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INTRODUCTION
OVERVIEW

Anomalies are violations of symmetries in quantum field theory
which hold in classical theories.

By the mid 1960, it was observed that the dominant decay

mode of the neutral pion 7% — 2y, was different than the
expected (theoretical) one.

In 1969, Jackiw and Bell found out that the source of this
disagreement was the violation of the chiral symmetry.



INTRODUCTION
TYPES OF ANOMALIES

The chiral anomaly is the quantum mechanical violation of the
classically conserved chiral current j,,i.e. 0%j, # 0.

Conformal (or trace) anomalies occur when the classical
conformal invariance of a certain theory is broken by quantum
effects.



INTRODUCTION
METHODS TO CALCULATE ANOMALIES

Fujikawa Method: it recognizes the anomaly as arising from the non-
invariance of the path integral measure.

Heat Kernel Expansion: the anomaly is written in terms of the the
HaMiDeWV coefficients of the trace of the heat kernel.

Hadamard Subtraction: the anomaly is calculated by using point
splitting and then subtracting the Hadamard parametrix.

Feynman Diagrams Calculation: direct calculation using expectation
values.



TRACE ANOMALY
OVERVIEW

Conformal or trace anomalies are manifested by the trace of
the stress-energy tensor.

In four dimensions, the conformal anomaly takes the form [I]

R

A =a€, + bR+ cC*P?Cy, 55 + dR*R + e€’’PPR,, (R 5

Where £, is the Euler invariant and C*VP¢ is the Weyl tensor.



INTRODUCTION
HISTORY OF TRACE ANOMALY

Trace anomaly was discovered in 1973 by British physicists
Michael Duff and Derek Capper.

They announced their discovery at The First Oxford Quantum
Gravity Conference held in Chilton, UK in 1974.

The physics community rejected these findings by large.
“Something is wrong”, said Christensen while Adler, Liberman and
Ng asserted: “We find no evidence of conformal trace anomalies™.



INTRODUCTION

EXAMPLE: TRACE ANOMALY DRIVEN INFLATION

As proposed by Alen Guth in 1981 [2], inflation seems to be the most
convincing (if not the only) explanation of some observed features of our
universe.

In 1984, Starobinsky suggested that inflation is driven by the trace anomaly
of a large number of matter fields [3].

We take the semi-classical Einstein equation

1
R, — 5 guwR + Mgy, = 8nG(T,,)



INTRODUCTION

EXAMPLE: TRACE ANOMALY DRIVEN INFLATION

We work in de Sitter space where R,,,,,; = Hz(gupgvJ — gwgvp), and
1 1
take (Tw) = Zgwgp“(Tpa> = ng,c/l.

The Einstein equations now read:

1
R, — 5 9uwR + A9y, = 216Gy, gpa(Tpa>.

Using the value of A we computed: Inflation exists.

Trace-anomaly driven inflation has been supported by recent
cosmological data [4][5][6][7]-You can read more about it in [8].



TRACE ANOMALY FOR CHIRAL FERMIONS
MOTIVATION

Bonora et al. (2014) claim that an imaginary term appears in the trace
of the renormalized stress tensor [9]. H= j T (x)d*x

Bastianelli and Martelli (2016) recovered the standard results using Pauli-
Villars regularization and Fujikawa’s method [10].

Bonora et.al. (2017, 2018) hit back, pointing out some possible
inconsistencies in Bastianelli and Martelli’s work, and re-derive the same
result they originally had, using dimensional regularization [I 1][12].

M. Frob and J. Zahn (2019) do the same calculation using Hadamard
subtraction, and show that the imaginary term vanishes [ 3].

Bonora et.al. (2019) comment on that [14].



TRACE ANOMALY FOR CHIRAL FERMIONS
DISCUSSION |

ap
uvaR po

A =a€, + bR + cCHPO(C + dR? + ee®VPoR

Uvpo
Claim: The Pontryagin density should vanish.

Applying a CPT transformation to the trace should leave it invariant:
(CPT)A(CPT)™ 1 =

a*E4 + b*R + c*CHYPICypy + d*R? — e*€®VPOR R | = A
This gives
a’ = a, b* = b, c" =, d* =d, e’ = —e.

