)
sµ (0, x , 0, y) = ψs(x)Aµ(y)

Ψ(1,0)
s (0, x) = 0.

Then, by (1),
∂tΨ

(1,0)(x) = eγµψ(x)Aµ(x).

So, it seems the prob. of 1 electron at x and 0 photons at time dt is

ρ(x) =
∣∣∣Ψ(1,0)(dt, x)

∣∣∣2 = e2
∣∣∣γµψ(x)Aµ(x)

∣∣∣2.
Now replace Aµ by another Ãµ that is gauge equivalent. Then
(observable) probabilities have changed.

Upshot

(3) is not like a choice of basis or coordinates, it is one of the defining
eqs of the theory. Among possible equations for (3), only one is correct.
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The problem of Born’s rule for photons
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The problem of Born’s rule for photons

Born’s rule: Specifies prob density ρ or current jµ in terms of wave
fct.

Let’s focus on single particle.

For Dirac wave fct ψ : R4 → C4, jµD(x) = ψ(x) γµ ψ(x).

For photon, jµph = ?

There is a convincing answer for plane waves:
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jµph for plane waves

Suppose Aµ(x) = aµ e
ikλx

λ

, Fµν(x) = 2i a[µ kν] e
ikλx

λ

with
future-lightlike kµ and kµaµ = 0 ⇐ ∂µFµν = 0.

In the classical regime (many photons with equal wave fcts), photon
wave fct becomes electromagnetic field.

Classically, energy density is Tµν = Re
[
F ∗µλF

λ
ν

]
− 1

4gµνF
∗
λρF

λρ.

Thus, here, Tµν = a∗λ a
λ kµkν .

If each photon has momentum ~kµ, then Tµν = ~kµjν up to
constant factor.

Thus,
jµ = a∗λa

λ kµ (4)

up to constant factor.

Also OK for local plane waves (as occur in the scattering regime).

But not every Maxwell field is a local plane wave. So the problem
remains.
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The desired law for jµph should have these properties:

1 The expression is quadratic in Aµ and its derivatives.

2 The expression is local, i.e., jν(x) depends only on Aµ and its
derivatives at x .

3 jµ is future timelike-or-lightlike.

4 ∂µj
µ = 0 if Aµ obeys the free Maxwell equations.

5 For a plane wave, jµ agrees with (4) up to a constant factor.

6 No choices need to be made, i.e., if the law requires a special gauge
or Lorentz frame then it also specifies this gauge or Lorentz frame.

7 The law can be generalized to curved space-time.

Several proposals for jµ have been made [Landau, Peierls 1930;

Bialynicki-Birula 1994; Kiessling, Tahvildar-Zadeh 2018; etc.],
none of them satisfies all of the properties above;
some of them may be useful approximations.
It seems the correct answer has not been found yet.

Hope/guess: Maybe there is a formula for jν in terms of Aµ and its
derivatives that applies only in a particular gauge.
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Consistency
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Multi-time equations can be inconsistent.

Theorem [Petrat, Tumulka 2013]

For Ψ(q, t1...tN) with fixed number N of time variables, the multi-time
system

i
∂Ψ

∂tk
= HkΨ

is consistent if and only if[
i∂tj − Hj , i∂tk − Hk

]
= 0.
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Consistency results for multi-time QFT models (i)

A model of QED due to Dirac, Fock, and Podolsky [1932] involves 1 time
variable for each of M Dirac particles and 1 time variable for the
quantized electromagnetic field.

Theorem

The equations are formally consistent [Bloch 1934]. After introducing a UV
cut-off, also rigorously consistent [Nickel, Deckert 2019].
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Consistency results for multi-time QFT models (ii)

Another model [Petrat, Tumulka 2013] involves Ψ(m,n)(x1...xm, y1...yn) with
m + n time variables, x � x + y , both x and y Dirac particles: On Sxy ,

(iγµj ∂xj ,µ −mx)Ψ(m,n)(x1...xm, y1...yn) =

e
√
n + 1 g rn+1 Ψ(m,n+1)

rn+1
(x1...xm, y1...yn, xj) (1′)

(iγµk ∂yk ,µ −my )Ψ(m,n)(x1...xm, y1...yn) =

e√
n

m∑
j=1

δ3
µ(yk − xj) h

µ
rk Ψ

(m,n−1)
r̂k

(x1...xm, y1...yk−1, yk+1...yn) (2′)

with suitable coefficients g , h.

Theorem

The equations are formally consistent [Petrat, Tumulka 2013]. After
introducing a UV cut-off, also rigorously consistent [Lill, Nickel, Tum. 2020].

The proof makes use of propagation locality and interaction locality.
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Propagation locality

Wave fcts cannot propagate faster than light.

Interaction locality

No interaction terms in the time evolution law for the wave fct between
spacelike separated regions.

Conjecture [Lienert, Tumulka 2020]

For every 1-time Hamiltonian H satisfying propagation locality and
interaction locality, there is a unique consistent multi-time evolution on
S satisfying propagation locality and interaction locality and agreeing
with the H-evolution on horizontal (i.e., simultaneous) configurations.

Interaction locality is OK for LP. However, while the Maxwell eqs are
propagation local for Fµν , it may depend on the gauge whether the
evolution of Aµ is. For the time being, the problem remains open.
(Connected to the problem of Born’s rule: One usually proves
propagation locality by using that jµ is timelike-or-lightlike.)
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Outlook
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Outlook

LP’s approach appears as simple and natural

Becomes even more natural in the multi-time framework

Open problems:

Lorentz invariant formulation of the IBC
Which equation for (3)?
Born rule for photons
Consistency proof
What about positrons, Dirac sea?
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Thank you for your attention
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