= e should vanish.



TRACE ANOMALY FOR CHIRAL FERMIONS
DISCUSSION |

Problem: dimensional regularization and chiral theories:
{y*,v.} = 0 only in n = 4 dimensions.

Solution |: Thompson and Yu’s proposal [ | 5]:
Non-vanishing expression for {y*,y.}.

Solution 2: Breitenlohner-Maison scheme [16]:

- Split the n-dimensional Minkowski space into a product of a four- and
an (n — 4)-dimensional one.

- Denote four-dimensional quantities by a bar, and (n — 4)-dimensional
ones by a hat.

- {yﬂ1 Vs } — {?M' Vs } — Zﬁuv



TRACE ANOMALY FOR CHIRAL FERMIONS
CALCULATION

)

Aim: compute the trace anomaly for chiral fermions: A = g‘“’(

Method:

- We work in n dimensions and use dimensional regularization.
- Start from the curved space action of Weyl fermions.

- Calculate TH*V by evaluating the metric variation of the action.
- Expand T#*" and S to second order around flat spacetime.

- Calculate the interacting expectation value <Tw).
- Compute g”“’(Tw).

Ty



TRACE ANOMALY OF CHIRAL FERMIONS

CALCULATION: STRESS TENSOR

We start from the action of VWeyl fermions in curved spacetime
S = —Jl/;P_y”VHP+1/J\/—gd4x

where V, = 0, + ia)upa)/pJ is the spincir c0\_/ariant derivative and Pz are the chiral
projectors which satisfy i = P, and ¢ = Y P_.

We compute the stress-energy tensor

and get

1_ o 1 _ _
T =Sy UVVIPap + 2 gH [Vypy HPop — PPy V)



TRACE ANOMALY OF CHIRAL FERMIONS

EXPANSION

» Expand T*" and S to second order around flat spacetime, using:

uv = Ny T+ Khuv

gtV =tV — kh*V + K2h* hYY + 0 (k)

1 3
W= e, (nPH — S khPH +—K? h' hPY) + 0(x3)

€ 2 3
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CALCULATION: EXPANSION

The following was obtained, with W*¥ = yy#dVy — dVyy*y and j* = Yy He.

1 1 1 1 1 1 1
THV _ El{J(MV) — En.uvtpaa + K <E h.u»VLIJaa _ Z ha(vl'ljaﬂ) _ E h(val_ljﬂ)a 4+ Znuvhaﬁqyaﬁ 4+ Z]aﬁ(ﬂaﬁhV)a>
2(_ Loy we o3 pa s L1y ppweve _ L spatug v o+ X wvpapi  aip 6
+ K —Eh hBLIJ a+1_6hﬁh LIJa +Ehaﬁh L —§]a'3 h 05h +1—677 h ]35,16 ha
1
+ 551 (—4nO90° RS + 20,n° R — 2000 hF — 0, hoF )
1 3
+7 (—haﬁhw +RYgh"y = Jn* Ry h35> sv“ﬁ)
1 1 1
— 15
S f[—itpaaﬁ-lc(—zh ﬁqjaa-thaﬂqjaB)

1 1 3 1 1
+ K2 <§ e T hP % we, — Tehd hps WP + 2 haph®s W + —hF jwaﬁhf)] dy




TRACE ANOMALY OF CHIRAL FERMIONS

CALCULATION: EXPANSION

The expectation value of the stress-energy tensor was evaluated using the Gell-Mann and
Low theorem:

fT.uveiSintD‘(/)Dllj (Tweisint)
[elSintDyDy  (elSint),

0

(THY(x))int =

and the following was obtained:
(T () = (1) +

K (<Tﬂv(1)> + i <TMV(O)S(1)> —j <Tuv(0)> (S(1)>) +

(; <T,uv(1)> <S(1)2> . <T,uv(0)> (S(1)>2 _%<T/,w(0)5(1)2> + <T,uv(0)5(1)> (S(1)> . )
2
K

i<Tuv(0)> <5(2)> + 1<Tuv(0)5(2)> 4+ 1<Tuv(1)5(1)> . 1<Tuv(1)> (S(1)> 1 <Tuv(2)>



TRACE ANOMALY OF CHIRAL FERMIONS

ANOMALY AT FIRST ORDER

The trace anomaly at first order reads

AL = g, (TH ()

where

(TH (x))®) = <T“V(1)> + i<TW(°)S<l>> - i<T“"(O)> (s@)



TRACE ANOMALY OF CHIRAL FERMIONS

CALCULATION: ONE-POINT FUNCTIONS

One-Point Function:

(W) = (P()yHayp(x) — Y yHp(x) )
— (lﬁa(x)P abylilcavp+ dl/)d(x)> o (avl/;a(x)P aby[ﬁtcp+cd¢d(x)>
= 1im 0% P, VpcPr (P (OWa (X)) = lim, Y P_ Yy Pr o (Pa (P2 (x))

x'-x

= —lglinxav ' VeePr oy Gaa (X, x)+13}1_)r§61 Ox P, VpoPi yGaa(x', x)

= —i lim 0., tr[P_y*P,G(x',x)] + i hm Oy tr|P_y#P,.G(x', x)]

x'>x



TRACE ANOMALY OF CHIRAL FERMIONS

CALCULATION: ONE-POINT FUNCTIONS

In Fourier space

, oy dMp - V'p
G(x',x) = j G(p)elp(x x) 2n)" where G(p) =i pzv :
This gives
v dn
(W) = itr(P_y*P,yP) j p;}z? (an;n + (second term).

This integral vanishes in dimensional regularization, so we are left with:

(PHV) = 0



TRACE ANOMALY OF CHIRAL FERMIONS

CALCULATION: ONE-POINT FUNCTIONS

The expectation value of the stress-energy tensor can be now written as

1
(TH (x)) = K <TW(O)S(1)> + K2 (— > <T“"(O)S(1)S(1)> - i<TW(°)S<2>> - i<T‘“’(1)S(1)>>



TRACE ANOMALY OF CHIRAL FERMIONS

CALCULATION: TWO-POINT FUNCTIONS

Two-Point Functions:
(W ()W (7)) = (B Oxp () — RP QY PENFDY 05 Y — PG b(»))
(W (0jPA () = (BCOY o () = P P BBy “FHp ()

Following the same steps as before, we get

(W ()W (y)) = 2tr(PyyP P_y* Py  P_y®) f I(q) >4, (q)

n

d"q
(2m)"

n

d"q
(2m)"

(PH (0)j*PA(y)) = 2itr(P_y*PyPPy“F2p,y7) f I(q) e 1B ,.(q)



TRACE ANOMALY OF CHIRAL FERMIONS

CALCULATION: TWO-POINT FUNCTIONS

where

3 1 d"p
1) _fpz(qﬂ?)z 2m)"’
and

o1 1
tr(Pry PPy #Pyy Py ®)E = St (yPyfy oy %) + S ey Py y o),



TRACE ANOMALY OF CHIRAL FERMIONS

TWO-POINT FUNCTIONS

I(q) = j
Solving I(q) gives:

1 d™p

p%(q + p)* 2m)"

HD) === ——Fq "%

Expanding around n = 4 to first order, we get:

i

2
I(q) = (41r)3 [_ (n—4)

+2—y +In(4n) — In(u?) — In (q




TRACE ANOMALY OF CHIRAL FERMIONS

CALCULATION:ANOMALY AT FIRST ORDER

Reminder: (T*V (x)) = k i <T“V(0)S(1)> + 2 (— . <T”"(O)S(1)S(1)> + i<TW(O)S(2)> + i<T’“’(1)S(1)>)

(T ) = i (T @s)

(T _1pp g +1h pab | gn
2 277 a A gt a 4 af y

= & [ hap (¥ — ) (= 0wy + wes)) any

= %6 j hap (P ()PP (y))d™y



TRACE ANOMALY OF CHIRAL FERMIONS

CALCULATION:ANOMALY AT FIRST ORDER

i 2 q? — ie
I1(q) = )2 [— =2 + 2 —y + In(4n) — In(u?) —1n< e )]

Plugging everything in we obtain

(TH VY, = S tr(PLyP Py Py Py ®) j e ) j 1(q) 414" (q) —

"q

dTl
mr "
We renormalize using the MS scheme by subtracting the divergent part then replacing
n by 4 in the expression

(T (e = (T (0)yeg = (T ()

div



TRACE ANOMALY OF CHIRAL FERMIONS

CALCULATION:ANOMALY AT FIRST ORDER

1
(TN = ~ Sy )] Gtk = 607" K+ gt

+2q°9 444" hap — " 4*h% + 1" 427 qP hap)el1E) L dny

Solving, then contracting with g,,,,, we get

1
(1) _ (1) _
Agiv = JuAT" gy = ~ g5z V'R

With which we find the renormalized trace anomaly at first order to be the same up
to sign:

1
(1) _ 2
Hren = 96012 V'R
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CALCULATION:ANOMALY AT SECOND ORDER

At second order, the trace anomaly reads:

AP = nw(TM)(Z) + hﬂv<THV)(1)

2
= Ny (_ % <Tuv(0)5(1) > 1 i<Tuv(0)S(2)> + i<Tuv(1)S(1)>) + Ry <TMV(O)S(1)>_
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BY <2 1 3 uvapol 1 vuaBst 1 . uva 6% B
(Ti0)Si1y) = (B (x) @ (y)®@ (z)) h(y)aﬁ h(Z),5§+_ (® (x)@ (y) @ (z)) h(Y)aB h(z)ag—_ (B (x) @ (y) @ () )9 h(y) B h(z)ag—
et 5¢ B = Bs g A 85 e

(2 (x) 2 (y) 2 (2))"™0,> h (NP h(Z)ge- — (2 (x) @ (y) @ (2) Y% h (¥) g h (2)%e- — (B (x) @ (y) @ (2) )"#¥%% h (¥) 45 h (2) e+

1 va & B g 1 vua & B g 1 a pége v
= (2 (x) @ (y) @ (2) )75 h (y)" h(2) Bt (2 (x) @ (y) @ (2) )7 h(¥) g h(2) B oy (2 (x) @ (y) @ (2))% h(y)gs h (2) gg 1" +

1 1 i 4
S (Tmeme B0 hyy s Wi W™ S (@meye 2y Yo PP, Wiy s W i62) % 1 - L (grmewe (2) )%k ()% hiz)% 1

py 3 L\ uvap [} 3 vuaf [} 3 L\ uvap ] 1 vuap é
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1 1 1 1
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uv x vpBé au 1 v Bé ay - upoé av 1 u pé av
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ha? Dhgs @) (P47 COPE () = lim 0% 05, y1y“he® Whes(NEG', DGR, )

y' =y
ap
/”—_> \\\\\

- ~

// \\
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X @ Y d"y
N\ yd
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TRACE ANOMALY OF CHIRAL FERMIONS

CALCULATION: THREE-POINT FUNCTIONS

Three-Point Functions:

(Wi ()W () WP2 (2)) = i(THAo8eT 4 uTasol) ﬂf q

1
>(q + p)*(q — k)
d"p d"k d"q
2m)™ (2m)™ (2m)"

x cPve

OAT (p) k)eip(x_Y) eik(x_z)

where

CP 5@ 1) = (0F + 24P)as(pa + a) (kY — p¥ — 2¢") (kP — 2q°) (k; — q;)

and

1, 1
THATOMT = tr(PLy Py Py “ Py *PLy *Pyy") = S te(Hy vy oy eyT) — S (B v v OrerT)
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CALCULATION: THREE-POINT LOOP INTEGRALS

Expanding the momenta in chvP 5217 (0, k) will give us integrals of the form

n n n
jpal pr ey 4P fkﬁl ___kﬁseik(x-z)ﬂf a7 g a
(2m)" (2m)™ ) q*(q +p)*(q — k)* 2m)"

So we will need to evaluate three-point loop integrals of the form

q”l ___qﬂt dnq
q“(q +p)*(q — k)* 2m)"

-t (o) = |
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CALCULATION: THREE-POINT LOOP INTEGRALS

One way to evaluate such integrals is using a recursive method first introduced
by Davidychev [17][18] and further developed by Godazgar and Nicolai [19].

We developed a simpler method using Feynman parameters

1 0 1 5(x1+‘“+xk_1)
= (k — 1)!] J dx, ...dx
A1 ...Ak ( 0 0 [ . k

x1A1 + + xkAK]k

with which we express the integrals as

Lorl=y + yp + xk)# ... (g + yp + xk)Hk ol
[t (k) = 2 ] ] J[ (g +yp (g +yp ) q .. dy
0O YO

q* +y(1 —y)p? + x(1 — x)k? — 2xy(pk)]® 2m)"
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100228 (p,K) = gz sy nnPon ) 3(k2)2 — 6k(pK) + A(pk)? +- 5k — 6(pk)p2+3(p=’->2][1>+§]
116 (4,”)277(“1/77,)0[17 pP[3p% + 2k2 — 3(pk)] + k*kP[2p% + 3k2 — 3(pk)] + kP [3p? + 3k2 —
4(p) | (D +1]
+%ﬁn(#1/(papﬁpppa) o papﬁppko) s papﬁkpka) s pakﬁkpka) iy kakﬂkpka))'p
12 (4;)277‘“”77”" “B)[(pQ)Q(Gm(p, k) + Goz2(p, k) — 2Gos(p, k)) + (k2)%(Gao(p, k) + G20(p,

k) — 2G30(p, k)) + 4p%(pk)(Gis(p, k) — Gia(p, k)) + 4k*(pk)(Gs1(p, k) — Ga1(p, k)) +
2p%k?(Gr1(p, k) — Gra(p, k) +Gaa(p, k) — Goa (p, 1) )

45 i
2 (4m)2
45 i
4 (4m)?
45 i

T (4m)2

15 i o - -
- (4;)277(“ (p"p opPGoa(p, k) + 4pPp°p°kP)Gis(p, k) + 6pPpkok®Gas(p, k) +

4pPk k*kP)G31(p, k) + kPkk kP Gao(p, k))

+

U nPopk?)| pA(Gra(p, k) — G13(p, k) + k*(G21(p, k) — Ga1(p, k) — 2(pk) Ga2(p, k) |

+

N nPokekP)| p2(Ga1(p, k) — Gaa(p, k)) + k2(G3o(p, k) — Gao(p, k)) — 2(pk) G31(p, k)

0 “nPopp?| p*(Gos(p, k) — Goa(p, k) +k*(Gra(p, k) — Gaa(p, k) — 2(pk)G1s(p, k) |

1
+—(47r)2[p#pupppapapﬁ}?‘oﬁ(p, k) + 6p(MpupppopcxkB)Fm(p7 k) + 15p(“pypppak°‘k’3)F24(p,
k) +20ptprprkekekP)Fa3(p, k) + 15pWpYkPkk kP Fia(p, k) + 6p(HkvkPkokekP) F5y(p,
k) +k*kVkPkTkkP Fgo(p, k)] (6.24)
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THREE-POINT LOOP INTEGRALS

With
1 ,y-1 xayb
F.(p k)= f f dxd
ar (P k) o Jo YA —ypE+x(1—0k? = 2xy(pk)  °
t eyt y(1 —y)p? + x(1 — x)k? — 2xy(pk)
Gar® )= [ [ %y : dxdy

0o Jo U

and

D = + In(4m) — y — In(u?)

- (n—4)
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CALCULATION:ANOMALY AT SECOND ORDER

Recall:

AP =1, (— _ <TW(°>5(1>2> + i<T“V(O)S(2)> + i<T“"(1)S(1)>> + Ry <TW(°)S<1>>.
2

Plugging everything in, we find after a very long computation:

AP (x) =

1
7204’ (—11&, + 18CH*P7C,,, 5, + 12V%R),

which is exactly half the trace anomaly for a Dirac spinor. @
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